6 Linear systems of ODEs

We now turn to systems of n first-order linear ODEs,

y'(t) = A)y(t) + £ (1),

with unknown y(t) € R", coefficient matrix A(t) € R"*", and inhomogeneity f(t) € R".
Boldface lowercase letters denote vectors and boldface uppercase letters denote matrices. We
develop the structure of the solution set once and in full (fundamental matrices, the Wron-
skian, the resolvent, and Duhamel’s principle), prove the statements on nth-order equations
deferred in Chapter 3, and solve constant-coefficient systems with eigenvalues and the ma-
trix exponential. We close with phase portraits and the classification of equilibria of planar
systems.

Example 6.1 (Coupled mass—spring system). Two masses m; and my slide without
friction between two walls. Three springs, with spring constants ky, ks, and k3, connect the
left wall to my, m; to mg, and my to the right wall. External forces F(t) and Fy(t) act on
the masses, and z;(t) and z3(t) denote their displacements from equilibrium.

k, — Fi(t) g, — By () f,
[ | |2 |
— 21(t) — 1(1)

The middle spring is stretched by zo — z1, so Hooke’s law and Newton’s second law give
mlx'l'(t) = Fl(t) — k:lxl(t) + kQ (l‘g(t) — l‘l(t)) s

With the velocities v; = 2] and vy = 7, the two second-order equations become four first-
order equations:

7y (t) = v (t),

(1) = va(t),
V(1) = —— [Fa(t) — (ky + ko)1 (£) + kaat)],

my

WL(t) = — [By(t) + ks () — (ks + ki)aa(t)]

mo

With y = (1, 29, v1,v2) ", this reads

0 0 1 0 0
0 0 01 0
y/<t) = | _kitko ko 0 0 y(t) + F (t)/m1 )
Ky ' g &
. m_22 2m2 3 0 ) F2 (t)/m2
AcR4x4 (1)

a linear system with constant coefficients and inhomogeneity f.
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Example 6.2 (Equations of order n). Remark 1.1 showed how to rewrite an nth-order
ODE as a first-order system. For the linear equation

Y () + an1 (Y@ + -+ (DY (1) + a0ty (t) = (1), (21)
weset z1 =y, 20 =y, ..., 2o = Y™ Y, so that 2} = 29, 2 = 23, ..., 2/,_| = 2,, and the
equation itself gives 2/, = y™ = f —a,_12, — - -+ — apz;. In matrix form,

0 1 0o .- 0 0
0 0 1 . : 0
Z'(t) = : 0 zt)+ ] |- (22)
0 e 0 1 0
—ap(t) —ai(t) - e —ap_q(t) f(#)

~

C(t)

The matrix C(t) is called the companion matriz of (21). Every result on linear systems
therefore applies to nth-order linear equations. For n = 2 and the harmonic oscillator, we

recover the matrix ( 0 9 1) of Section 1.3.

The predator—prey system of Example 1.4 is also a first-order system, but the products
xy make it nonlinear. Chapter 7 treats nonlinear systems.

6.1 Linear algebra review

We use the following facts from linear algebra. A matrix A € R™™ has entries (A);; = a;j,
a vector v € R" has components v;, and (Av); = Y7 a;;v;. Addition and scalar multi-
plication act entrywise, the product of A and B € R™ " has entries (AB);; = Y ,_, @ikbk;,
and matrix multiplication is associative but not commutative in general. The trace tr A =

ai1 + - -+ + any, is the sum of the diagonal entries.

Determinants and inverses. The determinant depends linearly on each row and vanishes
when two rows coincide. The matrix A is invertible if and only if det A # 0, if and only if
its columns are linearly independent, and then Ax = b has exactly one solution © = A~'b
for every b € R™. For n = 2,

a b a b\ 1 d —b\ .
det(C d)—ad—bc and (c d) _ﬂ(—c a> if ad — bc # 0.

Vector-valued functions. A function y: I — R” on an interval I has components
Yi,---,Yn: I — R. It is continuous, differentiable, or integrable if each component is, and
derivatives and integrals act componentwise: ¥y'(t) = (y|(t),...,y.(t))" and ffy(t) dt =

-
<fab yi(t)dt, ..., fab Yn (1) dt) . Matrix-valued functions M : I — R™*" follow the same con-
ventions, and the product rule reads (Mz) = M'z + Mz and (MN) = M'N + M N’,

in this order of the factors. Definitions 3.1 and 3.2 and Lemma 3.1 carry over verbatim to
functions vy, ...,y,: I — R™ they are linearly independent if and only if ajy,(¢) + -+ +
ary,(t) = 0 for every t € I forces ay = -+ = a; = 0.
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Eigenvalues and eigenvectors. A number A € C is an eigenvalue of A, with eigenvector
v, if v € C" is nonzero and Av = \v, that is, (A — AI')v = 0. Such a v exists if and only if
A — M is singular, that is, if and only if

p(A) :=det(A — A\I) =0.

The characteristic polynomial p has degree n, so A has n eigenvalues in C counted with
multiplicity. The eigenvectors for A, together with 0, form the eigenspace ker(A — A\I). A
real eigenvalue has a real eigenvector. A nonreal eigenvalue A comes with its conjugate A,
with eigenvector ¥, because A is real and conjugating Av = \v gives Ao = M. For n = 2,

p(\) = det (a;)\ df)\) =M~ (a+d))+ (ad — bc) = N — (tr A)\ + det A.

1 2

Example 6.3. Let A = (_1 4

>. Then tr A = 5 and det A = 6, so

pA) =N =BA+6=N-2)(A=3) = AN =2, X =3.

For A\; = 2, the equation (A — 2I)v = 0 reads

=) = w=2m

so the eigenvectors are the nonzero multiples of v; = (2,1)7. For )\, = 3, the equation
—201 + 2vy = 0 gives the nonzero multiples of vy = (1,1)".

Diagonalization. Eigenvectors for distinct eigenvalues are linearly independent, so a ma-
trix with n distinct eigenvalues has n linearly independent eigenvectors. Suppose, more gen-
erally, that A has n linearly independent eigenvectors v, ..., v, with eigenvalues Ay,..., \,,
not necessarily distinct, and let V' = [v; vy -+ v,]. Then V is invertible, and the relations
Av; = \jv; say that

A 0
AV =VD, D =diag(\,...,\) = 7
0 An

that is, V"!AV = D and A = VDV~ the matrix A is diagonalizable. When an
eigenvalue is not real, V' has complex entries and these identities hold in C™*". A matrix
with a repeated eigenvalue may fail to be diagonalizable (Section 6.3).

6.2 General theory

Let I C R be an open interval, and let A: I — R™" and f: I — R"™ be continuous. We
consider the system

y'(t)=Alty(t) + f(t), tel (23)
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together with its associated homogeneous system
y(t)=Aty(t), tel (24)

A solution is a differentiable function y: I — R™ that satisfies the system at every t € I.
An IVP prescribes the value at a point ¢y € I:

y(to) = Yo, (25)

where y, € R" is given. One vector condition replaces the n scalar conditions of an nth-order
equation.

Theorem 6.1 (Existence and uniqueness for linear systems). Let A and f be continuous
on the open interval I, let ty € I, and let y, € R™. Then the initial value problem (23)—(25)
has exactly one solution on I.

Proof. Deferred to Corollary 7.2, which deduces this theorem from the Picard-Lindelof the-
orem for systems. On every compact subinterval of I, the right-hand side of (23) is Lipschitz
continuous in y with a constant that depends only on the subinterval, which yields a solution
on all of I rather than near ¢y only. O

Theorem 6.1 contains the existence and uniqueness theorem for nth-order linear equa-
tions: y solves (21) with prescribed y(to), ..., y™ V(to) if and only if z = (y, ¢/, ...,y"")7T
solves the companion system (22) with z(¢y) prescribed, since the first n — 1 equations of
that system say that 2,1 = zik). Theorem 3.1 is the case n = 2.

Proposition 6.1 (Superposition principle). If y, and y, solve the homogeneous system (24)
and c1,c5 € R, then c1y, + cay, also solves (24).

Proof. Differentiation and multiplication by A(t) are linear, so (c;y, + c2y,) = c1 Ay, +
Ay, = A(c1y, + c2y,) on 1. O

Hence the solutions of (24) form a vector space S. The proof that a second-order equation
has a two-dimensional solution space (Theorem 3.2) used only existence and uniqueness, and
the same idea gives dim S.

Theorem 6.2 (Structure of the solution set). Let A be continuous on I.
(a) The solutions of the homogeneous system (24) form a vector space S of dimension n.

(b) If yy,...,y, are linearly independent solutions of (24), then every solution y of (24)
can be written as y = c1y, + - - - + ¢y, for unique constants cy,...,c, € R.

Proof. (a) Fix ty € I and consider the linear evaluation map E: S — R", E(y) = y(t). If
E(y) = 0, then y and the zero function solve the same initial value problem, so y = 0 by
uniqueness (Theorem 6.1). Thus E is injective. For every y, € R", existence gives a solution
with y(tg) = y,, so F is surjective. A linear bijection preserves dimension, so dim S = n.
(b) Any n linearly independent vectors in an n-dimensional space form a basis, so every
y € S has a unique expansion in y,,...,vy,. O
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Definition 6.1. A set {y,,...,y,} of n linearly independent solutions of (24) is called a
fundamental set of solutions, the matrix-valued function

(1) = [y, (t) yo(t) -+ y, (D] eR™", tel,

whose columns are these solutions is called a fundamental matriz, and the expression ¢y, +
ot ey, = Pe with ¢ = (¢1,...,¢,)" € R" arbitrary is called the general solution of (24).
The Wronskian of n solutions y,, ..., y, of (24) is the function W (t) = det [y,(¢) --- y,(t)],
tel.

Each column of @ solves (24), so a fundamental matrix satisfies the matriz differential
equation
D' (t) = A(t)®(t), tel

Conversely, the columns of any solution ®: I — R™ " of this equation solve (24), and by
the next proposition they form a fundamental set if and only if det ® # 0.

Proposition 6.2 (Wronskian test). Let y,,...,y,, solve (24) on I, with Wronskian W. The
following statements are equivalent:

(a) yy,...,y, are linearly independent;
(b) W(t) #0 for everyt € I;
(c) W(t.) # 0 for some t, € I.

Proof. Write ®(t) = [y,(t) --- y,(t)], so that ayy,(t) + -+ + any,(t) = ®(t)a for a =
(1, am) T,
(b) = (c) is clear.
(c) = (a): If ®(t)ax = 0 for every t € I, then at ¢t = t, the invertible matrix ®(t.) gives
a=0,s0vy,,...,y, are linearly independent.
(a) = (b): Suppose that y,,...,y,, are linearly independent but W(t,) = 0 for some
t, € I. Then ®(t,) is singular, so ®(t,)¢é = 0 for some € # 0. The function y = ®¢é
solves (24) by superposition and vanishes at t,, as does the zero function, so uniqueness
(Theorem 6.1) forces y = 0 on I. Thus ¢y, + - - -+ é,y,, = 0 on I with & # 0, contradicting

linear independence. [

By Proposition 6.2, the Wronskian of n solutions vanishes either identically or nowhere.
The next identity makes this explicit and extends Abel’s identity (Proposition 3.3), which
Chapter 3 stated without proof for order n.

Proposition 6.3 (Abel-Liouville identity). Let y,,...,y,, solve (24) on I, with Wronskian
W, and let ty € I. Then W'(t) = tr A(t)W (t) for every t € I, and therefore

Wi(t) = W(to)effto rAMAT for every t € 1.
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Proof. Let ® = [y, --- y,,| have rows 7,...,7,. The determinant is a sum of products of
n entries, one from each row, so the product rule gives

W'(t) = idet ®,(1),

where ®@; is ® with its ith row replaced by . The ith row of ® = A® readsr, =) ,_, auTs,
and the determinant is linear in the ith row, so

det ®; = Z a;, det (® with row ¢ replaced by ry) = a;; det ®,
k=1

because for k£ # i the matrix has two equal rows. Summing over ¢ gives W/ = trA - W,

t
a first-order linear homogeneous ODE, whose solutions are W (t) = W(to)efto trA(m) dr by
Section 2.1. n

Example 6.4. The functions y;(t) = ¢ and y»(t) = t* solve y” — 2y + 2y = 0 on I = (0, 00),
whose companion system (22) has

C(t) = (_20/t2 2}), trC(t)z%

The solutions y, = (t,1)" and y, = (t2,2t)" have Wronskian W (¢) =t-2t — 1-t?> =2, and
Proposition 6.3 with to = 1 predicts W (t) = W (1)e/i 2747 = 2ot — 42

6.2.1 The resolvent

By Theorem 6.2, every solution of (24) has the form y = ®c. The initial condition ®(¢y)c =
Y, gives ¢ = P (ty) "1y, since ®(ty) is invertible by Proposition 6.2, and

y(t) = (1)@ (to) yo-
The solution depends linearly on y,, and we name the matrix in front of y,,.

Definition 6.2. Let ® be a fundamental matrix of (24). The resolvent (or transition matriz)
of (24) is
R(t,s) = ®(t)®(s) !, t,sel.

Proposition 6.4 (Properties of the resolvent). Let A be continuous on I.

(a) For every s € I and y, € R", the function t — R(t,s)y, is the solution of (24) with
y(s) =y In particular, R(s,s) = I and %R(t, s)=A(t)R(t,s).

(b) The resolvent does not depend on the choice of the fundamental matriz ®.

(¢) For all r;s,t € I, R(t,s)R(s,7) = R(t,r), and R(t,s) is invertible with R(t,s)™" =
R(s,t).
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Proof. (a) The function y = ®c with ¢ = ®(s) 1y, solves (24) by superposition, and y(s) =
yo. With y, each standard basis vector, this gives R(s,s) = I and 2 R(t,s) = A(t)R(t,s)
column by column.

(b) By (a) and uniqueness, R(t, s)y, is the value at ¢ of the unique solution equal to y,,
at s, whichever fundamental matrix defines R, and two matrices that agree on every vector
are equal.

(c) Let y be the solution with y(r) = y,. By (a), y(s) = R(s,7)y,, and by (a) again
with initial time s, y(t) = R(t,s)y(s) = R(t,s)R(s,7)y,. Also y(t) = R(t,7)y,, and y, is
arbitrary, so R(t,s)R(s,r) = R(t,r). With r = ¢, this gives R(t,s)R(s,t) = I. O

Property (c) says that flowing from 7 to s and then to ¢ equals flowing from r to ¢ directly.
In particular, solutions exist backward in time as well as forward.

6.2.2 Inhomogeneous systems

If y and y,, both solve (23), then (y—y,)’ = A(y—y,), 50, as in Theorem 3.3, every solution
of (23) is one particular solution y, plus a homogeneous solution ®c. As in Section 3.3.2,
we find y,, by varying the constants.

Theorem 6.3 (Variation of constants; Duhamel’s principle). Let A and f be continuous on
I, letty €I and y, € R™, and let R be the resolvent of the homogeneous system (24). Then
the solution of the initial value problem (23)—(25) is

y(t) = R(t,to)y, + /tt R(t,s)f(s)ds, tel.

Proof. Let ® be a fundamental matrix of (24), and try y = ®c with a differentiable ¢: I —
R™ in place of the constant vector. The product rule and ®" = A® give

Yy =®c+ P = APc+ P = Ay +

so y solves (23) if and only if ®¢’ = f, that is,

Unlike in Section 3.3.2, the first-order system needs no extra condition. The right-hand
side is continuous, so ¢(t) = ¢(ty) + ft Lf(s)ds, and y(ty) = ®(tg)c(ty) = y, gives
c(to) = ®(ty) 'y,. Therefore,

y(t) = B()B(to) 'y + / B(1)®(s)" £ (s) ds,

which is the claimed formula, since ®(¢)®(s)™! = R(t,s) and ®(t) does not depend on s.
This y solves the initial value problem by construction and is its only solution by Theo-
rem 6.1. O
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The formula splits the solution into the response R(t, %)y, to the initial value and the

response fti R(t,s)f(s)ds to the forcing. The integrand is the state at time ¢ produced by
the impulse f(s)ds at time s, and the integral adds these contributions: this is Duhamel’s
principle.
Remark 6.1 (Green’s functions, revisited). Section 4.6 wrote the solution of an nth-order
equation with constant coefficients and zero initial values as y = g * f, with Green’s function
g = L7'[1/p]. Theorem 6.3 explains where g comes from. The companion system (22) has
constant matrix C and forcing f(t)e,, where e, = (0,...,0,1)", and its resolvent depends
only on ¢t — s (Section 6.3). Write R(t,s) = R(t — s). With t; = 0 and 2y = 0, the first
component of Duhamel’s formula is

y(t)zzl(t)z/o (R(t—S)en)lf(S)dSZ/O gt —s)f(s)ds, — g(t) = (R(t)en), .

So the Green’s function is the first component of the solution with initial value e,: the
solution of the homogeneous equation with y(0) = --- = y™=2(0) = 0 and y"~Y(0) = 1, the
response to a unit impulse at ¢ = 0 (Section 4.6). For n = 2 and variable coefficients, the

companion system has fundamental matrix ® = (y,l y?)’ and the (1,2) entry of R(t,s) =
1

()9 (s n
P()P(s) ! is

D1 (8)yat) — (Dl

W(s) ’

the kernel of the variation-of-constants formula of Section 3.3.2.

6.2.3 Equations of order n

We now prove the statements on nth-order linear equations that Chapter 3 left open. Con-
sider the homogeneous equation

y )+ an1 (") + -+ e (DY (1) +ao(t)y(t) =0,  tel, (26)
with ag,...,a,—1 continuous on I, and its companion system z’ = C(t)z from (22). For
n — 1 times differentiable functions v, ..., 4, on I, the Wronskian is

IO Q) un(t)
Wiy, yl(t) = det y1:(t) ?JQ:(t) T yn(t) ’
N B 0

which reduces to Definition 3.3 when n = 2.
Theorem 6.4 (Linear equations of order n). Let aq, ..., a,_1 be continuous on I.

(a) The solutions of (26) form a vector space of dimension n. If y1,...,y, are linearly
independent solutions, then every solution has the form ciy; + -+ + ¢y, for unique
constants ci,...,Cy.
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(b) Solutions y1,...,y, of (26) are linearly independent if and only if Wlyy,...,yn](t) # 0
for every t € I, if and only if Wlyr, ..., ynl(ts) # 0 for some t, € I.

(c) (Abel’s identity) For solutions yi,...,y, of (26) and ty € I,
Wiy, syl () = Wiy, -,y (fo)e 0 D4 for every t € 1.

Proof. The linear map y +— z = (y,%9/,...,y™ )T sends solutions of (26) to solutions
of the companion system. It is injective, since z; = y, and surjective by the discussion
after Theorem 6.1. Hence the two solution spaces are isomorphic, and (a) follows from
Theorem 6.2. Moreover, > . a;y; = 0 if and only if } . a;z; = 0 (differentiate the first
identity n — 1 times, or take the first component of the second), so the y; are linearly
independent if and only if the z; are. The matrix [z; --- z,] is the matrix in the definition
of Wly1,...,ynl], so the two Wronskians coincide and (b) is Proposition 6.2. Finally, the
diagonal of C(t) is (0,...,0,—a,_1(t)), so tr C = —a,_; and (c) is Proposition 6.3. O

6.3 Constant coefficients
In this section, A € R™"*" is constant, so Section 6.2 applies with I = R. We consider
y'(t) = Ay(t), teR. (27)

For n = 1, the solutions are the exponentials ce®, and for second-order equations the Ansatz
y(t) = eM led to the characteristic polynomial (Section 3.2). We use the same Ansatz for
systems.

6.3.1 The eigenvalue Ansatz and diagonalization

Try y(t) = eMv with a number \ and a constant nonzero vector v. Then y'(t) = Ae*Mwv and
Ay(t) = e Aw, and the exponential never vanishes, so

eMv solves (27) <= Av = )\v.

The Ansatz succeeds exactly when \ is an eigenvalue and v an eigenvector of A. Each
eigenvector gives one solution, and we need n linearly independent ones.

Theorem 6.5. Suppose that A has n linearly independent real eigenvectors vy, ..., v, with
real eigenvalues M1, ..., \,. Then {eMwvy, ... eMtv,} is a fundamental set of solutions
of (27), and the general solution is

y(t) = c.eMvy 4 -+ cpe’iv, = Vdiag (e)‘lt, e e’\”t) c, c € R",

where V = [vy -+ v,]. The solution with y(to) = y, has ¢ = diag(e Mt ... el )V -1y .

Proof. Each e*'v; solves (27) by the computation above, and their Wronskian at ¢t = 0
is det V' # 0, because the columns of V' are linearly independent. By Proposition 6.2,
the n solutions are linearly independent, and Theorem 6.2 gives the general solution. The
matrix form writes > cjeN'v; as V times the vector with components e*'c;, and y(ty) =

V diag(eM')e = y, gives the stated c. O
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With A = VDV ™! and z = V~ly, the system becomes 2z’ = V"'AVz = Dz, that
is, z; = \jz; for j = 1,...,n. The change of variables decouples the system into n scalar
equations with solutions z;(t) = cjekjt, and y = V z recovers the boxed formula.

Example 6.5. Let A = (_11 Z) and y(0) = (;l) By Example 6.3, \; = 2 with v; =

(2,1)" and Ay = 3 with vy = (1,1) ", so the general solution is

2 1
y(t) = cre* (1) + cpe® (1) :
The initial condition reads Ve = y(0), so
1 -1\ [4) (1
-1 2 3] \2)’

2 1 2e2t 4 2e3t
2t 3t _
y(t) =e€ (1) + 2e (1) - (th + 263t :
Complex eigenvalues. Let A\ = o+i7 with 7 # 0 be an eigenvalue of A, with eigenvector
v = a + ib, where a,b € R". The Ansatz still works over C: eMw solves (27), and so does

its conjugate e*w. Since A is real, the real and imaginary parts of a complex solution are
real solutions (take real and imaginary parts of ¥y’ = Ay). Euler’s formula gives

R
Q0
N =
~
I
|
—
RS
W =
N~
I

and therefore

At

eMv = e (cos(7t) + isin(rt)) (a + ib)

eat
e’ (acos(tt) — bsin(rt)) + ie”" (asin(rt) + bcos(7t)),

so the pair A, A contributes the two real solutions

y,(t) = e (acos(tt) — bsin(7t)), Yo (t) = e (asin(rt) + beos(rt)) .

They are linearly independent, because y,(0) = a and y,(0) = b are. The eigenvectors
v = a+1b and v = a—1b belong to distinct eigenvalues, so they are linearly independent over
C, and hence a and b are linearly independent over R. When A has n linearly independent
eigenvectors, some complex, replacing each conjugate pair eMwv, e by the real pair y,,y,
yields a real fundamental set.

1
trA=2and det A =2, 50 p(A\) = ? =2\ +2and A = 1+i. For A =1+ i, the equation
(A — M)v = 0 has first row —iv; — vy = 0, 80 v = (i,1)" = a + ib with @ = (0,1)" and
b= (1,0)". With 0 = 7 = 1, the boxed formulas give

= (0, mo=a (). wo—e(Fo o)

cost sint cicost+ cosint

Example 6.6. Consider ' =z —y, v = x + y, that is, ¥y’ = Ay with A = (1 _11) Here

. . . . . . t 2 2
Every nonzero solution rotates counterclockwise around the origin while its norm e*+/c5 + ¢35
grows exponentially.
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Repeated eigenvalues. A repeated eigenvalue may leave A with fewer than n linearly
independent eigenvectors, and then the Ansatz produces too few solutions. Let n = 2 and
p(A) = (A = Xo)?, so the double root \g = 3trA is real. Every 2 x 2 matrix satisfies
A? — (tr A)A + (det A)I = 0 (the Cayley-Hamilton theorem; check it directly), so here

(A - /\0I)2 = 0.

If the eigenspace of \g is all of R?, then A = \oI and the general solution is y(t) = e*'e.
Otherwise, the eigenspace is a line. Choose any vector w outside it. Then v := (A—XoI)w #
0 and (A — NI)v = (A — M\I)*>w = 0, so v is an eigenvector, and w, which satisfies
(A — M\oIl)w = v, is called a generalized eigenvector. As in Case 3 of Section 3.2, we try a
solution with a factor ¢:

ys(t) = ' (v + w)

Then y4(t) = e (A\otv + Now + v) and Ay, (t) = e (tA\gv + Now + v), using Av = \gv
and Aw = \w + v. Hence y, solves (27), as does y,(t) = e*'v, and their Wronskian at
t =0 is det[v w| # 0, because w is not a multiple of v. The general solution is

y(t) = ™' (v + ootv +w)).

Example 6.7. Let A = (__255 é) and y(0) = <_53> Here tr A = 0 and det A = —25 +

25 =0, so p(A) = A? and \g = 0 is a double eigenvalue. The eigenvectors solve —5v; + vy =
0, so the eigenspace is the line spanned by (1,5)", and A is not diagonalizable. Choose
w = (0,1)" outside the eigenspace. Then v = Aw = (1,5)", and the general solution is

y(t) = (é)'+‘b (t(é> +»(?))-

o . . 20t — 3
The initial condition gives ¢; = —3 and 5¢; + ¢3 = 5, so co = 20 and y(t) = <100t n 5).
Remark 6.2 (General n). For an n x n matrix with an eigenvalue A of multiplicity m whose
eigenspace has dimension less than m, the missing solutions have the form

t2 tF

e”(wk—l—twk 1+ wg 2—|—~~+—'wo)
20 k! ’

where w is an eigenvector and (A — A )w,; = w;_; for j =1,...,k (a chain of generalized

eigenvectors). By the Jordan normal form theorem, such chains provide n linearly indepen-

dent solutions for every A € R™". We omit the proof. Compare the functions t*e of
Remark 3.1.

Remark 6.3 (The companion matrix). For the nth-order equation with constant coefficients,
expanding det(AI — C) along the first column and inducting on n gives det(AI — C) =
A" 4 @, A"+ -+ ag, the characteristic polynomial p of Remark 3.1. For a root \ of p,
the vector v = (1, ), ..., \" 1) T satisfies Cv = Av, and the solution e*v has first component
eM. The eigenvalue Ansatz thus contains the Ansatz y = e* of Chapter 3.
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6.3.2 The matrix exponential

The scalar equation 3’ = ay has the solution y(t) = e*y,. Does y' = Ay have the solution
y(t) = eAly,, and what is the exponential of a matrix? Since e” = >, 2% /k!, we define it
by the same series.

Definition 6.3. For A € R™*", the matrixz exponential is

2 3

A
=I+A+ -+ + - eRY"Y

€= ol T 73

X Ak

A A

k!
k=0

where A° =1 and A* = A- A--- A (k factors).

The series converges absolutely in norm, hence entrywise. Indeed, the operator norm
IA]l = max)y—1 | Av| satisfies | Av|| < Al [lv]| and |AB] < [|A]|[|B], so [|A*/k!|| <
|A||" /k!, and >k |A|* /k! = elAl < oo. The same bound shows that each entry of
et =3 t* A¥/k! is a power series in ¢ with infinite radius of convergence, which we may
differentiate term by term (Section 5.1).

Theorem 6.6. Let A € R™™ and ®(t) = e fort € R. Then ®'(t) = A®(t) and ®(0) = I.
Hence et is a fundamental matriz of (27).

Proof. Term-by-term differentiation gives

[e.o]

dootkAk k.tklAk: tklAk:l ootkAk

®'(t) = — = —
0= — k! k! —1)! k!

= A®(1),

k=1

and ®(0) = A° = I. Each column of ® therefore solves (27), and det ®(0) = 1, so the
columns form a fundamental set by Proposition 6.2. O

Proposition 6.5 (Properties of the matrix exponential). Let A, B € R"*".

(a) If AB = BA, then eATB = eAeB. (The conclusion may fail for noncommuting matri-
ces.)

(b) e is invertible, with (e®)™! = e~A; in particular, eAe4® = eAU+) for all t,s € R.

(c) If V %'\3 z’nverzi\z'ble, then eVBV™' = VeBV-1 If D = diag(\i,..., \y), then eP =
diag(e™, ..., eM).

(d) In general, (e?);; # €% : the exponential is not computed entrywise.

Proof. (a) The matrix B commutes with every power of A, hence with the partial sums of
et hence with e, Let X (t) = eAteB!. By Theorem 6.6 and the product rule,

X'(t) = AeeP! + M BeP' = AeeP' + Be'eP! = (A+ B)X (1),

and X (0) = I. By Theorem 6.6, ¢4TB) solves the same matrix initial value problem,
so uniqueness (Theorem 6.1, column by column, for the coefficient matrix A + B) gives
X (t) = eA+B) for every t. Att— 1, this is the claim.
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(b) Apply (a) with B = —A: efe™ = ¢% = I. The second statement is (a) with At
and As, which commute.

(c) The inner factors V'V cancel in (VBV 1)k = VB*V~! so the partial sums
of VBV equal V times those of ¢B times V~!. Let k — oco. For a diagonal matrix,
DF = diag(\}, ..., \F), so the series acts entry by entry along the diagonal and gives e
there.

(d) For A = <8 (1)>, we have A2 =0,s0eA =T+ A = <(1) i), whereas the entrywise
exponential is (1 i) O

Corollary 6.1. Let A € R™™ be constant. The resolvent of (27) is R(t,s) = eA?~%) and
the solution of y' = Ay + f(t), y(to) = y,, with f continuous on R, is

t
y(t) = eAlt=tly, —|—/ eAt=9) f(s) ds.

to

Proof. By Theorem 6.6 and Definition 6.2, R(t,s) = eAt(eA%)™! = eAle=4s = Al=9) by
Proposition 6.5(b). The formula is Theorem 6.3. O

Computing the matrix exponential. Theorem 6.6 and Proposition 6.4(b) give a general
recipe: for any fundamental matrix ® of (27),

et = R(t,0) = ®(t)®(0) "
So the solutions of Section 6.3.1 give the exponential. Three cases cover every 2 X 2 matrix.

(1) Diagonalizable A = V. DV ~'. By Proposition 6.5(c),

e = VeP'VT = Vidiag (M, ... M) VT

the fundamental matrix of Theorem 6.5 times V' ~!. For complex eigenvalues, the identity
holds in C™"*™ and the result is real.

(2) A double eigenvalue \g. Write A = \oI + N, where N? = 0 by the Cayley—Hamilton
theorem. Since A\gI and N commute, Proposition 6.5(a) gives

eAt — erteNt — e}\ot (I + tN) )

The same argument applies whenever N™ = 0 for some m (N is nilpotent): the series
for eVt stops after m terms.

1
satisfies J? = —1I, so the even and odd powers of 7tJ reproduce the series of cosine and
sine:

(3) A complex pair o + ir. The matrix A = (Z _UT) = ol +7J with J = <O _01)

sin(rt)  cos(Tt)

pAL _ ot Tt _ ot (COS(Tt) — Sin(Tt)) 7
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a rotation by the angle 7t scaled by e’'. For a general real matrix with a complex pair,
build @ from the real solutions y,, y, of Section 6.3.1. Then e4! = ®(t)®(0)!.

Example 6.8. For A = ( 1 2) of Example 6.5, case (1) gives

-1 4

A (2 1\ [e* 0 1 =1\  [2e* —e¥t —2e* 4 2e%
© =11 0 e)\—=1 2 ) et —e¥t 2423 )

2t 3t
As a check, eA? = I, and eA? (;l) = (2:2,5 :_22ei’t ) agrees with Example 6.5.

3 1
—4 -1
Ao = 1 is a double eigenvalue. The eigenvectors solve 2v; + vo = 0, so the eigenspace is a
line and A is not diagonalizable. Case (2) applies with

- (21 , [(4-4 2.2
N_A_I_(—4 —2)’ N _(—8+8 —4+4)_0’

1+2t
At _ ¢t
‘ _e<—4t 1—2t)'

The solution with (0) = (1,0)" is the first column, y(¢) = e!(1+2t, —4t) T, and the resolvent
is R(t,s) = eA(t=),

Example 6.9. Let A = ) Then tr A = 2 and det A = 1, so p(\) = (A — 1)? and

so that

6.3.3 Solution by the Laplace transform

The Laplace transform of Chapter 4 applies componentwise to systems with constant coef-
ficients. Consider vy’ = Ay + f(¢) with y(0) = y,,, where the components of f are piecewise
continuous and of exponential order, and let Y (s) = (Yi(s),...,Y,(s))" and F(s) collect the
transforms y; o—e Y; and f; o—e F;. Rule f) of Theorem 4.2, applied to each component,
gives sY (s) —y, = AY (s) + F(s), that is,

(sT —A)Y(s) =y, + F(s) = |Y(s)=(sI—A)"'(y,+F(s)),

valid for every s larger than the real parts of all eigenvalues of A at which F'(s) is defined,
since such an s is not an eigenvalue and sI — A is invertible. Procedure:

(1) transform each equation of the system;
(2) solve the resulting n x n linear system for Y;(s),..., Y, (s);

(3) invert each Yj(s) with the table of Section 4.2.
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Comparing with y(t) = ey, in the homogeneous case, we find
L[e] (s) = (sI — A)~" (entrywise).

In linear algebra, (sI — A)~! is called the resolvent of A, which explains the name of R(t, s)
in Definition 6.2. As Remark 6.1 predicts, for the companion matrix C of an nth-order
equation, expanding the determinant shows that the (1,n) entry of (sI — C)~! is 1/p(s),
the transfer function of Section 4.6. For the harmonic oscillator ¥} = y2, ¥4 = —way;, for
instance,

(sI —A)' = b ( 5, 1) oo oAt _ ( cos(wot) wiosin(wot)) |

24+ wi \—wy s —wp sin(wgt)  cos(wot)

with the Green’s function sin(wgt)/wo of Example 4.10 in the (1, 2) entry.

6.4 Phase portraits and stability in the plane

Section 2.4 analyzed scalar autonomous equations @ = f(z) by drawing the vector field on
a line. We now do the same in the plane for y’ = Ay with constant A € R?*2, and ask the
same questions: What are the equilibria? How do solutions behave near them? Do solutions
tend to an equilibrium as t — oo?

Definition 6.4. A constant solution y(¢) = y* of y’ = Ay is called an equilibrium solution,
and the point y* € R™ is called an equilibrium (or fized point, or critical point). Equivalently,
Ay* =0.

If det A # 0, then y* = 0 is the only equilibrium. If det A = 0, the equilibria form the
kernel of A, a line or the whole plane.

A solution ¢t — y(t) traces a curve in the phase plane (y1,y2), called a trajectory (or
orbit) and marked with an arrow in the direction of increasing t. A phase portrait shows
representative trajectories. Two facts hold for every phase portrait. First, since A does
not depend on t, the time shift ¢t — y(¢ + ¢) of a solution is a solution, so a trajectory
does not depend on when the solution starts on it. Second, distinct trajectories never cross.
By uniqueness (Theorem 6.1), two trajectories through one point come from solutions that
coincide after a time shift.

Example 6.10. Consider

yi(t)) (a 0) (?Jl(ﬂ) (ym)

_ , 0) = .

i) =G 5) () o=

The system is decoupled, and the solution is yi(t) = yo1e™, y2(t) = yooe*. Let’s draw the
phase portrait for different values of a.
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Y2 Y2 Y2

~ N A\
o TR TR

a< —1 a=—1 —1<a<0

When a < 0, both components decay, so y(t) — 0 as t — oo for every initial value. The
direction of approach depends on which component decays faster. For a < —1, y; decays
faster and the trajectories become tangent to the ys-axis. For —1 < a < 0, they become
tangent to the y;-axis, and for a = —1, they are rays. (Eliminating ¢ gives the curves

lya| = Clyn|7H)

i A
S

If a = 0, then y;(t) = yo1 is constant, the y;-axis is a line of equilibria, and every
trajectory approaches it vertically. If a > 0, then |y, (t)| — oo for yo1 # 0 while ys(t) — 0,
so trajectories leave the origin, except those on the y,-axis, which converge to it. For a < 0
with a # —1, the origin is a stable node, for a = —1 a stable star, and for a > 0 a saddle
point.

6.4.1 Classification of equilibria

Let A = Z Z with det A # 0. By Section 6.1, the eigenvalues are the roots of \? —

(tr A)X + det A, namely

tr A+ /(tr A)2 —4det A

)\1,2 = 9 )

(28)

so the trace and the determinant determine the eigenvalues. For \; # A, Section 6.3.1 gives
every solution as

A

y(t) = creMlvy + ey,

with real or conjugate-complex constants and eigenvectors, and for A\; = Ay the repeated-
eigenvalue case applies. The eigenvalues and eigenvectors therefore determine the long-
term behavior, and the portraits of Example 6.10 are typical, with the lines Span{wv;} and
Span{v,} in place of the axes.
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1 1

4 —2)’
4det A = 25, and (28) gives \; = 2 and Ay = —3, with eigenvectors v; = (1,1)" and
vy = (1,—4)". The solution c;e*wv; grows and the solution cye vy decays, so the origin is
a saddle point:

Example 6.11. Let A = ( so that tr A = —1 and det A = —6. Then (tr A)* —

Y2

Span{v; }

Y1

Span{vs}

The line Span{v.}, along which trajectories approach the origin, is the stable manifold
of the equilibrium, and Span{wv;}, along which they leave it, the unstable manifold. Every
other trajectory comes in along the stable manifold and leaves along the unstable manifold.

Definition 6.5. Let A € R**? with det A # 0 have eigenvalues A\;, Ao, and let y* = 0 be
the equilibrium of y’ = Ay.

i) If A\, Ao € R and A\ < Ay < 0, then y* is a stable node.

)
ii) If A;, A2 € R and Ay > Ay > 0, then y* is an unstable node.
iii) If A\, A2 € R and Ay < 0 < Ay, then y* is a saddle point.

)

iv) If Ay = Ay € R and A = A\ I, then y* is a stable (A\; < 0) or unstable (\; > 0) star
node.

v) If Ay = Ay € R and A # MI (only one eigenvector direction), then y* is a stable
(A1 < 0) or unstable (A; > 0) degenerate node.

vi) If \jp =0 £ir with 7 # 0 and o # 0, then y* is a stable (¢ < 0) or unstable (o > 0)
spiral. (Note that 20 = A\ + Ay = tr A.)

vii) If Ao = &i7 with 7 # 0, then y* is a center. The trajectories are concentric ellipses
(circles only for special A).

Cases 1)-iii) look like the node and saddle portraits above, with Span{v; } and Span{wv,}
in place of the axes. Portraits for iv)-vii) follow.
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* =+ © @

stable star node degenerate node (A < 0) stable spiral center

Since (28) expresses the eigenvalues through tr A and det A, one diagram summarizes
every type. The parabola (tr A)?> = 4det A separates real from complex eigenvalues. A
negative determinant gives real eigenvalues of opposite signs (saddles). For det A > 0, the
sign of tr A = A\ + A2 decides between stable and unstable.

tr A
tr A)2 —4det A =0

unstable nodes

saddle points unstable spirals

centers

det A

stable spirals

stable nodes N stars;degenerate nodes

Example 6.12 (The damped oscillator in the phase plane). Consider the damped os-
cillator of Section 3.4, my” + vy’ + ky = 0 with m,k > 0 and v > 0. For y = (y,7/)", it
becomes the planar system y' = Ay with

A Y LY wa—-2 qeea=F oo
—k/m —vy/m m m

The point (det A, tr A) lies in the right half of the diagram, on or below the horizontal axis,
and (tr A)? —4det A = (v* — 4km)/m?. The three regimes of Section 3.4 are three parts of
the diagram: overdamped (y* > 4km), a stable node; critically damped (7? = 4km), a stable
degenerate node, since A # A\I; underdamped (y? < 4km), a stable spiral, whose trajectories
wind around the origin as the mass oscillates with decaying amplitude. Without damping
(v = 0), the origin is a center, and the closed trajectories are the ellipses £y?+ 2 (y)? = const
of constant energy.

6.4.2 Stability

The words “stable” and “unstable” in Definition 6.5 have a precise meaning, which we state
for y' = Ay with A € R™". Recall that every solution exists for all ¢ € R and equals
y(t) = eAly, (Corollary 6.1).

Definition 6.6. The equilibrium y* = 0 of y' = Ay is
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a) Lyapunov stable (or simply stable) if for every € > 0 there exists § > 0 such that ||y(0)| <
¢ implies ||y (¢)|| < e for every ¢t > 0;

b) asymptotically stable if it is Lyapunov stable and y(t) — 0 as t — oo for every solution
Y;

c¢) unstable if it is not Lyapunov stable.

A solution that starts close to a stable equilibrium stays close for all later times. An
asymptotically stable equilibrium also attracts every solution. For linear systems, stability
is a property of e4t.

Lemma 6.1. The equilibrium O of y' = Ay is Lyapunov stable if and only if sup; HeAtH <
00, and asymptotically stable if and only if At — 0 ast — 0.

Proof. If M := sup,s ||e#|| < oo, then § = e/M works: |ly(0)| < & gives |[y(t)| =

||eAty(0)H < M ||ly(0)|| < e for every t > 0. Conversely, let 0 be Lyapunov stable and let &
correspond to € = 1. For every unit vector w and ¢ > 0, the solution with y(0) = gu satisfies
|eA3ul| < 1, so ||eAu|| < 2/8, and the maximum over u gives ||e|| < 2/6.

If e4* — 0, then t — ||€At|| is continuous on [0, 00) with limit 0, hence bounded, so 0
is Lyapunov stable, and ||y(t)|| < ||e#!|| [ly(0)|| — 0 for every solution. Conversely, if every

solution tends to 0, so do the columns of e4?, the solutions with initial values ey, ..., e,. O

Theorem 6.7 (Stability of planar linear systems). Let A € R?*? have eigenvalues A1, \o.
The equilibrium 0 of Yy = Ay is

(a) asymptotically stable if and only if Re A\; < 0 and Re Ay < 0;

(b) Lyapunov stable if and only if ReAy < 0 and ReXy < 0, and, in case \y = Xy = 0,
A=0;

(c) unstable in all other cases: if some eigenvalue has positive real part, or if Ay = Ay =0
and A # 0.

Proof. By Lemma 6.1, we must decide when e4* stays bounded, and when it tends to 0, as
t — o0o. The three cases of Section 6.3.2 give eA! explicitly.

Distinct real eigenvalues. Then eA! = V diag(eM?, e*!)V 1, so every entry is a constant-
coefficient combination of eM* and e*?!. If A\;, Ao < 0, all entries are bounded, and if A\, Ay <
0, they tend to 0. If \; > 0, then e®v; = eM'v; is unbounded. If \; = 0 > )y, then
ey, = v, does not tend to 0, so the equilibrium is stable but not asymptotically stable.

A complez pair o £ iT. Then eAt = ®(¢)®(0)~! with the real fundamental matrix built
from y,,y, of Section 6.3.1, so every entry has the form e («cos(7t) + Bsin(7t)): bounded
if o <0, tending to 0if ¢ < 0. For o > 0, ||[e*'y,(0)|| = [ly,(¢)]| = °* ||a cos(rt) — bsin(rt)|,
and the last norm is continuous, periodic, and never zero, since a and b are linearly inde-
pendent. It is bounded below by a positive constant, so e* is unbounded. For ¢ = 0, the
entries do not tend to 0.

A double eigenvalue Ng. Then et = (I +tN) with N = A — X\oI. If )y < 0, both

et and tet tend to 0. If Ay > 0, then eA*v = et is unbounded for an eigenvector v. If
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Mo = 0, then eA? = I +tN is bounded if and only if N = 0, that is, A = 0, and never tends
to 0.
Collecting the cases proves (a), (b), and (c). O

Remark 6.4. Theorem 6.7 holds for every n with one change in (b): every eigenvalue with
Re A = 0 must be semisimple, that is, its eigenspace has dimension equal to its multiplicity
as a root of p, so that no chain of generalized eigenvectors, and no factor t, appears in
Remark 6.2. The proof is the same, with the Jordan normal form supplying e?. In the plane,
the trace-determinant diagram shows the sign of Re A. The equilibrium is asymptotically
stable exactly when det A > 0 and tr A < 0. Chapter 7 uses this theorem to study equilibria
of nonlinear systems by linearization.

Example 6.13 (Love affairs — Strogatz, 1988). Romeo is in love with Juliet, but in
our version of this story, Juliet is a fickle lover. The more Romeo loves her, the more Juliet
wants to run away and hide. But when Romeo gets discouraged and backs off, Juliet begins
to find him strangely attractive. Romeo tends to echo her: he warms up when she loves him,
and grows cold when she hates him.

Let R(t) be Romeo’s love/hate for Juliet at time ¢, and let J(¢) be Juliet’s love/hate for
Romeo at time t. Positive values of R, .J signify love; negative values signify hate. Then a
model for their star-crossed romance is

R(t) = pJ(t),  n>0,
J'(t)=—-vR(t), v>0.

So A = (_OV g), with tr A = 0 and det A = pv > 0, and Ay » = £i,/puv. Hence the origin

is a center: the trajectories are the ellipses vR? + puJ? = const (differentiate the left-hand
side along a solution to see that it is constant), traversed clockwise.

Outcome: a never-ending cycle of love and hate. The equilibrium is stable, but not
asymptotically stable: the lovers never settle down.

In general, we would have
()= (¢ a) (5

The signs of a, b, ¢, and d then determine the lovers’ “romantic types”. For Romeo,

1) a>0,b>0: “Eager Beaver”;

2) a>0,b<0: “Narcissistic Nerd”;

3) a<0,b>0: “Bashful Budder”;

4) a <0, b<0: “Malevolent Misanthrope”.

Can a “narcissistic nerd” find love with a “bashful budder”? Classify the equilibrium of the

resulting system with the trace—determinant diagram to find out!
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Summary.

1)

A linear system y’ = A(t)y + f(t) with continuous coefficients on an open interval I has
exactly one solution on all of I for each initial value y(ty) = y, (proof in Chapter 7).
Every nth-order linear equation is such a system, via its companion matrix.

The homogeneous solutions form a vector space of dimension n. Any n solutions are
linearly independent if and only if their Wronskian W = det ® is nonzero at one point,
if and only if it is nonzero everywhere, and W (t) = W(ty) exp fti tr A (Abel-Liouville).
Through the companion matrix, this gives the nth-order structure theorem, Wronskian
test, and Abel’s identity.

The resolvent R(t,s) = ®(t)®(s)~! maps the state at time s to the state at time ¢,
and Duhamel’s formula y(t) = R(t,t0)y, + ft’; R(t,s)f(s)ds solves the inhomogeneous
problem. The Green’s function of Chapter 4 is an entry of the resolvent.

For constant A, the Ansatz eMv works when v is an eigenvector. Complex pairs give
real solutions through real and imaginary parts, and a double eigenvalue with a single
eigenvector direction requires a generalized eigenvector and a factor .

The matrix exponential eA" = Y, t* A¥/k! is the fundamental matrix with e4? = I, the
resolvent is eA?=%) and e4* = ®(t)®(0)~! for any fundamental matrix. The Laplace
transform gives L[e4!](s) = (sI — A)~L.

In the plane, the trace and determinant of A classify the equilibrium at the origin (node,
saddle, star, degenerate node, spiral, center). The origin is asymptotically stable if and
only if every eigenvalue has negative real part, and Lyapunov stable if and only if no
eigenvalue has positive real part and a double zero eigenvalue occurs only for A = 0.

74



