MATH 441: Solutions to Assignment 3

Problem 1

Consider the initial value problem

(3t%y(t) + 2ty(t) + y(t)*) + (2 +y(t)*) y'(t) =0, y(0) =1.
Write M (t,y) = 3t?y + 2ty + y> and N(t,y) = t* + y*.
a) Show that the equation is not exact.

b) Let u = u(t) be a nonvanishing differentiable function of ¢ alone. Show that, at points
where N(t,y) # 0, the equation uM + pNy' = 0 is exact if and only if

N(t,y)

Verify that the quotient depends on ¢ only, and find an integrating factor p(t).

p(t) = p(t)

¢) Find a potential function V' for the exact equation obtained in b), and solve the initial
value problem in implicit form.

Solutions: a) We have %—A; = 3t2 + 2t + 3y? and %—]X = 2t. These differ, for example at
(t,y) = (0,1), where they equal 3 and 0. Hence the equation is not exact.

b) Since 1 depends on t only, the product rule gives

ouM) oM OuN) , ON
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The new equation is exact if and only if these are equal, that is, /' N = pu (%—M — %—N> . Where
y t
N # 0, dividing by N gives the stated condition. Here

% w343
N 24y 7
which depends on ¢ only (it is constant). The condition reads p/ = 3y, so u(t) = €* is an

integrating factor.



c) We look for V' with %—‘y/ = e¥(t? 4+ y?) and 9 = €*(3t%y + 2ty + y*). Integrating the first
equation in y gives V(t,y) = 3 (tzy + %) + g(t). Then

3
—— =3 (tzy + ‘%) + 2t63ty +4g'(t) = et (3t2y + 2ty + y3) +g'(t),

so ¢’ =0, and we take g = 0:

P

V(t,y) = e (to + §> :
Along a solution, V/(¢,y(t)) is constant, and V/(0,1) = 1. Multiplying by 3, the solution
satisfies

e (3t%y(t) + y(t)®) = 1.



Problem 2
Let » > 0 and K > 0.
a) Solve the logistic equation

N'(t) = rN(#) (1 - %) ., N(0) = Ny > 0.

Hint: You can either solve it directly using partial fractions or make the change of
variable x(t) = 1/N(t) and then derive and solve the corresponding ODE for z(t).

b) Compute lim;_,,, N(¢) from your solution, and check that the answer agrees with the
phase line of the logistic equation in the notes.

Suppose now that the population is harvested at a constant rate H > 0:

N'(t) =rN(t) (1 - %) — H.

c) Suppose that 0 < H < rK /4. Find the two equilibria N_ < N, draw the phase line,
and classify each equilibrium as stable or unstable. What happens to the population
if Ng> N_7If0< Ny < N_?

d) Suppose that H > rK /4. Show that N'(t) <rK/4 — H < 0 as long as N(t) > 0, and
conclude that the population reaches 0 in finite time, whatever the value of Ny > 0.

Solutions: a) Let x = 1/N. Then

N'(t)y  r r r 1

T (t) = — +—==—rz(t)+ — z(0)

N#? NO K K’ TNy
This equation is linear. Multiplying by €™ gives (e"z(t))’ = Ze™, and integrating from 0 to
t gives
1 1 1
=4 — e
z(t) 7t ( N; K> e
Therefore ) KN
N(t)=—= = ° t > 0.
( ) ZL’(t) NO + (K — N())B_Tt’ -

The denominator equals No(1 — e ") + Ke ™ > 0 for t > 0, so N(t) is defined and positive
for every t > 0.

b) Since e — 0 as t — 400, we have N(t) — KNy/Ny = K. This agrees with the phase
line in the notes: 0 is unstable, K is stable, and every solution with Ny > 0 tends to K.

c) Write f(N) =rN (1 — %) — H. Completing the square gives



The equilibria are the roots of f,

K / 4H
Ni:—<1j: 1——),
2 T

which are real and distinct because 0 < H < rK/4, and satisfy 0 < N_ < N, < K. The
graph of f is a downward parabola, so f < 0 for N < N_, f >0 for N. < N < N, and
f <0 for N > N,. The phase line is

The arrows point away from N_ and toward N, so N_ is unstable and N, is stable.

If Ny > N_, then N(t) — N,: the population increases to N, if N_ < Ny < N,
decreases to N, if Ny > N, and stays at N, if Ng = N,.

If 0 < Ny < N_, then N decreases. By (1), f is increasing for N < K/2, so N'(t) =
F(N(t)) < f(No) <0 as long as N(t) < Ny. The population therefore decreases at least at
the rate | f(No)| and reaches 0 by the time Ny/|f(No)|: it dies out in finite time.

d) By (1), f(N) <rK/4 — H for every N, so N'(t) <rK/4— H < 0 as long as N(t) > 0.
Let 6 = H —rK/4 > 0. Integrating from 0 to ¢ gives

N(t) < N, — ot

as long as N(t) > 0. The right-hand side vanishes at t = Ny/d, so the population reaches 0
no later than ¢t = Ny/(H — rK/4), whatever the value of Ny > 0.



Problem 3

The proof of the Picard-Lindeldf theorem (Theorem 2.2 in the notes) is constructive. You’ll
explore its main idea in this problem. Consider the initial value problem

y'(t) = f(t,y(t), w(to) = vo,

with f continuous. Starting from the constant function ¢o(t) = yo, define the Picard iterates

t
e (t) = o + / from)dr,  k=0,12,...
to

Under assumptions (A1)—(A3) in Theorem 2.2 of the notes, the iterates converge on [to, T
to the unique solution of the initial value problem. We will prove this later in the course.

a) Show that a continuously differentiable function y solves the initial value problem on
[to, T] if and only if it satisfies the integral equation

y(t) = yo + /t f(r,y(r))dr for every t € [to, T).

(Thus a solution is a fixed point of the map ¢ — yo + fti f(r, (7)) dr.)

Now consider the initial value problem

y'(t) =1—2ty(t), y(0)=0.

b) Let 7' = 1/2. Show that assumptions (Al), (A2), and (A3) hold on the rectangle Dy
for every C' > 0, with K =1 and L = 1. Choose C so that Theorem 2.2 guarantees a
unique solution on [0, 1/2].

¢) Compute the Picard iterates o1, 2, and 3.

d) Use variation of constants to show that the solution is

t
y(t) = etQ/ e ds.
0

(Do not attempt to evaluate this integral.)

e) Expand e and e~* in Taylor series to show that the Taylor polynomial of degree 5 of
the solution in d) equals p3(t).

Solutions: a) Suppose that y solves the initial value problem. By the fundamental theorem
of calculus, for every ¢ € [to, T,

y(t)zy(to>+/ y'(T)dT:yoJr/t F(ry(r)) dr.

to

Conversely, suppose that y satisfies the integral equation. Setting ¢t = to gives y(ty) = yo.
The integrand 7 — f(7,y(7)) is continuous, so the fundamental theorem of calculus gives

y'(t) = f(t,y(t)) for every t € [to, T].
b) Here f(t,y) =1—2ty, to =0, yo = 0, and Dy = [0,1/2] x [-C, C].
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(A1) The function f is a polynomial, hence continuous on D.
(A2) For every t € [0,1/2], |f(¢,0)] =1, so (A2) holds with K = 1.

(A3) For every t € [0,1/2] and y1,y2 € [—=C,C), |f(t,y1) — f(t,y2)| = 2t|y1 — va| < Jy1 — y2l,
so (A3) holds with L = 1.

These bounds hold for every C' > 0. Theorem 2.2 requires C' > % (eL(T_tO) — 1) =21~
0.65, so we may take C' = 1. Theorem 2.2 then gives a unique solution on [0,1/2].

c) With ¢g(t) = 0, we find

—2

d) The homogeneous equation 3 = —2ty has the solutions y(t) = Le™". Let y(t) = L(t)e
Then
2 2 2 2
Y (t)+2ty(t) = L'(t)e™ —2tL(t)e ™ +2tL(t)e™ = L'(t)e ",

so y + 2ty = 1 if and only if L'(t) = e*. The initial condition gives L(0) = y(0) = 0, so
t 2
L(t) = [, e ds and

t
y(t) = e_tz/ e” ds.
0

e) From e“:1+u+“72+---,weget
st t
e =145+ +---, e =14+ —...
2 2
Integrating the first series term by term gives

b Bt
/es ds=t+ -+ =+
0 310

Multiplying the two series and keeping the terms of degree at most 5,

t4 B 1 1 1 1
H=(1-+—=|(t+=+—= |4+ =t+ =1+ =+ )"+,
y(t) ( +2>(+3+10)+ +(3 ) +(10 3+2) -

Since %— 1= —% and & — % +% = 2 the Taylor polynomial of degree 5 of y is t — % +

10 15’
903@)-
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Problem 4

Let t > 0 and N € N, and apply Euler’s method with step size h = t/N to the initial value
problem

y'(s) =y(s), y(0)=1,

whose solution is y(s) = e®.
a) Show that after N steps, Euler’s method gives yy = (1 +¢/N)V.
b) Using the inequalities = — % <In(1+ ) <z for every > 0, deduce that
N 2t
t te
0<e—(1+—=) <—.
<e-(1+g) =5n
Hint: Write (1 +¢/N)V = eV0+/N) and use e > 1 — u for u > 0.

c) Rewrite the bound in b) in terms of h, and explain why it shows that Euler’s method
has order one.

Solutions: a) Here f(s,y) = y, so Euler’s method reads y,+1 = yn + hyn = (1 4+ h)y,, with
yo = 1. By induction, y,, = (1+h)". With h = ¢/N and n = N, we obtain yy = (1+¢/N)V.

b) Apply the inequalities with = ¢/N > 0 and multiply by N:

t r < Nln {1+ ! <t

- — n — :
2N — N) —

The exponential function is increasing, so (1 + t/N)N = eNII+H/N) < et which is the left

inequality. For the right inequality, let u = ¢*/(2N) > 0. Then

A\ " t2e!
(1+N) > =ele™ > €1 —u), SO el — (1+N) < elu = N

c) Since N = t/h, the bound reads

tet
0<e —yy < 7h.
For a fixed final time ¢, the factor te’/2 does not depend on h, so the error is at most a
constant times h: halving the step size halves the bound. This is what it means for Euler’s

method to have order one.



Problem 5

Let A > 0, and consider the initial value problem

y'(t) = —Ay(t), y(0)=yo #0.
a) Solve the problem, and compute lim;_, y(%).

b) Apply Euler’s method with step size h > 0, and find a formula for y,,. For which values
of h does the sequence {y,}>°, converge to 0?7 For which values of h is it bounded?
For which values of h do all the y,, have the same sign as y,?

c¢) The implicit (or backward) Euler method evaluates f at the new point instead of the
old one:

Ynt1 = Yn + hf(thrla Z/n+1)~

Apply it to this problem, solve for y,1, and show that y, — 0 as n — oo for every
step size h > 0.

Note: Parts b) and c) illustrate the stability of numerical methods, which we will study in
the chapter on numerical methods.

Solutions: a) The solution is y(t) = yoe ™, and y(t) — 0 as t — oo because A > 0.

b) Euler’s method reads y,+1 = yn — hAy, = (1 — hA)y,, so
Yn = (L —=hN) "y, n=0,1,2,...
This is a geometric sequence with ratio ¢ =1 — hA.
e It converges to 0 if and only if |¢| < 1, that is, 0 < h < 2/A.

e It is bounded if and only if |¢g] < 1, that is, 0 < h < 2/X. For h = 2/, we get
Yn = (_l)ny()-

e All y,, have the sign of gy if and only if ¢ > 0, that is, 0 < h < 1/\. For h = 1/\, we
get y, = 0 for n > 1, and for A > 1/, the sign alternates.

c¢) The implicit Euler method reads y,11 = yn — hAYpn11, SO

_ Yo
I = R

Yn

Yn+1 = 1+ X and

For every h > 0, we have 1 + A > 1, so y, — 0 as n — oo.



Problem 6 (The brachistochrone)

In 1696, Johann Bernoulli asked for the curve along which a bead, sliding without friction

under gravity, travels from a point O to a lower point P in the shortest time. This curve

is called the brachistochrone, from the Greek for “shortest time.” Place O at the origin,

measure r to the right and y downward, and describe the curve as the graph of a function
= y(z) with y(0) = 0. Bernoulli showed that the brachistochrone satisfies the ODE

y(@) (1+ 9/ (2)%) = k2
for some constant £ > 0. You may take this fact as given.

@)

a) Show that 0 < y(z) < k? at every point x where the ODE holds, and that on an
interval where 3/ > 0, the ODE is equivalent to the separable equation

k? —y(z)

vi@) = y()

b) Separate the variables and use the substitution y = k?sin® ¢, with 0 < ¢ < 7/2, to
show that the solution with y(0) = 0 is given in parametric form by

v =k* (¢ —singcos ), y = k*sin® ¢.
Hint: sin® ¢ = 1 (1 — cos(2¢)).
c) Set § = 2¢ and a = k?/2. Show that the curve in b) is the cycloid
x = a(f —sinb), y =a(l — cosb),

the curve traced by a point on a circle of radius a that rolls along the x-axis. Check
directly that % = % along the cycloid, and that the cycloid satisfies the ODE
y(1+y7?) =k

d) Let P = (wa,2a), which corresponds to § = m. The travel time from O to P along a
curve y = y(x) is proportional to the (improper, but convergent) integral

Jlyl = ~ 7 dx.
] / =
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(You may take this fact as given.) Show that J = mv/2a along the cycloid and
J = /71?4 4+/2a along the straight line from O to P (dashed in the figure). Which
curve is faster? Hint: Along the cycloid, write the integral in terms of 6, using

V1+y(x)2de = /2/(0) 0)2df and 1 — cos § = 2sin*(6/2).

Solutions: a) Since 1+ y'(z)? > 1 and k? > 0, the ODE gives

k2

WE(O,/{]

y(z) =

Solving the ODE for ¢y gives y/(z) Where 3/ > 0, we take the positive square
root and obtain the separable equatlon éomversely7 squaring the separable equation and
multiplying by y gives back the ODE.

b) Separating the variables gives

With y = k?sin? ¢, we have dy = 2k?sin ¢ cos ¢ d¢ and, for 0 < ¢ < 7/2,

vy o sin2¢_sin¢
E2—y  \ cos2¢ coso’

The left-hand integral becomes

/2!{:231r12¢dgz5:/I<:2(1—cos(2gz§))dgz5:k:2 (gb—@) +c=k*(¢ —sinpcosp) + c

Hence z = k?(¢ —sin ¢ cos ¢) +c. The condition y(0) = 0 means ¢ = 0 when z = 0, so ¢ = 0,
and
v =k*(¢ —singcos ), y = k?sin? ¢.

c) With 6 = 2¢ and k? = 2a, we have sin ¢ cos ¢ = —sm@ and sin? ¢ = (1 —cos0), so
x = a(f —sinb), y = a(l — cos¥).

Along the cycloid, % = a(1 — cos#) and % = asin#, so, for 0 < 0 < 2,

’d9

dy dy/d0  sin6

dr  dr/df 1 —cosf

Then

L+ dy 2_(1—0050)2+sin29_ 2
de ) (1 —cos6)? 1 —cosf’

10



and therefore y (1 + y"?) = a(1 — cos ) -
d) Cycloid. We have

2'(0)* +y'(0)* = a® ((1 — cos ) + sin®0) = 2a*(1 — cosf) = 4a’sin*(0/2),
so /' (0 )2 = 2asin(f/2) for 0 < 0 < 7. Also \/y = V2asin?(0/2) = v2asin(6/2).

Hence 5 0/2
asin
J = df = V2adf = mv2
/ \/%Sm (0/2) / ¢ v

Straight line. The line from O to P = (mwa,2a) is y = %x, so \/1+y? = —”F?A and

= /3272 Since [ 27?2 dx = 2y/7a,

V2 4+ 4
J = t \/g-Qx/ﬂa:\MrQ—{—él\/Qa.
T

Since m < V7?2 + 4, the cycloid is faster.

11



Problem 7
Consider the ODE
ty"(t) = (t+ 1)y'(t) + y(t) = 0.
a) Verify that y;(t) = 1+t and yo(t) = €' are solutions for every t € R.

b) Compute the Wronskian Wyy, y2](t), and show that {y1,y2} is a fundamental set of
solutions on I = (0, 00).

¢) Write the ODE in the form y”(t) 4+ a1 (t)y/'(t) + ao(t)y(t) = 0 on I = (0, 00), and check
that your Wronskian satisfies Abel’s identity.

d) The Wronskian vanishes at t = 0 but at no other point. Explain why this does not
contradict Corollary 3.1 in the notes, which states that the Wronskian of two solutions
vanishes either everywhere or nowhere.

e) Find the solution on (0, 00) that satisfies y(1) = 0 and /(1) = 1.

Solutions: a) For yy = 1+¢, we have y; =1 and yf =0,s0t-0— (¢t + 1)+ (1+¢) =0. For
yo = €', we have yh, =y = €', so te' — (t + 1)e! + ' = 0. Both hold for every t € R.

b) We have

Wy, y2l(t) = s — vhyz = (1 + t)e’ — e’ =te".
On I = (0, 00), the normalized equation of ¢) has continuous coefficients, and W (t) = te* # 0.
By Proposition 3.2 of the notes, y; and y, are linearly independent on I, so {y;,y2} is a
fundamental set of solutions on I.

c) Dividing by ¢ > 0 gives
1 1 1 1
- (147) Y0+ 0 =0l =-1-1, wlb-7.
Abel’s identity with ¢y = 1 predicts
W(t) _ W(l)e—ffm(r)dT —e- et—1+lnt _ tet,

in agreement with b).

d) Corollary 3.1 assumes that a; and ag are continuous on an open interval I. Here a,(t) =
—1—1/t and ao(t) = 1/t are not defined at ¢ = 0, so the corollary applies on (0, 00) and on
(—00,0), but not on any interval containing 0. On each of these two intervals, W (t) = te
vanishes nowhere, as the corollary predicts.

e) By b), every solution on I has the form y(t) = ¢1(1 +t) + c2€’, s0 ¢/(t) = ¢1 + c2€’. The
initial conditions read
2c1 +eco =0, c1+ecy =1.

Subtracting gives ¢; = —1, and then ¢y = 2/e. Therefore

y(t) =21 — (1 +1).

12



Problem 8

Let I be an open interval, and let a; and ag be continuous on I.

2)

b)

d)

Let y; and ys solve ¥ + a1 (t)y + ao(t)y = 0 on I. Show that if y; and y, vanish at the
same point t, € I, then {y;,y>} is not a fundamental set of solutions.

Show the same conclusion if y; and y» both have a local maximum at the same point
t, €I

Conversely, let y; and y, be twice continuously differentiable functions on I whose
Wronskian W = W yy, y»] does not vanish at any point of /. Show that y; and ys both
solve exactly one equation of the form

g (8) + a1 ()Y (t) + ao(t)y(t) = 0

with continuous coefficients on I, and that its coefficients are

",/

w’ o = Y2 Y1y

W ° W

Hint: The two conditions yj + a1y} + agy; = 0, j = 1,2, form a linear system of two
equations for the two unknowns a;(t) and ag(t).

ay = —

Apply ¢) to y1(t) =t and y»(t) = t* on I = (0, c0).

Solutions: a) If yi(t.) = ya(t.) = 0, then W(t,) = w1 (t.)ys(ts) — vi(ts)ya(ts) = 0. By
Proposition 3.2 of the notes, y; and y, are linearly dependent, so {y1, y2} is not a fundamental
set of solutions.

b) At an interior local maximum, the derivative vanishes, so y{(t.) = y5(t.) = 0. Then
W(t.) =y1(ts) -0 —0-yo(t.) = 0, and we conclude as in a).

c) Fix t € I. The conditions y; + a1y} + agy; = 0, j = 1,2, form the linear system

(yi y1> <a1> _ (—yi’)
yé Yo Qg —3/5' ’

whose determinant yjys —y1y5 = —W is nonzero. Hence the system has exactly one solution,
so at most one such equation exists. Cramer’s rule gives

_ Yty s — Uiy

a1

-W N W ’
s Ryl YYe — Y Y,
ag = —W = W .

Differentiating W = y1y4 — yiye gives W' = y195 — y]ya, so ag = —W'/W. Both coefficients
are continuous on I because y; and y, are twice continuously differentiable and W # 0, and
by construction y; and y, solve the equation with these coefficients.
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d) With y; =t and y, = t?, we have W =t -2t —1-t> = t* # 0 on (0,00) and W' = 2t.
Then
2t 2 1-2—-0-2t 2
al)=—g=—p ell=—Fp— =%
and the equation is
Y1) = S0+ Sy =0, 150,

or, after multiplication by t2, t?y"(t) — 2ty'(t) + 2y(t) = 0.
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