MATH 441: Differential Equations
Exercises for Chapter 5
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Fall 2026

1 Exercises (Series solutions of second-order ODEs)

Exercise 1.1. Consider the ODE »

Y

— =0.
az Y

a) Explain why ¢y = 0 is an ordinary point, and why every series solution about ¢, = 0
converges for every ¢t € R (Theorem 5.1 of the notes).
b) Substitute y(t) = >, cxt* into the ODE and show that c;0 = —ci/((k+2)(k+1)) for
every k > 0.
c) Find closed-form expressions for ¢y, and cg,41 in terms of ¢g and ¢;. Deduce that the
general solution is y(t) = ¢ycost + ¢;sint, and compare with the harmonic oscillator in

Section 3.2 of the notes.

Solutions:



Solutions (continued):



Exercise 1.2. Consider the ODE

e d
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a) Show that to = 0 is an ordinary point, and that Theorem 5.1 of the notes guarantees that
every series solution about ¢y = 0 converges at least for |t| < 1.
b) Substitute y(t) = > o, ckt* into the ODE and show that

_ (k=2)(k—=3)
F T T )+ 1)

Cr for every k > 0.

c) Deduce that every solution is a polynomial of degree at most 3, and find the general
solution.

d) The series in ¢) converge for every t € R, while a) guarantees convergence only for |t| < 1.
Explain why this does not contradict Theorem 5.1 of the notes.

Solutions:



Solutions (continued):



Exercise 1.3. Let v € R, and consider the Legendre equation

d? d
(1— t2)d—t§ — Qtd_z +v(r+1)y=0.

a) Show that to = 0 is an ordinary point, and that Theorem 5.1 of the notes guarantees that
every series solution about ¢y = 0 converges at least for |t| < 1.
b) Substitute y(t) = > p, cxt” into the ODE and show that
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Ch for every k > 0.

c) Let y; and y, be the series solutions with (cg, ¢1) = (1,0) and (co, ¢1) = (0, 1), respectively.
Write y; up to the term in t* and y, up to the term in #°.

d) Suppose that one of these two series does not terminate. Apply the ratio test to its
nonzero terms to show that its radius of convergence is exactly 1.

e) Let ¥ = n be a nonnegative integer. Show that one of y; and ys is a polynomial of degree
n. Compute this polynomial for n = 2 and for n = 3.

Solutions:



Solutions (continued):



Solutions (continued):



Exercise 1.4. Let ag # 0, By, and 7y be real constants, and consider the Euler equation

d’y dy
2
apt E‘i‘ﬁot%—'—'ﬂ)y:o, t>0.

a) Find the general solution on (0, 00) of each ODE. Express the solution in (a3) without
complex numbers.
dy  .dy dy . dy dy  .dy

1) 2t*— +3t— —15y = 0. 2) t*— —3t—+4y = 0. 3) P —+3t—+4y = 0.
(al) 267G 35y 15y (a2) 0" g =3 +4 (a3) " g T30 G +4
b) Let y be twice differentiable on (0, 00), and define u(x) = y(e*) for x € R. Show that y
solves the Euler equation if and only if u solves

d*u du
o5+ (Bo — 040)@ +u =0,

and that the characteristic polynomial of this equation is the indicial polynomial y of Sec-
tion 5.2 of the notes. How do the three cases for the Euler equation correspond to the three
cases of Section 3.27

c) Use b) and the method of undetermined coefficients to find the general solution on (0, co)
of each ODE.

Py dy d*y dy
1) 2—2 — 2 =1. ) t?—2 —2t—~ 4+ 2y = 3t* + Int.
() gz —tg + (2) ' =2y +2 +m
Solutions:



Solutions (continued):



Solutions (continued):
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Exercise 1.5. Consider the ODE

d?y  dy
e d 9% L —o.
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a) Show that ¢ty = 0 is a regular singular point. Write the ODE in the form t*y” +t3(t)y’ +
v(t)y = 0 of Theorem 5.2 of the notes, and show that the roots of the indicial equation are
r1 = 1/2 and ro = 0. Which case of Theorem 5.2 applies?

b) Substitute y(t) = > -, cxt™" into the ODE and show that 2r(2r — 1)cy = 0 and

2(k+1r)(2k 4+ 2r — 1)cg, = —c— for every k > 1.

c) Let ¢g = 1. Find closed-form expressions for the coefficients ¢, when r = r; and when
r = r9. Show that the two resulting Frobenius series are sin Vt and cos v/t.

d) For which @ € R does the ODE have a solution on (0,00) with lim, .o+ y(t) = 1 and
limy o+ ¥/ (t) = a?

Solutions:
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Solutions (continued):
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Solutions (continued):
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Exercise 1.6. Let n be a nonnegative integer, and consider the Bessel equation

d? d
th—th/ + td—i + (#* —n?)y = 0.

a) Show that tg = 0 is a regular singular point, and find the roots of the indicial equation.
Which case of Theorem 5.2 (Frobenius) applies when n = 0?7 When n > 17
b) Substitute y(t) = > pe, cxt**" into the ODE and show that (r? — n®)cy = 0, ((r 4+ 1)* —
n?)e; = 0, and

(r+k)>—=n*) cx=—crs for every k > 2.

c) Let » = n. Show that every odd coefficient vanishes and that

—1)"nl
B G ) )

— mco for every m > 0.
mmim +n)!

With the normalization ¢y = 1/(2"n!), deduce that the corresponding solution is the Bessel
function of the first kind of order n,

=3 L ()

d) Let n > 1 and » = —n, with ¢ = 1. Show that the recurrence in b) cannot hold at
k = 2n. What does this imply about the constant x in Theorem 5.2(d)?

Solutions:
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Solutions (continued):
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Solutions (continued):
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