MATH 441: Solutions to Assignment 5

Problem 1

Let w,c € R. Compute the Laplace transform of each function, and state the values of s for

which it is defined.

a) sinh(wt) and cosh(wt). Hint: Write both functions with exponentials and use Example
4.1 of the notes.

b) te and t?e*. Use rule d) of Theorem 4.2 of the notes, and check your answers with
rule b).

c) e 't cos(3t).

d) The function f defined by f(t) =t for 0 <t <1 and f(¢t) =0 for ¢ > 1. Hint: Write
f with Heaviside functions, and write t = (¢t — 1) + 1.

e) t?H(t — 1), where H is the Heaviside function.

Solutions: a) We have sinh(wt) = 3 (e*! — e™**) and cosh(wt) = 1 (¢! 4+ ¢~**). By Example

4.1 and linearity, for s > |w| (so that s > w and s > —w),

1 1 1
sinh(wt) o—e 3 ( — > Y

s—w SHw 52 — w2’

1 1 1
cosh(wt) o —e 3 ( + ) -5 s

S—w SHw —w?’

b) Let F(s) = =, the transform of e for s > ¢. Rule d) with n =1 and n = 2 gives, for

5> c,
1 2

(s —c)* (s —c)*
Check with rule b): t o—e S% and 2 o—e S%, so shifting s to s — ¢ gives the same two
transforms.

te o —F'(s) = t?e o —e F'(s) =

c) The table gives ¢ cos(3t) o for s > 0. Rule b) with A = —2 gives

*G 2+9

(s+2)2—9

e *tcos(3t) o—e 5
((s+2)2+9)

s> —2.
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d) We have f(t) =t(H(t)—H(t—1)=t—(t—1)H(t—1)— H(t —1). Rule ¢) gives

Since f(t) = 0 for ¢t > 1, the integral F'(s) = fol te~st dt is defined for every s € R. Integration
by parts gives the formula above for every s # 0, and F'(0) = fol tdt = %

e) We write t*> = (t — 1)> + 2(t — 1) + 1, so that t*H(t — 1) = H(t — 1)g(t — 1) with
git) =t*+2t+1o—e %+ 2 + 1 Rule c) gives

2 2 1
tQH(t—l)o—oe_s< —i——+—), s> 0.

s3  §2 g



Problem 2

Find the inverse Laplace transform of each function.

a)

2s +1
s2+4s 413"
1
b) —.
) s?(s+1)

) s(s2+1)

1
d) F(s) =In (8 i 1), for s > 1. You may assume that F' is the Laplace transform of a
S j—

piecewise continuous function f of exponential order. Hint: Use rule d) of Theorem
4.2 of the notes to find ¢ f(t).

Solutions: a) We complete the square: s*4+4s+13 = (s+2)?+9 and 2s+ 1 = 2(s +2) — 3.
The table and rule b) give

2s+1  _ s+2 3
s24+4s5+13  T(s+2)2+9  (s+2)2+9

e —o e 2 (2cos(3t) — sin(3t)) .

b) Partial fractions give

1 1 1

- —o—1+t+e "
s2(s+1) s+s2+s+1. omltiwe

1 1 S

= = s~ =1 ®—©o1—cost. Rule ¢) with ¢ = 7 gives

c) Partial fractions give

—TS

e

s(s2 +—1) e—oH(t—m)(1l—cos(t—m))=H(t—m)(1+cost).

d) We have F'(s) = SJ%I — -5 Rule d) with n = 1 and Example 4.1 give

1 1

t —t :
— e—o¢ —e " =2sinht.
s—1 s+1

tf(t)o—e—F'(s) =

2sinht
By Lerch’s theorem, tf(t) = 2sinht, so f(t) = Sl; for t > 0.




Problem 3

Use the Laplace transform to solve each initial value problem.
a) y"'(t) — 4y'(t) + 4y(t) = te*, with y(0) = 1 and 3/(0) = 0.

b) y"(t) —y"(t) + y'(t) — y(t) = 0, with y(0) = 1 and y'(0) = y"(0) = 0.
c) y'(t) + 2y (t) + 2y(t) = g(t), with y(0) = 0 and 3/(0) = 1, where

1, 7w <t<2r,
g(t) =
0, 0<t<mort2>2m.

Solutions: a) By Problem 1 b) with ¢ = 2, the right-hand side has transform ﬁ Trans-
forming the ODE,

s — 5 —4(sY — 1) +4Y =

(s —2)
s—4 n 1 _ 1 _ 2 n 1
(s—2)2 (s—2)* s—2 (s—2)2 (s—2)%

where we wrote s —4 = (s — 2) — 2. The table gives

t3
y(t) = e* (1 —2t+ E) :

b) With the initial values, L[y"] = Y — s, L[y'] = s*Y — s, and L[y] = sY — 1.
Transforming the ODE gives (s3—s*+s—1)Y = s?—s+1. Since s*—s?+s—1 = (s—1)(s*+1),
partial fractions give

s2—s+1 1 1 S 1
s

Y = E—— _
=Gy 2o Ter e

— Y{(s) =

1
) o—oy(t) = 3 (¢" + cost —sint).

c) We have ¢(t) = H(t — w) — H(t — 2m). Transforming the ODE,

—ms __ ,—27s
(2+25+2)y —1=2— ¢
s
1 1
— Y(s)= ————+ (e — e ™) R(s), R(s) = )
(s) (s+1)2+1 ( ) () (s) s((s+1)2+1)
Partial fractions give
1/1 s+1 1 1
R(s)=-(-— — —or(t)==(1—e"cost —e 'sint).
(s) 2(3 GrIPil (s—|—1)2+1). o r(t) 2( e 'cost — e 'sint)
By rule ¢),
y(t) =e 'sint + H(t — m)r(t —w) — H(t — 2m)r(t — 27).
Since cos(t — m) = —cost, sin(t — 7) = —sint, and cos and sin are 27-periodic,
e tsint, 0<t<m,
y(t) = S e tsint + 5 + 1e™!(cost + sint), 7w <t<2m,

e~ tsint + 5 (em ' + ¥ ) (cost +sint), t> 2.



Problem 4

Let k € R and T > 0. A mass on a spring starts at equilibrium with unit velocity and
receives an impulse of magnitude k at time 7"

y'(t) +y(t) = koo(t =T),  y(0)=0, ¥'(0)=1.

a) Rule c) of Theorem 4.2 of the notes and dy(t) o — e 1 give, formally, dg(t—T) o —e e 1%,
Use this rule to show that y(t) = sint+kH (t—T") sin(t —7'). Show that y is continuous
at t =T and that ¢/ jumps by k at t =T.

b) Find all pairs (T, k) such that y(t) = 0 for every t > T.

c) Let € > 0, and let y. solve the same initial value problem with kdo(t — T") replaced by
koo(t —T) =E(H@E—T)—H(t—T—¢)). Find y.(t) for t > T + ¢, and show that
lim. 0y (t) = y(t) for every t > T.

Solutions: a) Transforming the ODE,

1
e —

2 —Ts
Y—1+Y =k e Y(s) = '
y + ¢ )= a7 2 +1

Since = e—o sint, rule c) gives y(t) = sint + kH(t — T)sin(t — T). The second term
vanishes for ¢ < T and tends to ksin0 = 0 as t — T, so y is continuous at 7. Moreover,
y'(t) = cost for t <T and y/(t) = cost + kcos(t —T) for t > T, so

lim ¢'(¢) — lim '(¢t) = kcos0 = k.

t—T+ t—T—

b) Fort > T,
y(t) =sint + k (sintcosT — costsinT) = (1 4+ kcosT)sint — ksinT cost.

The functions sin and cos are linearly independent on every interval, so y(t) = 0 for every
t > T if and only if ksinT = 0 and 1 4+ kcosT = 0. The second equation forces k # 0,
so the first gives sinT = 0, that is, ' = nw with n € {1,2,...}. Then cosT = (—1)" and
k = (—1)"*1. The pairs are

(T, k) = (mr, (—1)”“) , n=12...

n

At these times the mass passes through equilibrium with velocity v/ (T~) = cos(nw) = (—1)",
and by a) the impulse changes the velocity by k = —1/(T"~), which brings the mass to rest.

. —Ts_,—(T+e)s
c) The forcing term has transform £&—=-—-—

1 k1 _ s
Yols) = g + o (e =)

1
s(s24+1)




By Problem 2 ¢), 8(32—1—1—1) e —o1—cost, and rule c) gives

ye(t) —sint+§[H(t—T)(l—cos(t—T))—H(t—T—s)(l—Cos(t—T—g))].

For t > T + ¢, both Heaviside functions equal 1 and

cos(t =T —¢e) —cos(t —T)
. :

Ye(t) =sint + k

Fix t > T. For every € <t — T this formula holds, and the quotient is a difference quotient
of u — cos(t =T —u) at uw = 0. Its limit as ¢ — 0 is the derivative sin(t — T), so
lim. 0y () =sint + ksin(t —T') = y(t).



Problem 5

a) Compute the convolution (sin* cos)(t) directly from the definition. Then check your
answer with Theorem 4.3 of the notes.

b) Use the Laplace transform to solve each integral equation. You may assume that the
solution y is continuous and of exponential order.

(1) y(t) + fo(t —m)y(r)dr = 1
(2) y(t) =t + [ sin(t — 7)y(r) dr.

c) Let m,n € N. Use Theorem 4.3 of the notes to show that

¢ Inl
/ "t —7)"dr = T gmne Vit > 0.
0 (m+n+1)!

Deduce that [y 2™ (1 — )" dz = (mTi:ﬁl)!.

Solutions: a) With sin A cos B = 3 (sin(A + B) + sin(4 — B)),

t 1 t
(sin * cos)(t) = / sin(t — ) cos T dr = 5 / (sint + sin(t — 27)) dr
0 0

t 1 t
=3 sint + 2 [cos(t — 27)]y = 5 sint,
because cos(—t) = cost. Check: by Theorem 4.3, (sin*cos)(t) o— =zt - 2% = 5 - (522%)2,
and the table gives (822%)2 e—otsint.

b) (1) The integral is (f * y)(¢), so Theorem 4.3 gives

Y 1
y+_2:_ = Y(s): 5 = y(t):cost.
S

(2) The integral is (sin *y)(t), so

1 Y s2+1 1 1 3
St ) + o) =+

Y =
s4 52 st 6

c¢) The left-hand side equals (t™ % t")(t). For every a > 0, the functions t™e~*" and e~
are bounded on [0, 00), so Theorem 4.3 applies and gives
m!  nl m!n! (m+n+1)! m!n!

" t")(t) o—@ —— —— = : —0 ——————
(N I e Ry prapeprag

Both sides are continuous on [0, 00), so Lerch’s theorem gives the identity for every ¢ > 0.

Setting ¢ =1 gives fol a"(1—x)"dv = (mTiﬁl)!.
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Problem 6
Consider the initial value problem
y'(t) +2y'(8) +5y(t) = f(t),  y(0)=0, y'(0)=0.
a) Find the transfer function and the Green’s function of the ODE.

b) Let f be continuous and of exponential order. Write the solution of the initial value
problem as a convolution integral.

c) Let f(t) = e~'. Evaluate the integral in b), and check your answer by computing Y(s)
and inverting it.

d) Let f(t) = e™* again, but now impose y(0) = 1 and y'(0) = —1. Use equation (15)
of the notes to show that the solution is the sum of the solution of the homogeneous
equation with these initial values and the solution found in ¢). Find the solution.

Solutions: a) The characteristic polynomial is p(s) = s*+2s+5 = (s+1)?+4. The transfer

function is G(s) = m, and the table gives the Green’s function

g(t) = %et sin(2t).

b) By Section 4.6 of the notes,

/0 e~ sin (2(t — 7)) f(7) dr.

N | —

y(t) = (g f)t) =

c) With f(7) = e ", we have e~ (""e 7 = 7, 50

1 ! 1 2(t—7)]" 1
y(t) = —e_t/ sin (2(t — 7)) dr = ¢! cos (At = 7)) = —e (1 —cos(2t)).
2% J, 2 2 , 1
Check: Y (s) = G(s)F(s) = ryarmrra- Partial fractions give s = § (1 —2%5) e—o
(1 — cos(2t)), and rule b) with A = —1 gives the same y.
d) Equation (15) of the notes with a; = 2, yo = 1, and y, = —1 gives
(s+2)—1 F(s) s+1
Y(s) = + = + G(s)F(s).
O RO R e R
By equation (15) with F' = 0, the first term is the transform of the solution yj, of the
homogeneous equation with y;(0) = 1 and y;,(0) = —1. The second term is the transform of

the solution found in c¢). By Lerch’s theorem, y is the sum of these two functions. The table
gives yp,(t) = e * cos(2t), so

y(t) = e " cos(2t) + ie_t (1 —cos(2t)) =e* (% + Z Cos(2t)) :



Problem 7

Let f be piecewise continuous and of exponential order a, with f(t) o —e F(s).

a) Show that lim, . F'(s) = 0. Hint: Split the integral at ¢ = M, as in the proof of The-
orem 4.1 of the notes. Conclude that no piecewise continuous function of exponential
order has Laplace transform 1.

b) Suppose, in addition, that f is continuous on (0, 00) and that f’ is piecewise continuous
and of exponential order. Prove the initial value theorem:

lim sF(s) = f(07").

S§—00

Check this formula for f(t) = cos(wt).

252 +1
(s+1)(s2+1)
satisfies the hypotheses of b). Find f(07) without computing f. Then compute f and
check your answer.

c) Suppose that F(s) = is the Laplace transform of a function f that

Solutions: a) Let K, a, and M be as in Theorem 4.1. A piecewise continuous function is
bounded on [0, M], so there exists B > 0 with |f(¢)| < B for 0 <t < M. For s > max(«,0),

O] S/ 6_Stlf(lf)ldtJr/ e " Ke dt < B/ ‘Stdt+K/ (et gy — = 4
0

M s s—a

The right-hand side tends to 0 as s — o0, so lims_,, F'(s) = 0. The constant function 1
does not tend to 0, so it is not the Laplace transform of a piecewise continuous function of
exponential order.

b) By rule f), L[f'](s) = sF(s) — f(0T). Since f’ is piecewise continuous and of exponential
order, a) applied to f’ glves L[f'](s) — 0 as s — oo. Hence sF(s) — f(07). Check: for
f(t) = cos(wt), sF(s) = — 1 =cos0.

52 +w2

c) By b),
) Beb) (04 = 1 s(2s? +1) ) 2s% + s
= lim = lim =
sooo (s+1)(s2+1) s=osd+s2+s+1

Partial fractions give

3/2 1 s

N 1 1 3
s+1 2 s2+1 2 5241

1 1
oo f(t) = 56%—1— 5 cost — 5sint,

F(s) =

and indeed f(0) =3 +1=2.



Problem 8

The Bessel function of the first kind of order 0, denoted .Jy, solves the initial value problem
ty" () + o/ (t) +ty(t) =0, y(0)=1, ¢'(0)=0.

You may assume that Jy, J§, and J{ are continuous and bounded on [0,00). Let Y = L[Jo).

a) Use rules d) and f) of Theorem 4.2 of the notes to show that (s*+1)Y"(s) +sY (s) =0
for every sufficiently large s.

c
b) Solve the ODE in a) to show that Y (s) = ———— for some constant c.
) ) ()=
1
¢) Use Problem 7 b) to show that ¢ = 1, that is, Jo(t) o —e — —
S

Solutions: a) Write y = Jy. Since y, ¢/, and y” are continuous and bounded, they are of
exponential order 0, and rules d) and f) apply. With y(0) = 1 and ¥/(0) = 0, rule f) gives
Lly] =sY —1 and L[y"] = s*Y — 5. Rule d) with n =1 gives
i d 2 2 ! !
£[ty]:—d—(sY—s):—23Y—sY+1, Llty] = =Y.
s
Transforming the ODE,

—25Y — sV +14sY —1-Y' =0, thatis, (s*41)Y'(s)+sY(s)=0.

b) Dividing by v/s? + 1,

L (VFFIY(9) = VEFTY(5) + ¥ (s) = EH D)

s24+1 s24+1

Hence vs* + 1Y (s) = ¢ for some constant ¢, that is, Y(s) = ==

c¢) The function Jj is continuous, and J{j is continuous and bounded, so Problem 7 b) applies:

1= Jo(0%) = lim sY'(s) = lim R,

5—00 s—00 4/ g2 +1

Therefore Jy(t) o —e S;Jrl'
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