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Abstract

Linear and convex quadratic programs are fundamental problems in optimization. While
many methods have been developed for solving these programs in large-scale applications, to
our knowledge none have attempted to solve their continuous-time gradient flow, a differen-
tial inclusion, in full generality without assumptions beyond feasibility. Recent work solved
the gradient flows in two special cases, basis pursuit and the lasso, and obtained competitive
algorithms. Motivated by these results, we solve the general case exactly. Using the minimal se-
lection principle for monotone differential inclusions, we show that the trajectory of the gradient
flow consists of finitely many pieces, each obtained from one nonnegative least-squares problem.
Its final piece yields an optimal solution or a certificate of unboundedness. This analysis leads
to two algorithms. The first algorithm is exact, terminates after finitely many steps, and applies
to linear programs and projections onto polyhedra. The second algorithm, which we call min-
imal selection descent, discretizes the gradient flow for general convex quadratic programs. Its
iterates converge to an optimal solution when one exists and otherwise certify unboundedness.
We apply both algorithms to a positivity-preserving limiter for a discontinuous Galerkin scheme
and to optimal control problems for the Poisson and heat equations. In the limiter, the first
algorithm conserves the total mass more accurately than the state-of-the-art Douglas—Rachford
splitting method. On the control problems, minimal selection descent reaches the optimal value
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to machine precision and is competitive in time with commercial and open-source solvers.
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1 Introduction

Linear and convex quadratic programs [II, 2] are fundamental optimization problems used in many
fields, including operations research, economics, robotics, machine learning, and scientific comput-
ing [3H8]. These problems can be expressed as

min {1<w, Qx) + (c, w)} subject to Ax < b, (1)
xeR™ | 2
where Q € R™ " is symmetric positive semidefinite (SPSD), A € R™*" ¢ € R", and b € R™.
Problem is a linear program when @ = 0 and a quadratic program otherwise. The study of
algorithms for these problems began in the 1940s and 1950s, and much of modern optimization
theory originates in it [9-11]. In current applications, the dimensions m and n are often large, and
researchers have developed many new methods to solve problem at that scale [12, [13].

We consider here the continuous-time optimization of problem (1)) via a differential inclusion [14,
15]. Let C = {x € R": Az < b} and assume that C is nonempty. The (nonsmooth) gradient flow
of problem is the differential inclusion

&(r) € —Qx(r) — ¢ — No(x(1)), *(0) ==z € C, (2)

where N¢((7)) denotes the normal cone of C at #(7) (see Table [1]in Section [2)). At each time 7,
the velocity @(7) is an element of the nonempty set on the right-hand side of . This differential
inclusion has a unique solution, which converges to an optimal solution of problem whenever
one exists [14} [15].

Solutions of differential inclusions, however, have rarely been computed exactly, except in simple
examples [16] [17] and for certain linear complementarity systems describing mechanical systems and
electrical networks [I8]. Most research has instead focused on the theory of differential inclusions
and on the numerical approximation of their solutions in, e.g., nonsmooth analysis, control theory,
and optimization [14] 15, 19H23]. Exact solutions have recently been computed for the differential
inclusions of basis pursuit and the lasso [5, 24] by Tendero et al. [25] and Langlois and Darbon
[26]. Both papers used these solutions to analyze the dynamics and to derive algorithms that are
exact (numerically up to machine precision) and competitive with established methods, such as the
simplex method and coordinate descent.

Motivated by these results, we solve exactly the differential inclusion characterizing linear
and convex quadratic programs. We use the minimal selection principle (Section , which states
that at each time, the solution moves along the element of minimal norm in the set on the right-
hand side of . Our analysis yields two algorithms. Algorithm [1| computes the solution exactly
when Q = tI,x, with ¢ > 0, that is, for linear programs (¢ = 0) and projections onto polyhedra
(t > 0), and terminates after finitely many iterations. Algorithm which we call minimal selection
descent (MSD), discretizes by the explicit Euler method and applies to every SPSD Q.

Contributions of this paper: (i) We compute the solution of the differential inclusion
exactly. Each piece of the solution is an explicit function of time given by one nonnegative least-
squares problem, and each breakpoint is the first zero of an explicit analytic function. (ii) We
prove that the solution has finitely many pieces for every SPSD @, and its final piece yields either
an optimal solution of problem or a certificate of unboundedness. When Q = tI,,«,, with ¢t > 0,
every piece lies on a straight line with a closed-form breakpoint and no active set occurs twice, so
Algorithm [1| terminates after finitely many iterations. (iii) For general SPSD Q, each step of MSD
preserves feasibility and solves one nonnegative least-squares problem over the active constraints.



Algorithm 1: Computing an optimal solution of problem (|1|) with Q = tI,,x,, or certifying
unboundedness.
Input : A matrix A € R™*", vectors b € R™, ¢ € R", a scalar t > 0, and a feasible initial
point @ € C.
Output: An optimal solution x* of with dual variable p®, or a direction d® certifying
unboundedness (Ad® < 0 and (¢, d®) < 0).

1 for k=0,1,2,... do

2 Compute E® = {i e {1,...,m}: Am(k) =b;};
2
3 Compute p*) € argmin HATp + ta® H and set d®) = —ATpk*) — z*) _ ¢
pi=0, ice®) 2

4 Compute the stepsize A(k) = mini¢5(k> m;

5 if t >0 and tA®) > 1 then

6 Set x® = ) + %d(k) and p* = p*);
7 return (z°, p®); // Optimal
else if t =0 and A®) = +00 then
if Hd(k) H2 = 0 then return (z®), p(®), an optimal pair;
10 else return d* = d*), certifying unboundedness;
11 | Update 2®*+1) = 2*) 4 A g(k).
12 end

Algorithm 2: Minimal selection descent for problem with SPSD matrix Q.

Input : A matrix A € R™*" an SPSD matrix Q € R™"*", vectors b € R™, ¢ € R", a
feasible initial point (®) € C, and a tolerance ¢ > 0.

Output: An approximate primal optimal solution x® of with dual variable p®, or a
direction d® certifying unboundedness (Ad® < 0, Qd*® = 0, and (¢, d®) < 0).

for k=0,1,2,... do

[uny

2 Compute E® = {ie {1,...,m}: Ji =bi};
3 Compute d*) = —(ATp(k —|— Qaz ), where
1 2
p) € argmin = HATp + Qz® + cH ;
pi>0, ic€® 2
p;=0, 1%5(")

4 if Hd(k)H2 < € then return (z°,p®) = (z¥), p¥))// Converged;

. . . bi—[Az®)]; d® |2
5 Compute the stepsize A*) = min <m1ni¢5(k> {max(()[,[:d(k})]i)} ) <d<|L>7Q(|J(2k)> ;

if A(®) = 100 then return d* = d*)// Unbounded;
Update z++1) = z®) 1 AK) gk).
8 end

We prove that the iterates converge to an optimal solution when one exists and otherwise certify
unboundedness or drive the objective to —oo. When strict complementarity holds at the limit, the
iterates also identify the optimal active set after finitely many steps and then converge at a linear



rate. (iv) We apply our algorithms to a positivity-preserving limiter for a discontinuous Galerkin
scheme and to optimal control problems constrained by the Poisson and heat equations. In the
limiter, Algorithm [I] conserves the total mass much more accurately than the splitting method
of Liu et al. [8]. On the control problems, MSD reaches the optimal value to machine precision and
is competitive in time with commercial and open-source solvers.

Related work: Reviews of algorithms for linear and convex quadratic programs include [ITHI3].
Closest to our approach are the steepest descent methods for linear programs, which move from
one feasible point to another along steepest descent directions over the faces of the feasible poly-
hedron [27H31]. These methods either assumed that the data are nondegenerate or approximated
the steepest descent direction. When @ = 0, the pieces of the trajectory of are also rays along
steepest descent directions. We compute these directions exactly, and our analysis extends to con-
vex quadratic programs. Like primal active-set methods for quadratic programs [32], Section 16.5],
our algorithms keep the iterates feasible and hold a set of constraints active on each step. Active-set
methods, however, step toward the minimizer of the objective on the face of the current set, which
requires solving a linear system involving ), and they change the set one constraint at a time.
Our algorithms move along the minimal selection, compute it from one nonnegative least-squares
problem problem in A, and can add or remove several constraints at once.

By the minimal selection principle, the differential inclusion can be written equivalently
as a projected dynamical system [19, 20], whose velocity is the projection of —Qx — ¢ onto the
tangent cone of C' (Section . It can also be written as a complementarity system, which couples
a differential equation with complementarity conditions between the multipliers of the constraints
and their slacks. The three formulations have the same unique solution [33]. After a constant
state is appended, the complementarity formulation is a linear complementarity system, a class
that also models mechanical systems with unilateral constraints and electrical networks with ideal
diodes [18]. Heemels et al. [18] construct the solutions of such systems piece by piece, but for
their assumptions require all rows of A to be linearly independent, and they leave open whether the
pieces can accumulate. Our analysis requires linear independence only for the active constraints
and proves that the pieces are finitely many.

Organization of this paper: We begin in Section [2| by detailing our setup and discussing the
minimal selection principle for differential inclusions, which casts the problem of computing an
optimal solution to (1) (or certifying unboundedness) into that of computing the trajectory of an
ordinary differential equation. In Section |3| we characterize the instantaneous and local dynamics
of the solution to the differential inclusions associated with problem . In Section {4} we analyze
the global solution to the differential inclusions and investigate its asymptotic limit, showing in
particular that the global solution and its asymptotic limit can be computed from finitely many
pieces and nonnegative least-squares problems. Section [o| analyzes the explicit Euler discretization
of the differential inclusion associated with problem for a general SPSD @, and shows that
the iterates converge to an optimal solution or certify unboundedness, and that they identify the
optimal active set and converge at a linear rate when the multipliers at the limit are positive.
We present in Section [6] numerical experiments to test our algorithms on challenging scientific
computing problems, including preserving positivity for discontinuous Galerkin methods and PDE-
constrained optimal control problems.



2 Preliminaries

We review here the first-order optimality conditions of problem and present our differential
inclusions approach. Table[l| below summarizes some notation and definitions. We refer the reader
to Appendix [A] for more mathematical background.

Table 1: Some notation and definitions used in this work.

Notation | Meaning
[m] The indices i € {1,2,...,m};
De The |€|-dimensional subvector of p € R™ indexed by £ C [m];
(1, x2) The Euclidean scalar product of two vectors 1, xs € R™;
int C Interior of a nonempty subset C';
ri C Relative interior of a nonempty subset C;
XC The characteristic function of a set C:
(@) : 0 ife e C,
xo(®): 400  otherwise.
dom f The domain of a function f: dom f:={x € R": f(x) < +00};
N¢(x) The normal cone of a closed convex set C' at « € C:
Ne(z) ={s e R": (s,y —x) < Ofor everyy € C};
Te(x) The tangent cone of a closed convex set C at « € C":
To(x) ={d € R": (s,d) <0 for every s € Ne(x)};
projo(x) | Projection of € R™ onto a closed convex set C' C R™:
projo(z) = argmin, .o ||z — yl3:
2.1 Setup

We assume throughout that problem is feasible, i.e., there is & € R™ such that Ax < b. For
convenience, we use the convention 0/0 = 0 and, fora > 0, a/0 = +oo. Let C = {x € R" : Ax < b},
let xc denote the characteristic function of C, let f(z) = 3(z,Qz) + (c,z), and let V(z) =
f(x) + xc(x) denote the objective function in ([1]).

The subdifferential of V' at a point @y € C is described in terms of the normal cone N¢ ()
(Table[1)). Subdifferential calculus [34, Exercise 10.22(a),(b)] gives

833V(x0) = me(wo) + Nc(wg).

Since C is a polyhedron, the rows of A corresponding to the constraints active at xy generate
Nc(xo) [16, Example 5.2.6b]. We define correspondingly the equicorrelation set of x as

5(2130) = {’L € [m] : [14.’130]Z = bl} .
Hence, explicitly,
92V (z0) = {wa(wo) + AP Pe(ag) 2 0, Pec(zy) = 0}- (3)

A point x® € C' is an optimal solution of problem if and only if 0 € 9,V (2*) [34, Theorem
10.1]. Equivalently, there is p* € R™ with pg( ) > 0 and pgc (@s) = 0 such that

wS -’.BS

vwf(ms) + ATpS =0.



If @Q is SPD, then V is strongly convex and problem has a unique optimal solution. If Q is
merely SPSD, problem may have no optimal solution, or several.
2.2 Differential inclusions, the minimal selection principle, and the slow system

To certify if problem has an optimal solution, and output one when it does, we propose to
compute the trajectory of the differential inclusion

(1) € —9,V(x(r)), x(0) =o€ C. (4)

A differential inclusion replaces the right-hand side of an ordinary differential equation with an
appropriate set-valued mapping. When the mapping is the subdifferential of a proper, lower semi-
continuous, convex function (as in ), the inclusion is called a gradient inclusion. The next
theorem states that the solution of exists, is unique, and converges to a minimizer of V' when
one exists. The theorem also states the minimal selection principle, namely that at every 7 > 0,
the solution evolves along the element of minimal norm in —0,V (x(7)).

Theorem 2.1. The differential inclusion has a unique global solution x: [0,+0c0) — C that is
globally Lipschitz continuous and satisfies the following properties:

(i) The right derivative T — &(T) is right-continuous and T — || ()|, is nonincreasing.

(i1) If x — V(x) achieves its minimum at some point, then T +— x(T) converges to such a point:

lim V(x(r)) = min V(x) and lim «(7) € argmin V (x).

T—+00 pASING T—400 xeR™

(iii) (The minimal selection principle.) The function T — x(7) solves the initial value problem
&(7) = —projo, v(a(-)(0), x(0)=z0€C (5)
at every T = 0, the derivative on the left being the right derivative of part (i).

Proof. See [14, Theorem 1 (p. 147); Theorem 1 (p. 159)] and [15, Theorem 3.1, p. 54]. O

2.3 Geometric interpretation of the minimal selection principle

Following [14], we call the slow system and its solution the slow solution. At any = € C, the
normal cone Ng(x) and the tangent cone T () (Table (1)) are mutually polar closed convex cones,
so by Moreau’s decomposition theorem [35], every z € R™ decomposes as

z = prOch(il:) ('z) + prOch(iB) (z)7 <prOJNc(£l:) (z)7 prOch(.’.l:) (z)> = 0 (6)

Since 0V (x) = Va f(x) + Nc(x), we have projg, v (2)(0) = Vg f() + projy, () (—Vaf(2)), and
applying (6) with z = =V, f(x) gives —Projy,v(a)(0) = Projr, (z)(—Va f(x)). The slow system ()
then becomes the projected dynamical system [19]

() = d(z(r)), ®(0)==0€C, where d(z):= projr,(z)(—Vaf(®)).

We call d(x) the direction at * € C. The slow solution therefore evolves along the projection of
the negative gradient —V f onto the tangent cone of C.



2.4 Computing the direction via nonnegative least squares

Integrating the slow system requires evaluating the direction d(x(7)) for all 7 > 0. At a
single point &g € C, we evaluate d(xo) via nonnegative least squares (NNLS). Write n(xg) =

PIOj N (zo) (— Va f(x0)). By formula ([3), we have n(zg) = ATp(xg), where
[T 2
p(xo) € argmin § 5 HA p+ V:cf(fﬂo)H2 L Pe(wo) 2 0, Pec(ag) =00 - (7)
pER™

Moreau’s decomposition theorem @ then gives
d(zo) = —A"p(wo) — Ve f (o). (8)

The vector p(xg) may not always be unique, but the projections d(xg) and n(xy) are.
The optimal NNLS solution p(x() admits an explicit form in terms of the active set

J(p(x0)) = {i € [m] : [p(x0)]; > 0} (9)

We write J(xg) = J(p(xo)) when p(xg) is unambiguous. By Carathéodory’s theorem [36, Corol-
lary 17.1.2], we can choose p(xg) so that

the rows of A j(4,) are linearly independent. (LI)

2
Since p j(a,) (o) is strictly positive, it is an unconstrained minimizer of g — % HA;(mo)q + Ve f(xo) H2

by convexity. The first-order optimality conditions give

PJ(zo)(T0) = — (AJ(:EO)A}(J;O)) A j(20)Vaf(x0). (10)
Let
T T O\
denote the orthogonal projection onto ker(A J(mo)). Since p(x() vanishes outside J(xg), substitut-

ing (10) into () gives
d(wo) = =P (4 Va f (w0)- (12)

When J(xy) = 0, we read as p(xg) = 0 and as Pj-(mo) = I xn.

Remark 2.1. Specialized algorithms for solving NNLS problems include active-set algorithms ter-
minating in finite time, such as the classical Lawson—Hanson algorithm [37] and its generalization,
Meyer’s algorithm [38]. See also [39] for a review of other cone projection algorithms.

2.5 Karush—Kuhn—Tucker and strict complementarity conditions

The solution p(xg) of the NNLS problem and the direction d(xo) satisfy the Karush-Kuhn-
Tucker (KKT) conditions of that problem and two of their consequences:

[Ad(0)]¢ () < (

[p(x0)]i[Ad (mo)]i =0fori=1,...,m, (

[Ad(xg)]; = 0 for every i € J(wg) (13c
(

ld(20)5 + (Vaf (0), d(20)) = 0.



Conditions ([13a)—(13d)) all follow from Moreau’s decomposition (6. Indeed, condition (13a]) states
that d(xo) € Te(xo). For condition (L3b)), the orthogonality in (6) gives

(Ad(z0), p(x0)) = (d(x0), A p(20)) = (d(w0), n(w0)) = 0,

and every term of (Ad(zo),p(xo)) vanishes because pg(a,)(To) = 0, Pgc(ay)(To) = 0, and (134
holds. Condition follows from because [p(xo)]; > 0 for every i € J(zg). Condition (13d]
follows from (), which gives (V4 f(xo), d(x0)) = (—d(zo) — n(xo), d(xo)) = — |d(x)||5. Prob-
lem is convex with linear constraints, so conditions f are also sufficient. Every feasible
p whose residual —ATp — V f(zo) satisfies (I3a)-(I3b) in place of d(zo) solves (7).

Remark 2.2. The KKT complementarity condition (13b]) over the equicorrelation set E(xy) need
not be strict. To ease the exposition, the results of Sections except Proposition[3.1], assume
the strict complementarity condition

[Ad(z0)]; < 0 for every i € E(xo) \ J(xo). (SCC)

Section [3.5 extends these results to the case where (SCQ)) fails.

3 Local solution of the slow system

In this section, we compute the local solution 7 — x(7) of the slow system started at ¢g € C
and show that 7 — d(z(7)) may jump at a breakpoint time 7,.(2¢) > 0. Section analyzes the
instantaneous dynamics, Section integrates the system on [0, 7. (x)), and Section extends
the solution to 7. (o) whenever it is finite. Section computes the breakpoint time in practice,
and Section extends these results to the case where fails.

3.1 Instantaneous dynamics of the slow system
3.1.1 Descent properties

How does the slow system evolve instantaneously? We first show that the objective function V'
decreases along the ray A — xg+ Ad(xg) for small A > 0. The decrease requires that @+ Ad(xg)
stay feasible, that is, A(zo + Ad(zo)) < b. Since [Ad(xo)]g () < 0 by (13a) and [Azolgc(zy) <
bec(z,) by definition, the largest A for which this inequality holds is

bi — [A.w(ﬂZ

R _ ' 14
feas(xo) ierg%l(ralco) maX(O, [14d($0)]l)7 ( )

which equals +oo if £%(zg) = () or [Ad(z0)]gc(zy) < 0. In any case, zg + Ad(zg) € C for every

A € [0, Ageas(o)], and condition (13d) gives
2

V(ao + Ad(wo)) = V(@) — A ||d(wo)|5 + A7(d(wo), Qd(x)). (15)

Formula shows that d(xg) is a descent direction.

Proposition 3.1. Let xy € C. If d(xg) # 0, then V(xo + Ad(xp)) < V(xo) for every A €
(07 A+(m0))7 where

2
A (o) = min (Afeasmo), : d;‘g;{gg('gw)) . (16)

9



Proof. Suppose d(xo) # 0. If (d(xo), Qd(xp)) = 0, then the right-hand side of decreases
with A until A = Ageas(@0). If (d(xo), Qd(xp)) > 0, the difference V(xo + Ad(x)) — V(xo) stays
negative for A between 0 and the smaller of Ageas(0) and 2 ||d(z0)|5 /(d(z0), Qd(xo)). In either
case, V(xog + Ad(xg)) < V(xg) whenever A € (0, Ay (xp)). O

3.1.2 The evolution rule

Proposition shows that V' decreases along the ray A — xg 4+ Ad(xg). The ray stays in C for
every A € [0, Ageas(0)], so the direction d(xg + Ad(xg)) is well-defined there. We prove next that
this direction is a linear function of d(xg) for small A > 0, a result we call the evolution rule. We
first show that the active set does not change along the ray, that is, J(xo + Ad(xo)) = J(xo), as
long as A stays below Ageas(g) and

Aj(xo) = ielglgil) [p(x0)]i/ max(0, [(AJ(mO)A}—(mO))_1AJ(m0)Qd(m0)]i)- (17)

0
We set A j(xg) = 400 when J(zg) = 0.

Lemma 3.1. Let xg € C, choose p(xy) so that holds, and assume that the strict complemen-
tarity condition (SCC) holds. Then J(xo + Ad(xg)) = J(xo) for every A € [0, A.(xo)), where
AW (wO) = min(AfeaS(w0>v AJ(mO))

Proof. Let A € (0, Ax(x0)). Since A < Ageas(p), the point g+ Ad(xp) lies in C' and the direction
d(xo + Ad(xp)) is well-defined. We first show that £(xg + Ad(xg)) = J(xp). On the one hand,
J(xo) C E(x0) because pgc () (xo) = 0, so condition ([13c)) gives

[A(zo + Ad(20))] 5 (z0) = [AT0] (o) + AlAA(Z0)] 1(20) = b(ao):
that is, J(xzg) C E(xo + Ad(xp)). On the other hand, (SCC)) implies

[A(zo + Ad(x0))]g(2o)\J(@0) = [AT0lg(@o)\I(zo) T AIAA(T0)] e (@o)\ (o) < e (@o)\J(o)s

while every i € £(xg) satisfies [A(xg + Ad(x0))]; < b; by the definition of Ageas(xp), that is,
E(xo + Ad(xg)) C J(xp). Combining, we find £(xg + Ad(xg)) = J(x0).

Now consider the NNLS problem (7)) at @ + Ad(xo),
2

I

min % |47 + Qw0 + Ad(wo)) + ¢

Pe(zg+Ad(zg)) >
PeCap+ad(zg) ~0

whose solutions give the direction d(xo+ Ad(zo)) via formula (8). Let pS(zo+ Ad(zo)) minimize
the same objective over the vectors supported on J(x) without the sign constraints. This minimizer
is unique because the rows of A j(4,) are linearly independent. Moreover,

PYne) (@0 + Ad(20)) = —(As(ay) A (ao)  Asiao) (Q(x0 + Ad(o)) + ¢)
= — (A A (@0) A (QT0 + €) = A (A(ay) A J(zy) " Ad(ay)Qd(x0)
= Do) (%0) = A (A (o) A ()~ Ad(ao) Ql(0),
where we used formula to obtain the last equality. Each entry of pg?z())(mo + Ad(x)) is
affine in A and positive at A = 0, and it stays positive for every A < Aj(zg) by (17). Since
E(xo + Ad(x0)) = J(x0), the vector p™S(zg + Ad(xg)) is therefore feasible for the NNLS problem
at xo+ Ad(xg). It minimizes the objective without the sign constraints, so it solves that problem,

and it is the only solution because the rows of A j(4,) are linearly independent. We conclude that
J(xo + Ad(xp)) = J(xp) for every A € (0, Ay(xp)), and trivially at A = 0. O
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By Lemma the active set stays equal to J(zg) for every A € (0, A(xp)), so the point
xo + Ad(xp) stays in the relative interior of the face of C identified by J(xg). Formula

therefore holds along the ray with the same projection PJL( 20)’ and the evolution rule follows.

Proposition 3.2 (Evolution rule). Under the hypotheses of Lemma we have
d(xo + Ad(x)) = (Inm — APf(mO)Q> d(zg) for every A € [0, Ax(xp)). (18)
Proof. By Lemma [3.1] formula applied at g + Ad(xg) yields
d(xo + Ad(x)) = —PJL(wMAd(mO))(Q(wo + Ad(xo)) + ¢)
= —Pji, (Q(z0 + Ad(z0)) + ¢)
= —Pj(mo)(Qa:O +c) — APJL(_TO)Qd(mO)
= d(z0) — APy, Qd(w).

Rearranging yields . O

3.2 Local dynamics of the slow system

Proposition [3.2 describes how the direction d(x¢ + Ad(x)) changes with A. In particular, taking
the limit A — 0% in yields
d(xo + Ad(xp)) — d(xo)

: _ _pl
Ah_)ng+ A = —Pji,Qd(xo).

.y T . .
This limit suggests that d(x(7)) = e Pitag) @ d(xg) for small 7 > 0. We now verify this formula
under the strict complementarity condition (SCC)). Since &(7) = d(x(7)), integrating this formula
gives the candidate solution xg + M (7)d(x(), where

M(7) = /0 ¢ Pre0)@ gs. (19)

The constraints in J(x) stay active along the candidate solution. By the identity A J(wO)Pj_(mo) =0,
_ pl
every term of order k > 1 in the series of A ;e Pitay Qs vanishes, so condition (|13c|) gives
A j(ao) M (T)d(x0) = TA j(3)d(x0) = 0 for every 7 > 0. (20)

Formula , evaluated at the candidate solution with the active set J(x), gives the multipliers

-1
w(7—> = pJ(wo)(w()) - (AJ(:l:o)A:]r(:co)) AJ(wo)QM(T)d(wO) (21)

The candidate solution stays in C', with equicorrelation set J(xy) and nonnegative multipliers w(7),
until a constraint outside J(xo) becomes active or a multiplier w;(7) turns negative. We therefore
define the feasibility time, active-set time, and breakpoint time

Tteas (€0) = inf{T >0: [A(xo+ M(7)d(x0))], = b; for some i € Jc(azo)}, (22a)
Ti(x0) = inf{T >0 : w;(1) <0 for some ¢ € J(wo)}, (22b)
Tx (330) = min(Tfeas (xO); TJ(wO))' (220)

The next theorem shows that 7,.(xg) > 0 and that, before this time, the candidate solution is the
slow solution, with the constraints outside J(xo) inactive and the multipliers w(7) nonnegative.

11



Theorem 3.1. Let &g € C, choose p(xg) so that holds, and assume that (SCC|) holds. Then
T« (o) > 0 and the slow solution solves the initial value problem

i(r) = ¢ e U d(o). @(0) = 2o (23)
for 7 € [0, 7(x0)). In particular,
(1) = 2o + M(7)d(x0) for T € [0, T(x0))- (24)
Moreover, for every T € (0,7«(xo)), we have E(x(7)) = J(xo) and the Moreau decomposition
—Qux(7) — ¢ = d(@(r)) + Ajgw(r), withw(r)>0, (25)

where d(x(7)) € Tc(x(T)) and A:,r(:cO)w(T) € Ne(z(1)).
Proof. Let &(7) = xo + M (7)d(x0). Then £(0) = x¢. By the fundamental theorem of calculus,
&(r) = M(r)d(zo) = ¢ 70 d(a).

In the next three steps, we prove that 7.(xg) > 0, then that &(r) € C, £(&(r)) = J(=xo), and
d(z(r)) = —Pf(%) (Q&(1) + ¢) for T € (0, 7(x0)), and finally that T — &(7) is the slow solution.

Step 1. Let h(r) == AZ(r) — b. Then h(0) = Axzg — b and h(0) = Ad(xg). By definition of
E(xp) and by (SCC -,
e zg)(0) < 0, Rg (g s(wo) (0) = 0, and g (o) (0) = [Ad(20)]e (o) (o) < O-

Thus h jc(4,)(7) < 0 for sufficiently small 7 > 0, giving 7feas(xo) > 0. Next, the function 7 +— w(7)
defined in is continuous with w(0) = p () (2o) > 0. Hence w(r) > 0 for sufficiently small
7 > 0, giving 77(xo) > 0. We thus find 7.(xg) > 0.

Step 2a. We first show that [AZ(7)] () = b.(a,) for every 7 > 0. Since J(xo) C £(xo), we have
A j(z0)T0 = bj(ay), and gives

A @) E(T) = b (o) = A j(ao) (o + M (7)d(0)) — b () = O, T2 0.
This identity shows J(xg) C £(2(7)) whenever (1) € C.

Step 2b. Conversely, h JC(ao) 18 continuous and negative near zero by Step 1, and none of its
components vanishes on (0, Tfeas(xo)) by definition . By the intermediate value theorem, each
of its components is negative on (0, Tfeas(20)). Now let 7 € (0, 7% (xo)). Since T (xp) < Treas(X0),
we have h jc(5.)(7) < 0, so Step 2a shows that (1) € C and £(2(7)) C J(zo). We conclude that
E(x(1)) = J(mp) for all 7 € (0, 7 (xp)).

Step 2c. We show that d(z(7)) = Pﬁwo)(Qi(T) +¢) for all 7 € [0, 7 (o). At 7 =0, this is
formula (12)), so let 7 € (0, 7i(20)). Splitting —Q& () — c along I,xp = Pf(wo) + (Tnsn — Pj(wo))
and expandmg (1) = xo + M (7)d(x9) with formulas and gives the decomposition

—Qi(7) — ¢ = =Py (QE(T) + ¢) + A w(7).

Since E(&(7)) = J(xo) and w(7) > 0 by definition of 77(xp), the second term on the right-
hand side is a nonnegative combination of the rows active at &(7), so it belongs to No(&(7)).
The first term lies in ker A ;) because AJ(wO)Pj_(mO) = 0, so it belongs to Te(&(7)) and is
orthogonal to the second term. By Moreau’s decomposition theorem @, the first term is therefore

Projr, (a(r)) (—QZ(T) — ¢) = d(&(7)), as claimed.

12



Step 3. We now verify that 7 +— &(7) solves the slow system . Step 2¢ and formula give,
for all 7 € [0, 7 (o)),

d(#(r)) = — Pk, (Qo + ¢) — Ph, QM (r)d(zo)
— (L — Py QM (7)) d(@o) = ¢ =0 d(wg) = #(7),

where the third equality follows from the fundamental theorem of calculus. Hence the candidate
solution 7 +— &(7) solves the slow system on [0, 7w(xo)). Both 7 — @(7) and 7 — &(7) therefore
solve the differential inclusion on [0, 7 (xo)) and agree at 7 = 0. The locally Lipschitz function
7+ ||l&(r) — &(7) |3 is differentiable at almost every 7, with derivative 2(a(7) — (1), 2(7) — & (7)) <
0 because d,V is monotone. This nonnegative function vanishes at 7 = 0, so it vanishes identically
because it is nonincreasing, and z(7) = &(7) = xo + M(7)d(xo) on [0,7(xo)). The identity
E(x(1)) = J(xp) and formula then follow from Steps 2b and 2c. O

3.3 Continuation of the local dynamics

The feasibility and active-set times Treas(xo) and 77(xp), when finite, indicate when the equicor-
relation set grows or the active set may shrink. Since 7 +— (1) is continuous by Theorem
formula extends to 7. (o) whenever 7, (xg) < +00. The right derivative 7 +— (1) = d(x(7)),
however, need not be continuous at 7.(x¢), as the next result demonstrates.

Proposition 3.3. Let xy € C, choose p(xgy) so that holds, assume that (SCC)) holds, and

suppose T(xo) < +oo. If [Ae_P"L(mo)QT*(wo)d(mo)]i > 0 for some i € E(x(T(x0))), then the right
derivative T — (1) = d(x(T)) is discontinuous at T.(xg), and

ld(@ (7. (@o)l; < ||~ e 2 d(ay)

R (26)

where the right-hand side is the norm of the left limit of d(x(7)) as T — 7w (xo)~. Otherwise, the
right derivative is continuous.

Proof. Let 7 = Tu(x0), &+ = x(74), and & = E(x.), for short.
Step 1. By Theorem E(x(1)) = J(mp) for all 7 € (0,7). Let

It = {’L c Jc(wo) : [Aw*]z = bl},
so that & = J(xo) U IT. Indeed, x. = xo + M(7)d(x0) by continuity, so A jzgTo = b(ay)
and give A j(z))Tx = bj(z,). Define p by pj(a,) = w(r:) and pjc(g,) = 0. Since w(r) > 0
for 7 € (0,74) by and w is continuous, p > 0. Because p is supported on J(xg) C &, it is a
feasible solution of the NNLS problem @ at x,. Letting 7 — 7, in and gives

~ —-PL T
~ATp-Qx.—c= (Imn — P;(wo)QM(T*)) d(zo) = ¢ Fi0 9™ d(xp). (27)

Step 2. We now determine when p is an optimal solution of the NNLS problem at x,.
By Section P is optimal if and only if the KKT conditions ({13a)—(13b]) hold for its residual
—ATp — Qxz, — c. On the one hand, the sign condition (13a]) reads

As. (-ATp - Qa. —c) = Ag.e Do g(z0) < 0, (28)
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with equality over J(xg) C &, because AJ(wO)e_P"l(mo)Qsd(wo) = 0 for all s > 0, as differentiat-
ing shows. Since p is supported on J(xp), this equality settles the complementarity condi-
tion , so p is optimal if and only if holds. On the other hand, for every i € I", the
function 7 — [A(xo + M (7)d(x0)) — b]; is negative on (0,7,) by Step 1 and vanishes at 7.. Thus
the derivative of the function at 7, is nonnegative, yielding

d

ar|_

(Ao + M(7)d(@0))]:) = [Ae o0 d(ao)]; > 0.
Since [Aefpf(%)QT*d(mo)]J(xO) = 0 and & = J(xzo) U IT, condition holds if and only if

_ pl
[Ae PJ(mo)QT*d(mo)] 7+ = 0. Therefore, p is an optimal NNLS solution at x, if and only if the
hypothesis of the proposition fails.

Step 3a. If the hypothesis of the proposition fails, then Step 2 shows p is an optimal NNLS
solution. In that case,

i(r) = d(z.) = — (ATp+ Qa. + ¢) = ¢ T d(ay),

where the last equality is . By , the right-hand side is also the left limit of &(7) as 7 — 7, .
Hence 7 — @(7) is continuous at 7.

Step 3b. If the hypothesis of the proposition holds, then Step 2 shows that p is not an opti-
mal NNLS solution. Since p is feasible but not optimal, its objective value exceeds the optimal

value %Hd(a}*)Hg, and yields [|d(z.)|, < [|[ATP + Q. +C“2 = HeiPJL@MQT*d(mO)HQ. This

gives . By , the right-hand side of is the norm of the left limit of &(7) as 7 — 7,7, so
this left limit differs from @(7.) = d(x.) and 7 — @(7) is discontinuous at 7. O

3.4 Computing the breakpoint time

Theorem and Propositiondescribe the slow solution up to and at the breakpoint time 7, ().
Computing this time requires finding the first zero of the function

T [A(zg + M (7)d(xg)) — bl , i€ J ),

and the first time that a component of w(7) in turns negative, if any exist. Condition
gives d(zo) € ker(A;) (where we write J := J(zo) for short). This kernel is the range of P; and
is invariant under P#@Q, which agrees on it with the SPSD matrix P;QP5. Expanding d(z¢) in
an orthonormal basis of ker(A ;) made of eigenvectors of P}QP}, with eigenvalues A\ > 0, and
integrating as in shows that each component of M (7)d(x¢) is a linear combination of terms
of the form

7

(1 - e_/\“> /Mg (for A\ > 0) and 7 (for Ay = 0).

Thus the equations for Teas(xo) and 7;(xo) generally have no closed-form solution.

These equations, however, have closed-form solutions when d(x) is an eigenvector of PJLQ,
since each then involves a single term. The direction d(x) is such an eigenvector when Q = tI,,xp,
with ¢ > 0, because d(zo) € ker(A;) gives P} Qd(x) = td(xo). Thus e PrQ7d(xy) = e " d(mq)
and the trajectory of the slow solution on [0, 7. (o)) is

2(7) = @0 + A(r)d(mo), with A(r) = {T ift =0, (29)

(1—e M)/t ift>0.
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For the active-set time 7;(xg), we use M (7)d(x¢) = A(7)d(xo) and d(xy) € ker(A ;) to get

w(r) = py(eo) ~ tA(r) (A7AT) " Ayd(wo) = py(wo) > 0

for all 7 > 0. Hence we find 75(x¢g) = +oo. For the feasibility time Teas(xo), each constraint
i€ E(wmo) \ J satisfies [A(zo + A(T)d(z0)) — b; = A(7)[Ad(x0)]; < 0 for 7 > 0 by (SCC). By
and (22al), Treas(20) is therefore the solution of A(T) = Afeas(o), if one exists. Since 7+ A(7) is
strictly increasing with A(0) = 0 and, for t > 0, A(7) — 1/t as 7 — 400, the feasibility time is
finite if and only if Ageas(o) < 1/t. When this holds,

Afeas(a’:o) ift = 0,

. (30)
—log(1 — tAfeas(x0))/t if t >0,

Tfeas (mO) = {

and T*(ZUO) = Tfeas(e'BO)- If Afeas($0> P l/t, then Tfeas(w()) = +00, 80 T*<$O) = +oo and holds
for all 7 > 0. For ¢t > 0, () = xo + d(x0)/t as T — +o0. For t = 0 and d(z¢) # 0, formula
gives V(x(7)) = V(xo) — 7 Hd(wO)HS — —00.

3.5 Removing strict complementarity

All results so far except Proposition assume the strict complementarity condition (SCCJ).
When (SCC)) fails, the grazing set

G(:IZ()) = {7, S 5(:130) \ J(:ro) : [Ad(wo)]l = 0} (31)

is nonempty. A grazing constraint stays active on the ray xg + Ad(xg). Along the slow solution,
it may join the active set, become inactive, or stay active with a zero multiplier. The direction
d(xo) on its own does not determine which of these occurs. The rate at which the direction d(x(7))
changes at 7 = 0 is the projection of —Qd(zo) onto the cone {s € R" : [As] ;z,) = 0, [AS]g(zy) <
0}. A grazing constraint joins the active set if some multiplier of this projection is positive on it,
and becomes inactive if the projection strictly decreases its value. Otherwise, the higher derivatives
of d(x(7)) at 7 = 0 determine which case occurs.

The next theorem, whose proof is highly technical and relegated to Appendix extends the
results of Sections to the case where fails. Complementarity holds for every
optimal NNLS solution, so the set J(xo) U G(xg) = {i € E(xo) : [Ad(xo)]; = 0} does not depend
on the choice of p(xg). For an index set K C [m], let P denote the orthogonal projection onto
ker Ak, given by with K in place of J(x¢) when the rows of A are linearly independent. For
a set K with J(zg) C K C J(zo) UG(z0), we write Mg and 75 _(x0) for (19) and with K
in place of J(xp). Here, TfeKaS(iB()) ignores every constraint whose value vanishes identically along
the curve g + Mg (7)d(xo). Let

K (xg) = inf{T >0:yeCand —Qy—c— e*PI%QTd(:BO) ¢ No(y), )
32
where y = xo + MK(T)d(mo)},

be the first time at which the normal part along the curve leaves the normal cone, and let 75 () =
min(7&  (z0), 75 (x0)). Unlike ([22D)), definition does not have multipliers because the rows of

eas
Aj can be linearly dependent.

Theorem 3.2. Let xg € C and choose p(xo) so that holds. There exists a set K with
J(xo) C K C J(xg) UG(x0) such that the following hold.
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(i) The breakpoint time T (xxq) is positive, and the slow solution satisfies

(1) = ¢og + Mg (1)d(x0), (1) = e*PI%QTd(:co) on [0, 75 (x0)). (33)

Moreover, for all sufficiently small 7 > 0, there exists w € RIEl with positive entries such
that
—Qx(7) — c = d(x(1)) + Ajw. (34)

(ii) Suppose 7K (z¢) < +00. If [Ae~PrQm @) d(xy)]; > 0 for some i € E(x(rE (x0))), then the
right derivative T () is discontinuous at 7 (xg), and

, (35)

ol (ma], < e P9 @atag)|

where the right-hand side is the norm of the left limit of (1) as T — 75 (x0)~. Otherwise,
the right derivative is continuous.

(iii) If the rows of A jme)uG(w,) are linearly independent, then J(x(7)) = K for all sufficiently
small T >0, and K is the only set with J(xo) C K C J(xo) UG(xo) for which part (i) holds.

We denote by J; (zo) the set K constructed in Appendix and write M., 7. (o), 77 (x0),
and 7,7 (o) for the objects built from it. By part (iii), K is unique when the rows of A j(z0)uc (ao)
are linearly independent. When they are linearly dependent, K need not be unique, but the slow
solution is. Under (SCC)), G(zo) = 0, so J (zo) = J(xo). For 7 € (0, Treas(x0)), the arguments of
Steps 2b and 2c of the proof of Theorem [3.1| give £(y) = J(xp) and the normal part A}(mo)w(T),
SO reduces to the sign test in (22b)). Hence 7,7 (x¢) = 7:(¢), and Theorem reduces to
Theorem [3.1] and Proposition [3.3

4 Global solution of the slow system

4.1 Global dynamics of the slow system

Section 3] solved the slow system (5)) explicitly on an interval [0, 7 (xo)). When 7" (o) is finite,
continuity extends the solution to 7 = 7,7 (xg). In this case, since (7.} (xg)) € C and the slow
system is autonomous, Theorem [3.2| applies again at the point (7" (xo)) and adds a second piece.

We now repeat these arguments to construct the global solution. Letting @ = x4 € C,

70 =0, and k = 0, we iterate, with p(*) chosen so that holds at x®),
1

2
p*) ¢ argmin = HATp + Qz™ + c’ , dP =—ATp® —Qz® — ¢
pg(m(k))>0 2 2
P ((k))c =0 (36)
JE = 7 @®), P = @)
gkt = (k) 4 Mﬂ) (Tik))d(k)’ D) o (B) Tik)‘
The iteration stops at the first & with Tik) = 4+00. The slow solution is then
x(r) = 2™ + M o (1 — 7" N d®) over 7 e [r() 7 kD), (37)

We call the times 7) with k& > 1 the breakpoints of the slow solution, the interval [T(k),T(kH))

its k-th piece, and J£k) the active set of that piece. Formula extends the slow solution to the
interval [0, 7)) for every k € N with 7% < 4.
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4.2 Finite termination of the slow system

What happens to the global dynamics as k — +00? We show below that the iteration
terminates after finitely many steps, i.e., there exists K € N such that TiK) = 4o00. Moreover,
the final piece either yields an optimal solution of problem or certifies that the problem is
unbounded.

Theorem 4.1. Let xg € C and set z© = xg. Then there exists K € N such that T*(K) = +00 and
a’ = TETOO d(z(1)) = projkerQﬂkerAJiK) (d5).
Moreover:

(i) If d* = 0, then lim, o x(7) = ) + (PﬁK)QPﬁK))Td(K) is an optimal solution of prob-
lem , where the dagger denotes the pseudz-invers*e.

(ii) If d* # 0, then Ad® <0, Qd® =0, and (c,d*) = — ||d*||3 < 0. In particular, problem is
unbounded below along d°.

Proof. The idea of the proof is that the constraint values [Ax(7)]; — b; and the multipliers that
decide when a constraint leaves the active set eventually keep a fixed sign. If there were infinitely
many breakpoints, the trajectory would approach a motion with constant velocity, and its deviation
from this motion would be a sum of fixed vectors with coeflicients of decreasing size. The constraint
values and the multipliers are linear in this deviation, so the first term that contributes to one of
them determines its sign unless it vanishes identically. No constraint would then enter or leave the
active set after some breakpoint, leading to a contradiction. The formulas for d® and the limit in (i)
follow from the final piece . The proof is highly technical and is relegated to Appendix O

Remark 4.1 (The symmetric positive definite case). If Q is SPD, then Qd* = 0 forces d°* = 0,
so (1) converges to the optimal solution x*, unique by strict convezity.

4.3 An exact algorithm for linear programs and projections onto polyhedra

We consider here the special case where Q = tI,,x,,, corresponding to linear programs (¢t = 0) and
projections onto a polyhedron (¢ > 0). In this case, the slow solution can be computed exactly and
no active set is visited more than once. Each piece of the slow solution is then a ray, as in Section
and the following iteration computes these rays. Let z(® =gy e C. For k=0,1,2,..., choose the
solution p® = p(z¥)) of the NNLS problem (7) so that holds at *). Let d*) = d(x®)) and
let AK) = Afeas(sc(k)) be given by , and set

2+ = 2 L AR GER) 55 1ong as AR < 1/t (38)
We write K for the first index with AU > 1/t, which we prove exists.
Theorem 4.2. Let Q = tI,x, witht >0, 700 =0, and let 0, (1), ... be the iterates of .

(i) The slow solution is

k k : _
w(T):w(k)+{(T—T( ))d() ift =0,

(1- e‘t(T_T(k)))d(k)/t ift>0 forr e [r® 7))y and k =o0,..., K.

For k < K, the breakpoint is T*tD) = 7(5) £ A®) it = 0 and 7*+1) = 7(B) _1og(1 —tAK))/t
ift > 0. The final piece is [T, +00).
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(ii) The norm HATp(k) H2 depends on J(x®)) alone and increases strictly with k. Hence no active
set occurs twice, the iteration stops, and K < 2™ — 1.

(iii) If t > 0, then x® = xK) 4 %d(K) is the unique optimal solution of problem . Ift =0 and
d5) =0, then x® == ) is an optimal solution. In both cases, letting p* = p'5) | the pair
(x*,p*) satisfies the KKT conditions. If t = 0 and d™) # 0, then the ray ) + AdF),
A >0, is feasible and V(") + AdF)) —» —00 as A — +oo.

Proof. Throughout we write J*) = J(2®)) and n(*) for the normal component of the antigradient,
so that =V f(z®) = d® + n® with (d® nk)) =0 by (6) and (13D).

Step 1. Fix k > 0, suppose (7®) = 2*), For 0 < A < min(A( / ) where 1/t reads as +oo
when t = 0, and put za = 2®*) + Ad®). Every constraint i with [ F]; > 0 lies in E(x™)) and
satisfies [Ad(k)} = 0 by (I3B)), so it is active at z for every A > 0 and n®) € N (za). A constraint
i € £(xW) with [Ad®]; < 0 is inactive at @A, and so is every i ¢ £(x*)) by the definition
of A), Every constraint active at & therefore satisfies [Ad®)]; = 0, and (1 — tA)d*) € To(za).
Since Vg f is affine with slope tI,,x,, we have =V, f(xa) = (1 — tA)d(k) +n®)_ and the two terms
are orthogonal. Moreau’s decomposition theorem (6)) gives d(za) = (1 — tA)d*).

The function 7 — A(7) of (29) satisfies A(1) = e77 = 1 — tA(7) and increases strictly and
continuously from 0 to 1/t with 1/t = 400 when ¢t = 0. The curve (1) = ® + A(r — 7(*))d*)
therefore solves the slow system as long as A(1 — T(k)) < A% Since the slow system is
autonomous, the monotonicity argument at the end of the proof of Theorem [3.]] shows that & is
the slow solution there. If A®) > 1/, then k = K and & = & on [7(5), +00). If A®) < 1/t, then
A(r —7®) reaches A®) at 7 = 7*+1 by (0], and the continuity of z gives z(r*+1) = z*+1). In
this case A% ig finite, so the least quotient in is attained at a constraint ¢ with [Ad(k)]i > 0,
which is active at 2*+1). Induction on k proves (i).

Step 2. Let k satisfy A®) < 1/t. We first show that Hn(kH)H2 > Hn(k)H2. Since Vg f is affine
with slope tI,,xn,

Vo @t ) =~ f@®) — tA® AR = (1 — 1AW GR) 4 k).

Put v == (1 — tA®)d® and K = {s € R" : [As]; < 0 for every i with [p®)]; > 0}. The vector
v lies in K by , the vector n(¥) is a nonnegative combination of the rows that define K
and so satisfies (n®),s) < 0 for every s € K, and (v,n®) = 0. Since —Vf(z*tV)) — v =
n¥)_ these three properties and the characterization give v = proj(—Vgf(x®#+D)). The
constraints with [p*)]; > 0 are active at *T1) by Step 1, so To(z 1)) C K. Step 1 also gives
a constraint i active at £**1) with [Ad®]; > 0. Since 1 — tA®) > 0, this constraint satisfies
[Av]; > 0, s0o v ¢ To(x®*tY) and v # d*+tD). Since d V) € To(z*+D)) C K and v is the
unique point of K nearest to —Vgf(z**1), we get ||n(k+1)H2 = H—wa(:c(kH)) — d(k+1)H2 >
|=Va f@"0) = v, = [[n®],.
Since AJ<k)93(k) = b ), formula with Vo f(2®) = tx®) + ¢ gives

k _
Pf]<)k) = —(A 0 AJw) " (b0 + Ajmc).
Hence n®) = A;(k)p((ﬁl) depends on J*) alone, with n(®¥) = 0 when J®*) = (. Since Hn(O)H2 <

Hn(l)H2 < ---, the active sets J(O), J(l), ... are distinct subsets of [m]|. There are 2™ such subsets,
so the iteration stops and K + 1 < 2™.
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Step 3. First, let ¢ > 0. Since 1/t < A the point z® = x(F) + %d(K) lies in C' by the
definition of AU Since dF) = —ATpE) — t2(K) _ ¢ we have

Vaof(@®) =tz® + ¢ = ta®) + dB) ¢ = —ATp),

where p5) > 0 is supported on JE), whose constraints are active at x® because [Aac(K)]J(K) =
b ;x) and [Ad(K)]JuQ =0 by . The pair (a:s,p(K)) therefore satisfies the KKT conditions, so
x® is an optimal solution, unique by strict convexity, since ¢ > 0. Next, let ¢ = 0. If d&) = 0,
then Vyf(x)) = ¢ = —ATp®E) | where p&) > 0 is supported on JK) C £(xK)), so the pair
(a:(K),p(K)) satisfies the KKT conditions and &) is an optimal solution. If d5) # 0, then
AT = 400, s0 [AdT)]; < 0 for every i ¢ £(xX)) by (T4), and gives the same over &(z(%)).
Hence AdX) < 0, and the ray %) + Ad¥), A > 0, is feasible. Formula with @ = 0 then
gives V() + AdK)) = vV (z(K)) — A Hd(K)H; — —00 as A — 4o0. O

Theorem yields Algorithm [1| The algorithm computes the iterates z(©), ..., x(%) of in
at most 2™ iterations. At termination, the algorithm returns an optimal solution to problem
along with its corresponding dual solution or certifies that problem is unbounded.

5 Minimal selection descent via the explicit Euler method

For SPSD @, each piece of the slow solution requires the matrix exponential e~ F. T Q7 its integral
M (7), and the first zero of the constraint values and multipliers along it (Section [3.4). These
computations are generally expensive unless Q = tI,«,, in which case Algorithm [l|can be used. To
overcome this issue, we propose to perform gradient descent on the slow system with a stepsize
that keeps the iterates feasible and maximizes the descent. This leads to minimal selection descent
(MSD), Algorithm Unlike projected gradient descent (PGD), which steps along —(Qz*) +¢) and
then projects onto C, MSD projects —(Qx*) 4 ¢) onto the tangent cone To(z®)) and then steps
along the direction d¥). This order is cheaper for a general polyhedron C. Indeed, the projection
onto C' is problem with Q = I,,x,, so PGD solves a problem of the same class at every step. In
contrast, the projection onto Tc(a:(k)) is the NNLS problem on the constraints active at &*),
for which efficient algorithms are available (Remark .

5.1 Description of the MSD algorithm
Let Q # 0 be SPSDE At every iteration, the MSD algorithm seeks to maintain feasibility while
minimizing the convex parabola

2 A2
V(z® + AdW) = V(z®)) - A Hd("“)H2 + 5-(dD,Qa®).

The parabola is minimized at AP = Hd(k)H; /(d®) Qd™)) (equal to +00 when d¥) € ker Q), so

we set AK) = min(Afeas (x(k)), Afkk)) to ensure Ax®) < b for every k € N and maximize the descent
step. The size of the decrease depends on the largest eigenvalue of Q.

Lemma 5.1. Let Amax denote the largest eigenvalue of Q. If d®) # 0 and A® < 40, then

V(@®) < V(@) — min(Ageas(@®), 1/Amax)

!The case Q = 0 reduces Algorithm [2/to Algorithm With t=0.

‘de)Hz /2. (39)
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Proof. If AF) = ASf“), the parabola gives V(z*+1) = V(xk) — Hd(k)H;l/@(d(k),Qd(k)>) <
V(@®) — [[d®|[2 /(2Amax), since (d®), Qd®)) < A [|dP||2. Tt A®) = Ages(@®)) < AP then
AR (dR) QdR)) < Hd(k)Hz, and the parabola gives V(z*+1)) < V(2®)) — Agas(2®) Hd(k)Hz /2.
Inequality follows. O

When A®) = 400, the ray £ +Ad®), A > 0, is feasible and V decreases without bound along
it, so the algorithm stops and returns d®). The next proposition confirms this and shows that the
iteration detects every unbounded problem, either through that exit or through V(z*)) — —ooc.
Theorem [4.1(ii) gives the same certificate for the slow solution.

Proposition 5.1. Let (® € C and let %) denote the k-th iterate of Algorithm @ with € = 0
and every p®*) chosen so that holds at . If problem is unbounded below, then either
V(z®) = —o0 or some iterate has d) # 0, AK) = 400, and

AdF) <0, QdF) =0, (¢, d®))=_ Hd(K)Hz <0, (40)

S0 V(a:(K) + Ad(K)) — —00 as A — +oo along the feasible ray. If problem admits an optimal
solution, then no iterate with d®) # 0 has A®) = 4o00.

Proof. See Appendix O

Remark 5.1 (Detecting unboundedness in practice). The exit on A®) = 400 does not always occur
on unbounded problems. Let Q = diag(1,0), ¢ = (0,—1), and C = {x € R?: -1 < z1 < 1}, so0 that
the problem is unbounded below along (0,1). From x(©) = (1,0), the iterates yield x®) = ((—1)*, 2k)
and A®) =2, so that V(x¥)) — —oco. In practice one must therefore also monitor V.

5.2 Convergence of the MSD algorithm

We now assume that problem admits an optimal solution. Let V* denote its optimal value. By
Lemma [5.1] and Proposition [5.1] every step of Algorithm [2] is well-defined and decreases V. We
show next that the iterates converge to an optimal solution. In particular, when the multipliers at
the limit are positive, the iterates identify its active set after finitely many steps and then converge
at a linear rate.

Theorem 5.1. Suppose problem admits an optimal solution, let €©) € C, and let *) denote
the k-th iterate of Algorithm @ with e = 0 and every p*) chosen so that holds at x®).

(i) FEither d¥) = 0 for some K € N, in which case ') is an optimal solution and we set
x® = ) or the iterates converge to an optimal solution x®.

(ii) Assume J(x®) = E(x®), i.e., the dual solution p® is positive on every constraint active at x°.
Then there is K' € N such that every k > K' at which the iteration has not stopped satisfies

E@h) = J@h) = £@) and AW = AL, (1)

Let § = ngzms)QPgl(ms)_ and, when S # 0, let & denote the ratio of its largest to its smallest
positive eigenvalue. If S = 0, then d5) = 0. Otherwise, every such k satisfies

V(ie*t) —ve < (Z; 1)2 (V(z®) —v?). (42)
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Proof. The idea is to show that there are no blocked tails, that is, infinitely many consecutive
blocked steps of summable length along which Hd(k)H , stays bounded away from zero. Without

a blocked tail, Lemma and a polyhedral error bound give V(z®)) | V*, and a finite-length
argument gives convergence of the iterates. For part (ii), the condition J(x*) = £(x®) keeps the
multipliers positive near x®, so once an iterate reaches the face of x*, every later step is a steepest

descent step along that face, and the Kantorovich inequality gives . The proof is technical and
is relegated to Appendix O

6 Numerical experiments and applications

In this section, we test Algorithms[I]and [2]on challenging scientific computing problems. Section6.1]
applies Algorithm [I] to a positivity-preserving limiter for discontinuous Galerkin schemes, and
Section applies Algorithm [2| to high-dimensional optimal control problems with bounds on the
control, one for the Poisson equation in 3D and one for the 2D, time-dependent heat equation.
All experiments were carried out in MATLAB R2025b on an Apple M3 processor with 16 GB of
RAM, with versions of MOSEK [40], Gurobi [41], and HiGHS [42] downloaded on 23 May 2026.
We measure times with tic and toc. MOSEK runs the primal and dual feasibility with relative
gap tolerances 107'%, Gurobi uses the barrier convergence tolerance 1071 with feasibility and
optimality tolerances 10~?, and HiGHS uses optimality and primal and dual feasibility tolerances
10719, Gurobi runs with its default method, which is the barrier method for convex quadratic
programs, and HiGHS with its interior-point solver. All our code will be available on GitHubE]

6.1 Positivity-preserving limiters for finite element methods

We apply Algorithm 1| to a positivity-preserving limiter for numerical schemes [8] [43]. We consider
here the limiter of Liu et al. [§], who enforce positivity in a semi-implicit discontinuous Galerkin
(DG) scheme for Fokker—Planck equations, without losing conservation or high-order accuracy, by
a two-stage postprocessing applied after each time step. Stage 1 corrects the cell averages of the
DG solution by solving a convex quadratic program. Stage 2 then applies the Zhang—Shu scaling
limiter [44] [45] in each cell, which removes negative point values without changing the cell averages.
Stage 1 is the problem we solve with Algorithm

On a uniform mesh of n square cells, let f € R™ hold the cell averages of the DG solution and
let 1 € R™ denote the vector of ones. Stage 1 solves |8, Lemma 1]

min 1 |z — fH; subject to (1,z) = (1, f) and = > [1, (43)
xcRn 2
where [ > 0 is the lower bound. The equality constraint conserves the total mass, and its coefficients
are equal because the cells have equal areas. We pose problem on the hyperplane (1,x) =
(1, f). Problem is then problem with Q = I,,x, and ¢ = —f, the case t = 1 of Section
We start Algorithm |1/ from the feasible point (®) = 11 + s(max(f,11) — 1) with s = ((1, f) —
nl)/((1,max(f,i1)) — nl). For problem (43), the NNLS problem at each iteration reduces to
one scalar equation. From x(?), the coordinates above the bound reach it in increasing order of
their cell averages, so our implementation computes the breakpoints after sorting these coordinates
by cell average.
We compare Algorithm (1| with DR, the relaxed Douglas—Rachford splitting method of [8, Al-

gorithm DRJ, run with the parameters of [8, Remark 2], which come from [46]. DR stops when

Zhttps://github.com/Gabriel-P-Langlois/differential_inclusions_algorithms
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h Hy(k+1) — y(k)HQ < €01, where y®) is its auxiliary variable and h is the side length of a cell I8,
Algorithm DR and Remark 3]. We do not test the interior-point solvers of Section on prob-
lem because they cannot use the clipped cell averages as a starting point, which Algorithm
and DR do, and because problem has up to 4.2 - 10% variables at every time step. Neither our
implementation of Algorithm [I| nor that of DR was tuned for speed.

6.1.1 A synthetic benchmark

Liu et al. [8, Section 4.6] time the DR algorithm on problem with the synthetic data of [47,
Appendix A]. On this data, f holds the values of the function f on [0,1]?

—0.25 if |[x —0.25| < /4 or |x —0.75| < /4,
o) :{ 0B 0t orfe 0TS0/ (44)

cos®(2mx) + 10713 otherwise,

at the points of the grid {0,h,...,1 — h}2, so that n = h=2. We take [ = 10713, ¢, = 10713,
and h = 277,278 ... 271! from [8 Section 4 and Table 3|, and we pose problem on all n
points. Neither paper states the grid points or §. We take the grid above and § = 0.05, the fraction
of [0,1]? that the two bands cover, which makes between 4.69% and 5.47% of the entries of f
negative, close to the 5% of Liu et al. We solve each instance one hundred times for each solver
and we report the mean time of one solve. The KKT conditions of problem give its minimizer
as Ter = max(f + v*1,11), where v* € R solves (1, max(f + v1,11)) = (1, f). We compute v* by
bisection and measure the accuracy of each solver against @,ef.

Table 2: Iterations of one solve, mean time of one solve of problem over one hundred solves,
along with the error || — x|, and conservation residual (1, x) — (1, f)|.

h solver iterations time |l — zree| o, [(1,2) — (1, )]
277 Algorithm 13 1.39-1073s 1.55-107*  7.37.10"1
DR 17 1.95-107%s 4.05-107*  4.22.107'°
278 Algorithm 25 2.08-107%s 6.44-107"°  228-107°
DR 17 2.04-107%s 9.54-107'*  4.33.1071°
279 Algorithm 48 5.99-107%s 3.55-107*°  2.76-1071°
DR 17 6.13-107%s 1.78-1074 1.94-107°
g-10 Algorithm 95 2.49-1072%s 6.01-107'*  3.43.107°
DR 17 3.02-107%s 543-107*  7.28.107°
2~ Algorithm 190 1.08-107's 7.27-107*  2.56-107°
DR 17 1.35-107's 568-107**  3.80-10%

Table 2| reports the results. On every instance, both solvers return points that satisfy the lower
bound, lie within 10713 of @, in the maximum norm, and conserve the total mass to within 4-1078.
Algorithm [1] is faster than DR on four of the five grids, by at most a factor of 1.4, and slower by
less than 3% for h = 278,

6.1.2 A discontinuous Galerkin scheme for a Fokker—Planck equation

We now solve problem at every time step of a DG computation, in which Algorithm (1| and
DR each postprocess their own DG solution. Stage 1 runs at every time step, up to 30400 steps
per computation, so this test measures how the conservation error of each solver builds up over
a long computation. We reproduce the accuracy test of [8, Section 4.1], which solves the linear
Fokker—Planck equation

O-f =Af+V-(fv)in[1,20] xQ,  Q=[-10,10]?, (45)
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with exact solution

L (_ ol ) (46)
on(l—e2r) P\ Tl —e2r) |-

We use the semi-implicit DG method of [8, Section 3.1] with polynomials of degree k = 2 and
k = 3 on uniform grids of 642, 1282, and 2562 square cells. It treats the diffusion term implicitly,
with the non-symmetric interior penalty form and penalty o/h, 0 = 1, and the convection term
explicitly, with a Lax—Friedrichs flux. After each time step, the two-stage postprocessing solves
problem with [ = 10~!3 for the cell averages and then applies the Zhang-Shu scaling limiter.
We use the pairs (h, A7) of [8, Table 1] with the same h in the penalty as in the stopping rule of
DR, 0 for the tolerance in the Zhang-Shu limiter, A7 = 19/119 for k = 3 on the grid of 642 cells,
and problem posed on all cells. The basis on each cell is the tensor-product Legendre basis,
orthonormal on the reference cell [—%, %]2, and every integral uses the tensor-product Gauss rule
with k + 1 points per direction. The initial data is the L? projection of at 7 = 1, followed
by the Zhang—Shu limiter. On the boundary faces, the scheme has no interior penalty terms, as
in [8, Section 3.1]. We set the convective flux to zero, as the conservation of mass in [8, Section 3.1]
requires. The scheme thus imposes the zero-flux condition (Vf + fv) - n = 0 weakly, where n is
the outer unit normal to €. Liu et al. [§, Section 4.1] instead impose boundary data from the exact
solution . For 7 € [1,20], this solution is at most 3.1-1072% on the boundary of Q, and its flux
(Vf + fv) - there is at most 2.3 - 10724 in absolute value.

f(r,v) =

Table 3: DG computation of Section with stage 1 solved by Algorithm || and DR: drift of the
total mass and time of stage 1. The time of stage 1 is summed over the time steps, where the time
of each step is the mean over five calls.

k 20/h AT solver mass drift stage 1

2 64 4-1072  Algorithm[] 1.25-107" 1.15-107"s
DR 1.27-10719 6.27-1072s

2 128 1072 Algorithm 5.02-1071 1.34-10%s
DR 22010710 1.72.107's

2 256 2.5-1073 Algorithm 2.13-10712 2.69-10's
2.04-1071% 1.49-10°s

3 64 19/119 Algorithm 1.29-107 1.64-10"2s
DR 1.43-107 8.76-1073s

3 128 1072 Algorithm 5.55-1071 1.23-10°s
2.10-10719 1.61-10"'s

3 256 6.25-107* Algorithm 2.25-10713  1.12-10%s
DR 2.35-107'9 6.90-10°s

Both solvers keep every cell average at or above [. With Algorithm |1} the errors L%L and L} at
7 = 20 agree with [8 Table 1] in all four printed digits for both degrees and all three grids, and the
convergence rates computed from them agree with those of [8, Table 1] to within 1073. With DR,
the errors also agree in all four digits, except for k& = 3 on the grid of 2562 cells, where DR gives
7.556 - 1078 and 8.083 - 10~® against 7.555 - 10~% and 8.079 - 1075.

Algorithm |1 keeps the drift max; [(f7,1) — (f7,1)| of the total mass over the time steps j below
2.2-107'2 in every computation, and DR below 2.4 - 10710 (Table . Across the six computations,
the drift of DR is 96 to 3800 times that of Algorithm (I} The exact solution has total mass
1 on R?, which sets the scale of the drift. This drift comes from stage 1, because DR returns
max(y(kﬂ), [1) [8, Algorithm DR], which satisfies the lower bound exactly and the conservation
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constraint only approximately. Stage 1 is faster with DR than with Algorithm [T by factors of 1.8,
7.8, and 18.1 for £ = 2 on the three grids and of 1.9, 7.7, and 16.3 for £ = 3. In Section [6.1.1
DR takes 17 iterations per solve. Here, after the first time step, DR takes one iteration per step
on the grids of 1282 and 2562 cells, and Algorithm [1] takes two or three. On the grids of 642
cells, DR takes at most 22 iterations per step and Algorithm [I] at most 63. Our nonoptimized
implementation of Algorithm [, despite being slower than DR, conserves the total mass 96 to 3800
times more accurately than DR.

6.2 PDE-constrained optimization problems

Pearson and Gondzio [7] solve a challenging PDE-constrained optimization problem (PDECO)
with bounds on the control. Other PDECOs with different degrees of complexity have also been
considered in [48-53]. Here, we consider two of the examples from [7], in which we seek a state y
and a control v on a domain €2 that minimize

;/(y—yd)Q—&-g/uz subject to Ly =uin Q, y=00n09Q, u, <u < up, (47)
Q Q
where L is a differential operator, 14 is the desired state, 8 > 0 weights the control, and u, < uy
are the bounds. In Section L = —A on a three-dimensional domain. In Section L is
the heat operator on a two-dimensional domain, and the integrals in run over space and time.
We run each solver five times on each instance, after one discarded call, and report the mean time
of one solve. This time covers all the work the solver needs to return the state and the control, and
excludes the accuracy measures below.

We discretize problem before we optimize, as [7] do, with Q1 finite elements for the state,
the control, and the adjoint, and consistent mass matrices [7, Sections 4.1 and 5]. With y and
u € RV the vectors of nodal values and y4 those of the desired state, the discrete problem is

min 1<y —ya, My(y —ya)) + é(u, M,u) subject to Ky = Bu and u,1 < u < upl, (48)
y,ucRN 2 2
where K discretizes £ together with the conditions on y and is invertible, Bw discretizes the right-
hand side u of the state equation, and the mass matrices M, and M, discretize the two integrals
in and are SPD. Since the control acts on all of €2, the matrix B is built from the mass matrix
of Q. MOSEK, Gurobi, and HiGHS solve problem in the 2N variables ¢ = (y,u), with N
equality constraints and 2/V bounds. Before each call, we divide the objective by || Myl , which
leaves the minimizer unchanged. We score the point each solver returns, whatever status it reports.

Algorithm [2]solves a smaller, equivalent problem. Since K is invertible, the state equation gives
y = Gu with G = K~!B, and eliminating y from leaves

1
min  —(u, Qrequ) + (Creq, u) subject to  u,1 < uw < upl, (49)
ueRN 2

where Qreq = GTMyG+BMu and Creq = —GTMyyd. Problem is problem with Q = Q1eq,
C = Cred, A =[I;-1I], and b = (upl; —ug1l). The matrix Qeq is SPD because M, is and 8 > 0.
Since the rows of A are signed unit vectors and u, < up, at most one bound on each coordinate
u; is active at a feasible point. The rows of every active set are therefore linearly independent,
and Theorem applies to problem . We never form the dense matrix Q,eq. Each iteration

of Algorithm [2| needs one product Qreqd®), which gives the exact step length Aik) and, since
w1 = k) + AR GK)  also updates the gradient. We apply Q,.q as an operator, at the cost
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given in each subsection below. On a box, the NNLS problem splits into IV scalar problems with
closed-form solutions. We start from the midpoint u(?) = %(ua + up)1 and stop when Hd(k) H2 <e
with ¢ = 1078, Before solving, we divide Q,cq and ¢yeq by |/Credl|.,, Which leaves the minimizer
unchanged and makes ¢ relative to the data.

We measure accuracy in two ways. First, we build a reference solution. We fix the controls
in the final active set of Algorithm [2| at their bounds, solve for the other controls in by
conjugate gradients to relative residual 1074, and accept the result only if every free control lies
strictly inside its bounds and the bound multipliers it implies are nonnegative. For every solver,
we report the gap V(u) — V(uyer), where V is the objective of (49). Second, we compute the
optimality residuals following [54]. Specifically, we write problem as the minimization of
%(w, Qzx) + (c,x) subject to Ex = 0 and Ax < b, where Q = diag(M,, fM,,), ¢ = (—Myy4;0),
E=[K,-B|, A=10,1;0,—1I], and b = (upl; —ugl), and let XA and p > 0 be the multipliers of
the two constraints. The primal residual, the dual residual, and the duality gap of a point (x, X, p)
are

oo

rp = max(||Ez| ., , |max(0, Az —b)| ), (50a)
rq = HQw—l—c—i—ETA—kATpH , (50Db)
Tg = ‘<$, Q£U> + <Ca $> + <b7p>‘ (500)

Since the data of carry a factor Sh3 in Section and BAT h? in Section we divide
each residual by the size of the terms that compose it. Finally, each solver is scored from its own
multipliers, and Algorithm 2| also from its adjoint state.

6.2.1 Control of the Poisson equation in 3D

The first example, from [7, Section 5], is problem with £ = —A on Q = [0,1]? and desired
state yq(x) = exp(—64 ||z — (1/2,1/2,1/2)|3). We impose 3 = 0 on dQ and follow the conventions
of IFISS [55]. The grid is uniform with spacing h and 1/h — 1 interior nodes per direction, so the
state and the control each have N = (1/h—1)3 degrees of freedom, and y,4 holds the nodal values of
yq- The matrix K is the Q1 stiffness matrix of the negative Laplacian, and B = M, = M, = M
is the consistent Q1 mass matrix. We use the pairs (8, uq,up) = (1074,0,20) and (1072,0,1) and
the meshes h = 272,...,27° of [7, Table 6].

We factor K once per mesh by a sparse Cholesky factorization under a nested-dissection or-
dering. One application of Q,eq = MK "MK ~'M + BM then costs four products with M and
two solves with K, each a pair of triangular solves.

Table [4] reports the times and Table [5] compares the accuracy. Algorithm [2]is the fastest solver
on every mesh of both pairs. Over both pairs and all four meshes, the objective gap of Algorithm
stays at or below 5.0-107!8, smaller than those of HIGHS and MOSEK. Its largest relative residual,
2.8-1077, lies between those of HIGHS and Gurobi and that of MOSEK. Thus Algorithm performs
well and with high accuracy compared to highly optimized quadratic programming solvers.

6.2.2 Control of the time-dependent heat equation in 2D

The second example is the time-dependent heat control problem of [7, Sections 3.3 and 5], in which
yr — Ay = u holds on  x (0, 7] and the integrals in run over 2 x (0, 7. Pearson and Gondzio
state neither the domain nor the initial and boundary data for this example. We take Q = [0, 1],
T=1,y=00n 02, and y = 0 at 7 = 0, as in the heat control examples of [56} [57], and the desired

25



Table 4: Poisson control of Section [6.2.11 Mean time in Table 5: Poisson control of Sec-
seconds of one solve of problem , over five solves, for  tion [6.2.1 Largest objective gap
both pairs (5, ug, up), and in parentheses the time divided ~ V(u) — V(uef) and relative residual

by that of the fastest solver on the same mesh. max(rp, 74, 7¢) each solver returns.
h N Algorithm MOSEK Gurobi HiGHS solver gap residual
B=10"%0<u<20 Algorithm 5.0-107'% 2.8-107°
272 27 0.002 (1.0) 0.002 (1.0) 0.003 (1.3) 0.005 (2.3) MOSEK 6.5-107" 6.3-1077
273 343 0.010 (1.0) 0.077 (7.8) 0.055 (5.6) 0.027 (2.7) Gurobi 6.5-1071 2.2.107"
27% 3375 0.243 (1.0) 1.75 (7.2) 2.27 (9.4) 0.569 (2.3) HiGHS 1.9-107* 22.1071°

275 29791 224 (1.0) 119 (5.3) 261 (11.6) 23.3 (1.0)

=10"2%0<u<1

92 27 0.001 (1.0) 0.001 (1.6) 0.002 (2.8) 0.004 (6.3)
27% 343 0.008 (1.0) 0.070 (8.5) 0.054 (6.6) 0.034 (4.2)
274 3375 0.155 (1.0) 1.77 (11.4) 3.45 (22.2) 0.833 (5.4)
275 29791  3.86 (1.0) 120 (31.0) 176 (45.5) 30.3 (7.9)
state yq(z, 7) = 17 sin(2mz122), the two-dimensional form of the desired state of [56, Section 6.2].

This desired state changes sign on 2, so both bounds can be active.

We discretize in space as in Section [6.2.1] and in time by the backward Euler method with step
AT =0.02, so T/At = 50 steps reach T', and we apply the trapezoidal rule to the integrals in time [7,
Section 3.3]. With the time levels stacked, the state and the control each have N = 50(1/h — 1)?
degrees of freedom. The matrix K is block lower bidiagonal, with one backward Fuler step on
the diagonal and the negated spatial mass matrix below it. The matrix B is A7 times the block
diagonal spatial mass matrix, and M, = M, carries the trapezoidal weights. We use the pairs
(B, uq,up) = (1072,0,1) and (107%,0,30) of [7, Table 7] and the meshes h = 272,...,276.

On a uniform grid, the one-dimensional @1 stiffness and mass matrices share the eigenvectors
of the discrete sine transform, so the two-dimensional sine basis diagonalizes the spatial stiffness,
the spatial mass, and one backward Euler step. In that basis, K~ and K~ reduce to one scalar
recurrence per spatial mode, forward and backward in time, and M, and M, are diagonal. One
product with Q,.q then costs two sine transforms of every time level, which we compute as dense
matrix products.

Table |§| reports the times. For 8 = 1072, Algorithm [2|is the fastest solver on every mesh. For
B = 1074, it is the fastest on the two finest meshes, and Gurobi or HiGHS is faster on the three
coarsest, by a factor of at most 2.0. From h = 272 to h = 276, N grows by a factor of 4.13 and the
time of every solver by a factor of 19 to 25. Over both pairs and all five meshes, the objective gap
of Algorithm [2| stays at or below 9.6 - 10716 again smaller than those of HiIGHS and MOSEK. Its
largest relative residual, 2.6 - 107!, is also smaller than theirs (Table @ MOSEK loses accuracy
as the mesh is refined. For 8 = 10™* on the finest mesh, its gap is 8.9 - 1078, its largest relative
residual 2.4-107%, and its control differs from the reference by 1.6-107! in the infinity norm, against
a bound u < 30. HiGHS reports an optimal status on every mesh, yet its control for g = 107* at
h = 27* differs from the reference by 7.3 - 10~* in the infinity norm. Again, Algorithm [2| performs
well and with high accuracy compared to highly optimized quadratic programming solvers.

7 Conclusion and future work

In this work, we solved the gradient flow of linear and convex quadratic programs exactly. By the
minimal selection principle, the slow solution from every feasible point is piecewise explicit, and one
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Table 6: Heat control of Section with A7 = 0.02,  Table 7: Heat control of Section[6.2.2]
with columns as in Table @l The table has no Gurobi  Largest objective gap V(u) — V (tyef)
entry for h = 276 because Gurobi did not converge within ~ and relative residual max(r,rq,7,)

four hours for that problem. each solver returns.

h N Algorithm MOSEK Gurobi HiGHS solver gap residual
B=10"2,0<u<1 Algorithm 9.6-10"'% 2.6-10"1°
272 450 0.007 (1.0) 0.020 (3.0) 0.010 (1.5) 0.017 (2.5) MOSEK 89-107% 24-.107*
273 2450 0.058 (1.0) 0.310 (5.4) 0.144 (2.5) 0.173 (3.0) Gurobi 3.7-107'% 4.4.107"
27% 11250 0.565 (1.0) 1.96 (3.5) 1.76 (3.1) 1.60 (2.8) HiGHS 24-107 34.107%
275 48050 6.63 (1.0)  27.1 (4.1) 252 (3.8) 17.2(2.6)

)
276 198450 148 (1.0) 560 (3.8) — 349 (2.4)
B=10"%*0<u<30

272 450  0.022 (2.0) 0.023 (2.1) 0.011 (1.0) 0.018 (1.7)
273 2450 0.251 (1.7) 0.318 (2.2) 0.147 (1.0) 0.162 (1.1)
274 11250 155 (1.1)  3.91 (2.8) 1.95(1.4) 1.39 (1.0)
2% 48050 14.1 (1.0)  26.0 (1.8) 28.6 (2.0) 17.7 (1.3)
276 198450 300 (1.0) 653 (2.2) — 334 (1.1)

NNLS problem gives the initial direction of each piece. A piece ends when a constraint becomes
active or a multiplier changes sign, and the norm of the velocity decreases strictly at every discon-
tinuity. When strict complementarity fails, a recursion of cone projections selects the active set of
the next piece. We proved that the slow solution has finitely many pieces for every SPSD matrix Q
and that its final piece yields an optimal solution or a certificate of unboundedness. For Q = t1,, .,
every piece is a ray with a closed-form breakpoint and no active set occurs twice, which gives the
exact Algorithm For general SPSD @, we analyzed minimal selection descent (Algorithm ,
the explicit Euler discretization of the slow system, whose steps each solve one NNLS problem over
the active constraints. Its iterates converge to an optimal solution when one exists and otherwise
certify unboundedness or drive the objective to —oo. When the multipliers at the limit are positive,
the iterates identify the optimal active set after finitely many steps and then converge at a linear
rate. In our experiments, Algorithm [1| conserved the total mass in a positivity-preserving limiter
more accurately than a state-of-the-art Douglas—Rachford splitting method, and minimal selection
descent reached the optimal value of PDE-constrained control problems to machine precision in
times competitive with commercial and open-source solvers.

Several directions remain open. First, we expect that our solution method can be adapted to
other differential inclusions: second-order gradient inclusions, including the ODE associated with
Nesterov’s accelerated gradient method [58]; inclusions arising from saddle-point problems and
from mirror descent; and some gradient inclusions posed in Hilbert spaces. Second, we expect
that minimal selection descent can be extended to general convex optimization problems, and our
convergence analysis to other discretizations of the slow system. Third, we expect that differential
inclusions can yield solution methods for second-order cone programs. Fourth, we expect that
implementations of our algorithms on graphics processing units (GPUs) can scale to large linear
and quadratic programs and be benchmarked against existing solvers at that scale. Finally, the
experiments of Section [] suggest applications to positivity-preserving variational schemes for PDEs
and to PDE-constrained optimization. Some PDE-constrained optimization problems can be posed
as second-order cone programs, and their continuous formulations lead to the gradient inclusions
in Hilbert spaces mentioned above.
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A Mathematical background

We list here some definitions and results from convex and functional analysis used in this work.
For comprehensive references, see [14] [16, [34], 36].

Definition A.1 (Convex sets). A set C C R™ is convex if for every pair (x1,z2) € C x C' and
every scalar A € (0, 1), the vector Ax1 + (1 — X)xy is contained in C.

Definition A.2 (Closed convex polyhedra). A set C' C R™ is a closed convex polyhedron if it is
the intersection of a finite number of half-spaces:

C={xecR": (u;,x) <r; for everyi € [m]}
with {u1, ..., un} CR™ and {r,...,rm} CR.

Definition A.3 (Convex cones). A set K C R"™ is a cone if 0 € K and \x € K for all x € K
and A > 0. A cone K is convex if it contains the point >\ | n;x; whenever x; € K and n; > 0 for
every i € [m].

Definition A.4 (Polyhedral cones). The conical hull of some finite set {x1,..., &y} CR™ is

m
cone{x,...,Tm} = {Z nix; = 1 = 0 for every i € [m]} .
i=1

A cone is polyhedral if K = cone{xy,..., &y} for some finite set {x1,..., &y} C R™.

Definition A.5 (Proper functions). A function f defined over R™ is proper if its domain dom f =
{z e R": f(x) < +o0} is nonempty and f(x) > —oo for every x € dom f.

Definition A.6 (Lower semicontinuity). A proper function f: R™ — RU{+oo} is lower semicontin-
uwous at x € dom f if for every sequence {:Bk}zg C R™ converging to x, liminfy_, o f(xr) = f(x).
We say f is lower semicontinuous if it is lower semicontinuous at every x € dom f.

Definition A.7 (Convex functions and the space I'g(R")). A proper function f: R — RU {400}
is convez if dom f is convex and if for every pair (x1,22) € dom f x dom f and every A € [0, 1],

FOz1 + (1= Nz2) < Af(21) + (1 = A) f(x2).

It is strictly convex if the inequality above is strict whenever 1 # xo and A € (0,1), and it is
t-strongly convex with t > 0 if for every pair (x1,x2) € dom f x dom f and every X € [0, 1],

FO@!+ (1= N)z2) < Af() + (1= ) f () = A1 = N) g — 2l

The space of proper, lower semicontinuous, and convex functions over R™ is denoted by T'o(R"™).
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Definition A.8 (Subdifferentiability). A function f € T'g(R™) is subdifferentiable at x € R™ if
there erists p € R™ such that

fly) = f(x) + (p,y — x) for every y € dom f. (51)

In this case, p is called a subgradient of the function f at . The set of subgradients at x € R"
is called the subdifferential of f at ® and is denoted by Of(x). When nonempty, 0f(x) is a closed
convex set. We note that f has a unique subgradient at x if and only if f is differentiable at  and
Of (x) ={Vf(x)} [36, Theorem 25.1]. Finally, subdifferentials satisfy the following calculus rules.

(i) Let fi1, fo € To(R™) and assume ridom f; Nridom fo # 0. Then fi + fo € To(R™) and
A(f1 + f2)(x) = Ofi(x) + Ofa(x) for every x € dom fi; Ndom fo.

(i1) Let f € To(R™), g € To(R™) and assume Im(A)Nridom g # (). Then the function x — g(Ax)
is in To(R™) and 9(go A)(x) = AT0g(Az) for every & € R" satisfying Az € dom g.

(i1i) Let f € To(R™), g € To(R™) and assumeridom fNridom (goA) # () and Im(A)Nridom g #
0. Then O(f +go A)(x) = 0f(x) + ATdg(Ax) for every & € dom fNdom (go A).

See [36, Theorem 23.8] for the proof of (i) and [36, Theorem 23.9] for the proof of (ii). The proof
of (i11) follows by applying (i) with f1 = f and fo = go A, then (ii).

Definition A.9 (Monotone and maximal monotone mappings). Let F' denote a set-valued mapping
from R™ to R™ with graph {(x,p) € R"" x R": p € F(x)}. We say F is monotone if

(p1 —p2, 21 —X2) = 0 (52)

for every x1,xo € R™ and every p1 € F(x1), po € F(xa). It is maximal if no other set-valued
mapping strictly contains the graph of F. If f € To(R™), then its subdifferential is a maximal
monotone mapping [34, Theorem 12.17].

Definition A.10 (Characteristic functions). The characteristic function of a subset C C R™ is

defined as
0, ifxeC
xco(x) =

+o00  otherwise.

We have xc € T'o(R™) if and only if C' is closed and convez.

Definition A.11 (Euclidean projection). Let C C R™ denote a closed convex subset and let x € R™.
The projection of x onto C is defined as projo(x) = argmingcq ||z — yH% The projection of x
onto C' exists, is unique, and satisfies the characterization [16, Section III, 3.1]:

(2 — proje(@), y — projo(x)) < 0 for every y € C. (53)

Definition A.12 (Normal and tangent cones). Let C' C R™ denote a closed convex set. A wvector
s € R" is said to be normal to C at x € C if

(s,y —x) <0 for everyy € C.

This set of directions is called the normal cone of C at  and is denoted by Nco(x). The tangent
cone of C' at x is the polar of the normal cone of C' at x:

To(x) ={d € R": (s,d) <0 for every s € Nc(x)}.
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B Technical proofs

B.1 Proof of Theorem [3.2]

We prove part (i) in Steps 1-3, part (ii) in Step 4, and part (iii) in Step 5. Throughout, we write
d = d(xg), p = p(xo), J = J(xg), and G := G(xg), where p is chosen so that holds. Note
that [Ad]juc = 0, by (13c) on J and on G.

Step 1. Foraset K with J C K C JUG, let yx(7) := ¢og + Mg (7)d denote the candidate built
from K, with Mk as in Section We construct one such set K whose candidate is feasible on
a right neighborhood of 0. Two identities hold. First, the computation behind , with K in
place of J(xo), gives Ax Mg (7)d = 0, so the constraints of K remain active along yx. Second,
Ui (1) = —PE(Qyk (1) + ¢) for every T > 0. Indeed, differentiating gives Y (1) = e PrQ7d,
while integrating the derivative of s — e FxQ% over [0, 7] gives e PRQT I, = —PEQM (1),
so that Yx (1) = d— P QMK (7)d. The right-hand side — P (Qys (7) + ¢) of the claimed identity
expands to — P (Qxo + ¢) — PEQMp(7)d, and —Pj:(Qxo + ¢) = d because d € ker Ax and
—(Qzo+c)—d=Alp; € Im(A)) = (ker Ag)*. We call

ni(r) = —Qyx () — ¢ = gx(1) = —(Inxn — Pic) (Qyx (1) + ¢) (54)

the normal part along yx, which in particular lies in Im(AI().

Suppose that yx(7) € C and nk(7) € No(yr(r)) for every 7 in an interval [0,7'). Then
U (1) = —Vaf(yx(r)) — nig(1) € =0V (yr (7)), so the candidate solves on [0,7") with
yx(0) = xp. It therefore coincides there with the slow solution by the monotonicity argument in
Step 3 of the proof of Theorem Constraints inactive at @y and constraints i € £(xp) with
[Ad]; < 0 stay inactive for all sufficiently small 7 > 0 along any candidate. Near 7 = 0, the
two conditions therefore reduce to the signs of the constraint values v;(7) = [Ayx(7)]; — b; for
i € G\ K and to the membership of ng(7) in No(yx(7)). This membership holds whenever ny (1)
is a nonnegative combination of the rows of Ag, since the constraints of K are active along yx.
Steps 2 and 3 below build K iteratively and determine these signs near 7 = 0, respectively.

Step 2. A recursion selects K and produces vectors d,., starting from dy := d, a running set
L1 = J, and an undecided set U; := G. At stage r = 1,2,..., let z, denote the projection of
—Qd,_1 onto the cone K, = {s € ker Ay, : [As|y, < 0}. Its polar cone is the normal cone of the
polyhedron K, at 0, where every constraint of K, is active, so it is generated by the vectors +A,
for¢ € L, and AZT for i € U, [16, Example 5.2.6b]. Moreau’s decomposition theorem, applied to K,
and its polar cone as in @, therefore gives —Qd,_, = z, + A n for some n € R™ supported on
L, UU,, with ny, > 0 and (z,, ATn> = 0. Let H, denote the set of such vectors n, the multipliers
of stage r. When the rows of Ay, .y, are linearly dependent, H, may contain more than one vector.
Every n € H, satisfies the complementarity condition

ni[Azy]; =0 for every i € U,. (55)

Indeed, [Az,]r, = 0,50 0 = (2, ATn) = ,c;; ni[Az];, and every term of this sum is nonpositive.
The stage commits U," :== {i € U, : n; > 0 for some n € H,.}, drops D,. := {i € U, : [Az,]; < 0},
and sets L1 = L, UU, U,yq1 :=U, \ (U UD,), and d, := z,. The sets U} and D, are disjoint
by . The set H, is convex, so averaging one vector of H, for each index of U, gives a vector
n" € H, with ni(r) > 0 for every i € U,T; we fix such a vector. For every i € U1, the definitions

of U;F and D, give
n; = 0 for every n € H, and [Az.]; = 0. (56)
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A stage that commits or drops removes at least one index from the undecided set, so at most |G|
stages do. Let § denote the last such stage, with s := 0 if there is none. The running set stabilizes
at K == Lz1, with J C K C J UG, and the undecided set at R := Uszy1. We write JF(xo),
7o (®0), and 7.7 (x0) for K and the objects built from it, as in Section

The first stage commits the grazing constraints at which some multiplier of the projection is
positive, drops those with [Az;]; < 0, and leaves the others undecided. Step 3 shows that, along
the candidate, a constraint committed at stage r carries a weight of order 7" in the normal part,
and that the value of a constraint dropped at stage r is of order 7" t!. For an undecided constraint,
both leading terms vanish, and the next stage computes higher-order terms. The next lemma shows
that the vectors d, depend on the final set K alone.

Lemma B.1 (Final-set identity). For every r > 1, every m € H, is supported on L,4+1 C K, and
z. € ker Ag. Hence —Qd,_1 = z. + A;nK for everym € Hy, and d, = z, = —Pngdr,l =
(—PxQ)"d.

Proof. Let n € H,. It is supported on L, UU,. On D,, complementarity gives n; = 0, and on
Uria, gives n; = 0. Hence 7 is supported on L, UU," = L,,1 C K. Every index of K lies in
L., in U}, or in U171, because an index committed after stage r is undecided at stage r + 1. The
definition of I, gives [Az,|r, = 0. Complementarity for n(") gives [Az,]; = 0 for i € U},
and gives the same for i € U,y;. Hence z, € ker Ak, while ATy = AIT{nK € Im(AIT{) =
(ker Af)*. Uniqueness of the orthogonal decomposition of —Qd,_1 along ker A ©Im(A ) gives
Zp = — I%er,l. Since d, = z, and dyp = d, induction on r gives the last claim. O

Step 3. Consider the functions of Step 1 along yx. By Lemma Yy (1) = e~ PiQrd =
> r50(7"/r)d,. Every constraint value and the normal part nk are therefore entire functions of 7.

Constraint values. Let i € G be dropped at stage r. Then [Ady|; = [Ad]; = 0, while [Ad;]; =
[Az;]; = 0for 1 < j < r—1by (56), since i € Uj41, and [Ad,]; = [Az,]; < 0. Hence v;(1) =
(7" /(r + 1)))[Az,]; + O(772) is negative for all sufficiently small 7 > 0. The constraints of R
are never decided and form the riding set. Every i € R has [Ad,]|; = 0 for every r > 0 by and
i € GG. With Step 1, this shows that R is the set of constraints outside K that Tfi{as(mo) ignores.
Every constraint outside K U R has a value that is negative for all sufficiently small 7 > 0 and, by
the definition of 7 _(z0), has no zero in (0,75 (x0)). Hence 75 (xo) > 0 and

yr(r) € C and E(yx(r))=KUR for every 7 € (0, 75 (x0)). (57)

Normal part. We have (d"yx/dr")(0) = d,_; for r > 1. Evaluating the normal part and
its derivatives at 7 = 0 gives

nx(0) = —(Inxn — Pi)(Qxo +¢) = A p; = Akpk,

d'n -
M (0) = ~ (Lo — P)Qdy—1 = Al (r > 1),

where the first line uses —(Qxo + ¢) = d + A}p g with d € ker Ak, and the second line uses
Lemma with z, € ker Ag. Let Apnax denote the largest eigenvalue of Q. Since

H(Inxn - PIJ(_)QH2 < )\max and HPIJ(_QH2 < )\maxa

31



Lemma [B.1] also gives [|(d"ng/dr")(0)|l; < Amax [|dr—1lly < Ay @], Let
R
wr) = pi+ 3 T+ (AR (), where p(r) = muc(r) — A% (i + 3 ), (59)
r=1 r=1 "

and the dagger denotes the pseudo-inverse. The vector p(7) = ZT 5 (" /r)(d"ng / d77)(0) lies
in Im(A};) and satisfies [|p(7)[ly < [|d]l3 3 ,o5(Amax7)" /7! = O(75T1). Since AL (A))T is the
orthogonal projection onto Im(A};), we have AL w(r) = ng(7).

We claim that w(7) has positive entries for all sufficiently small 7 > 0. A constraint ¢ € J has
w;(0) = p; > 0. Let ¢ be committed at stage » < §. Then p; = 0 because i ¢ J, and n(j) =0 for

(2
1< j<r—1by (56), because i € Uj11. Since nz-(r) > 0, we obtain w;(7) = (TT/T!)T]Z(T) + O(7" ).
Every constraint of K lies in J or is committed at a stage r < §, which proves the claim. The
constraints of K are active along yx, so nk (1) = ALw(7) lies in No(y (7)) for all sufficiently
small 7 > 0. With (57), the definition (32)) then gives 75 (zo) > 0.

Conclusion. Both times are positive, so 75 (xg) > 0. Let 7 € [0,75(z¢)). By (57), yx (7

and then gives ni (1) € No(yk(7)). Step 1 shows that yx is the slow solutlon on [0, 7, ( ))
which proves (33). Since d(z(7)) = &(7) by Theorem- (iii), the identity nx (1) = Ajw(r) is (34)
for all sufficiently small 7 > 0. This proves part (i).

Step 4. We prove part (ii). Write 7. = 7 (xo) < +00, T« = x(7) = yg (1), and v~
e PiQmd = gy (7,), the left limit of @(7) as T — 7. By the conclusion of Step 3 and G, nk(r)
lies in the closed cone cone{A : i € K U R} for every 7 € (0,7.), hence also at 7.. Some p > 0
supported on K U R therefore satisfies ATp = ny(7.). The constraints of K UR are active at x, by
continuity, so p is feasible for the NNLS problem at ., and its residual is —ATp—Qx,—c = v ™.
Let I™ denote the constraints outside K U R active at x,, so that E(x,) = KURU IT. In the
KKT test of Step 2 of the proof of Proposition [3.3] the sign condition holds with equality over K,
because the first identity of Step 1 differentiates to [Av~]x = 0, and over R, because the values
there vanish identically. This equality settles complementarity, since p is supported on K U R. The
values of the constraints of I are negative on (0, 7.) and vanish at 7., so [Av~];+ > 0. Hence p is
an optimal NNLS solution at @, if and only if [Av~|;+ = 0, that is, if and only if the hypothesis
of part (ii) fails. Steps 3a and 3b of that proof then apply, and part (ii) follows.

Step 5. We prove part (iii). Suppose that the rows of A j ¢ are linearly independent, and let K/ be
a set with J € K’ C JUG for which part (i) holds. By part (i), z(r) = yx(7) for 7 € [0, 75 (z0)),
so the constraints of K’ are active at (7). By Step 1, the constraints outside J U G are inactive
at (7) for all sufficiently small 7 > 0. For such 7, the rows of Ag(g(r)) are linearly independent,
and part (i) gives w with positive entries such that —Qz(7) — ¢ — d(z(7)) = A}, w. The vector p/
equal to w on K’ and to zero elsewhere is therefore feasible for the NNLS problem (7)) at 2(7), and
its residual d(x(7)) attains the optimal value, so p’ is an optimal NNLS solution. Every optimal
NNLS solution p” satisfies ATp” = n(x(7)) = ATp’ and is supported on £(x(7)), whose rows are
linearly independent, so p” = p’. Hence J(x(7)) = K’ for all sufficiently small 7 > 0. The same
holds for K’ = K, so K' = K. O

B.2 Proof of Theorem 4.1]

Throughout, let 7 +— x(7) denote the slow solution with x(0) = (9, given piecewise by 7,
and let Apax denote the largest eigenvalue of @Q. Theorem claims the breakpoints are finitely
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many, the direction d(x(7)) converges to a limit d*, and @(7) converges to an optimal solution
if d° = 0, while the problem is unbounded below otherwise. The main difficulty is the first
claim. Theorem gives every piece a positive length but no lower bound on it, so infinitely
many breakpoints could accumulate at a finite time or tend to infinity. We exclude both cases by
contradiction. We first collect tools in Appendix among them three lemmas on trajectories
whose pieces accumulate at a finite time. Appendix shows that every breakpoint is a zero
of an affine event value, and that no breakpoint occurs once every event value either vanishes
identically or has no zero. Appendix identifies the limit d®* and proves the last claim of
the theorem. Appendix excludes accumulation at a finite time by expanding the deviation
of the trajectory from an affine path in powers of the remaining time. Appendix excludes
accumulation at infinity by expanding the deviation of the shifted trajectory x(7) — 7d*® from its
limit along eigenvectors. Appendix [B.2.6] assembles the proof and derives the two formulas from
the final piece.

B.2.1 Tools

Given J C [m], let PJL denote the orthogonal projection onto ker A ; and define
S; = P{QP;. (59)

The matrix S; is SPSD, with ||Sy]|; < Amax and Im(Sy) C ker A, and Sz = Pj‘Qz for every
z € ker Aj. When the rows of A are linearly independent, we write

piw) =~ (4,4]) " AsVaf(a) (60)

for the least-squares multiplier of (I0), so that —Vf(x) = —P}Vaf(x) + A)ps(z). The next
lemma extends formula to cones larger than the tangent cone.

Lemma B.2. Let J be an index set with linearly independent rows, let K :== {s € R": Ays < 0},
and let x € R™ satisfy pj(z) > 0. Then —PjVf(x) = projc(—Vazf(x)). In particular, d(z) =
proji(—=Vaf(x)) for every @ € C and J = J(x), with p(x) chosen so that holds.

Proof. The vector —P#V, f(z) lies in ker A; C K, the residual A p,(z) is a nonnegative combi-
nation of the rows of J and so lies in the polar cone of I, and the two are orthogonal. These three
properties characterize the projection onto K. For J = J(x), formula shows that ps(x) is the
restriction of p(x) to J, which is positive, and formula gives d(x) = —P# V. f(z). O

The next two lemmas reduce membership in a cone generated by possibly dependent rows to
sign conditions on the maps and recall a basic inequality about closed convex cones.

Lemma B.3. Let E C [m] and v € Im(A}). Then v € cone{A, :i € E} if and only if some
B C FE such that the rows of Ap form a basis of the row space of A satisfies (ABA;)_IABU > 0.

Proof. Suppose that v lies in the cone. By Carathéodory’s theorem [36], Corollary 17.1.2], v = Azu
for some L C E with linearly independent rows and some u > 0. Extend L to a set B C E whose
rows form a basis of the row space of Ag, and extend u by zero to B. Then v = Agu, and multi-
plying by (ApAL) 1 Ap gives (ApA}) ' Apv = u > 0. Conversely, Im(A}) = Im(A},) contains
v, and A;(ABAg)*lAB is the orthogonal projection onto it. Hence v = Ag(ABAg)*lABU, a
nonnegative combination of rows of Ag. O
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Lemma B.4. Let Ky C Ky be closed convex cones, let z € R", and let z, = projy, (z) forr =1,2.
2 2 2
Then ||z1 = zo[l5 < [z1ll5 — [[22[l5-

Proof. Expanding the squares shows that the claim is equivalent to (z; —za, z2) > 0. The projection
onto g satisfies (z — z9, z2) = 0, so (21 — 29, 2z2) = (2] — 2, 22), and the projection onto K; satisfies
(z — z1,8) < 0 for every s € Ky, in particular for s = z5. O

The next three lemmas prove control results about a trajectory whose pieces accumulate at
a finite time, which will be applied in Appendix [B:2.4] to the slow solution. Let 7 < 400, let
70 < 7 < ... increase to 7, and call the intervals [7(®), 7t} pieces. Let J be a finite family
of index sets, and let J(-) be constant on each piece with values in J. A piece on which J(-) = J
is a J-piece. Every J € J is assumed to occur on infinitely many pieces. We write o(7) =7 — 7
for the remaining time.

Lemma B.5. In this setting, let s be positive and nonincreasing on [T(O),%), and put A(T) =
fTT s(p)dp, so that A < os. Let h € R™, and for J € J let uy == Pjh be the drift of J and
q;=h—uy € Im(A)); let umax = maxye s |wylly. Let w be bounded and measurable on [, 7)
and satisfy, for every T there,

w(T) = —/ (s(p)uj(p) - SJ(p)w(p)) dp and AJ(T)U)(T) =0. (61)

Then:

(1) [|w(7)]ly < 2Umax A(T) whenever Amaxo (1) < %;

(i) the drifts wy, J € J, all equal one vector, which lies in ker Ay for every J € J.
Proof. Let Q(7) := sup,cr 7 [|lw(p)|l, finite because w is bounded. For p > 7, the first identity

of gives
HW(P)HQ < Umax A(P) + AnaxT (P)Qp) < Umax A(T) + %Q(T)a
because A and o are nonincreasing and Apaxo (1) < % Taking the supremum over p gives Q(7) <
Umax A(T) + £Q(7). This proves (i).
Now, choose J € J minimizing lws|l, and write u == u;, q = q;. For J' € J, since Pﬁ is
symmetric and idempotent,

2 2 2 2
g uy = (up,up —u) = §lluy —uly+ 5(Jurl; = lullz) > 5wy — w3, (62)
and if wy = u, then u € Im(Pj) and Pﬁq =uy — Pj7u = 0, hence
T
q'S; = (Pyq) QPyi=0". (63)

Suppose that some J' € J has uy # u, so that 8 = $min{||luy — |y up # u} > 0, the
family J being finite. Let 7 be the left endpoint of a J-piece with )\maXU(T(k)) < %, and let
O be the set of times p > 7 with wj(p) # u. Then q"w(r®)) = 0, by the second identity
of and g € Im(AT). We test the first identity at 7 = 7(%) with q. A time p ¢ © contributes
nothing, by and . At a time p € O, the first term of the integrand contributes at least
Bs(p), by (62), and the second at most 2AmaxUmax lqll, o(7%))s(p) in absolute value, by (i) and
A(p) < o(p)s(p) < o(7)s(p). Hence (8 — 2AmaxUmax ||q][5 O‘(T(k))) Jo 5(p)dp < 0. Since J occurs
on infinitely many pieces and O'(T(k)) — 0, some such 7(*) makes the factor in parentheses positive,
and then the integral vanishes. The set © is a union of pieces, each of positive length, and s > 0,
so © is empty. But every J' € J has pieces after (%) a contradiction. Hence uy = w for every
J' € J,and u=Pyh €ker Ay O
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Lemma B.6. Let v € ker A for every J € J, and let ¢ be bounded and measurable and satisfy

with s = o and h = Q. Then there exist vectors w9 = &, wll w?, ... such that S;uli—1 =

u[j] € ker Ay for every J € J and every j = 1, and such that, for every r > 0, the function
=(¢+ Z] 17 J+1 ull satisfies

42
lwr(7)]]5 < 2 Hu[r+1]H 7“22) whenever Apaxo (1) < 3. (64)
Proof. We show by induction on 7 > 0 that wl!l, ... w7l exist with the stated relations and that

w, satisfies the hypotheses of Lemma with s = o™t /(r 4+ 1)! and h = Qul"l, whose drifts are
P}Qu[”] = S;ul"l because ul’l € ker A;. Part (ii) of that lemma then supplies the common vector
w1 = S;ull € ker Aj, and part (i), with A = ¢"2/(r 4+ 2)! and Upax = Hu[”” |, gives (64).
For r = 0, the function wg = ( satisfies the hypotheses by assumption. Let r > 1. The
function w, = w,_1 + %u[’"] is bounded, and A j;yw;(7) = 0 because ull € ker A (7. Since

o(r)rt1 T o(p)”
((7‘—1)—1)! = f‘r (7{)')

dp, the identity for w,_1, whose drifts are ul"l, gives

7 T o r+1
7) 2/ Spywr-1(p) dp = —/ ((T(’jz 1)!SJ(p>u[T] —5J<p)wr(ﬂ)) dp,

which is for w, with s = o"+/(r 4+ 1)! and the drifts Sjull. O

Lemma B.7. In the setting of Lemma[B.6, every a € R" admits a time 174 < T such that T —
(a,C(1)) either vanishes at every T € [1q,T) or at none.

Proof. Let ul) and w, be as in Lemma put o = (a, ubl) for j > 1, and let 7/ > 7(0 satisfy
Amax0(7') < 4, so that holds on [r/, 7). Note that ||ulr*1l H < Artl H’UH2
If every o vanishes, then (a,() = (a,w,) for every r, and gives

(@, ¢(r)] < 2llall; 8]l o(7) (Amaxo (M) < 277 [lally [0l o (7)

for every 7 € [7/,7). Letting r — oo makes (a, ) vanish there, and we take 7, = 7/. Otherwise,
let r be minimal with a,. # 0. Then (a,¢) = (a,w,) — a,0" 1 /(r + 1)!, and gives

O.(T)r+1

o(7) (r+1)1"

[(a,¢(T)| = (Jaw| — 2 ]lall, Hu[rﬂ}H

2

which is positive once 2 ||a/|, Hu[T“] H2 o(7) < |a,|, that is, on some interval 14, 7) with 7, > 7/. [

B.2.2 Pieces and events

We now turn to the breakpoints of the slow solution and first describe how its pieces end. As
before, a piece of the slow solution with active set .J is a J-piece. For the k-th piece, let R*) denote
the riding set of Appendix at ¥, and let N*) = cone{A] :i ¢ Jik) U R®}, which contains
—Vof(x(7)) — d(x(7)) on the open piece by Lemma (B.8(1i).

Lemma B.8 (Dynamics on a piece). Consider the k-th piece and let J = J(k)

(i) For every T € [t 7(k#+1) “the constraints of J are active at x(7), and

d(x(7)) = —P#Vaf(x(1)) € ker Aj. (65)

35



For every T € (1), 741D “we have E(x(1)) = JUR®) | A payd(2(7)) = 0, and —V g f (x(7))—
d(x(r)) € N®), If 74D < too, then the constraints of J U R¥® are active at £V, and
d(x(7)) = —Pj Ve f(x*+D) as 7 1+ 7"+ This limit lies in ker A oy, and —(Inyxn —
PV f(xktl)) e NK),

(i) If (-1 < 400, then at least one of two events occurs at TFTV . In an enter event, some
i ¢ J satisfies [Ax(T)]; < b; for every 7 € (70 rHD) and [Az*+D]; = b, In a leave
event, some B C JURWY such that the rows of Ap form a basis of the row space of A p®)

and some i € B, are such that 7 — [pp(x(7))]; does not vanish identically on the piece and
[pp(z*))]; = 0.

Proof. Measure time from ) write d .= d®, R .= R® and y := y; for the candidate of
Appendix at ®) and let n be its normal part .

The slow system is autonomous, so Theorem (1) applies at ®) with K = J, and z(7) =
y(7) on the piece. Step 1 of Appendix shows that the constraints of J stay active and that
y(1) = —P+V4f(y(r)), which lies in ker A;. Since d(x(7)) = @(7) by Theorem iii), this
gives (65)). By (57), £(z(r)) = J U R on the open piece. The values of the constraints of R vanish
identically along y, so Ay ry(7) = 0 for every 7 > 0. By Moreau’s decomposition @ and ,
Ve f(x(r)) —d(x(7)) lies in No(x(7)), which equals N*) on the open piece. The claims at 7(#+1)
follow by continuity, because x — Pj‘Vm f(z) is affine and N is closed. This proves (i).

Suppose that 7D < 400, and abbreviate Tieas = Tf'gas(w(k)) and 77 = Tj(zr:(k)), so that
T,E’“) = min(Tgeas, 77) is finite, and positive by Theorem (1) Suppose first that T,E’“) = Tfeas. The
infimum runs over the constraints ¢ ¢ J whose values do not vanish identically on the piece
(Section [3.5)). The positive zeros of each such value form a set that is closed in (0,400), with
infimum at least Tgeas > 0, so some i ¢ J has a zero at Tg,s and none in (0, Treas). Its value is
nonpositive because x(7) € C, hence negative on (0, Tfas): an enter event occurs.

Suppose now that 77 < Tgeas. For every 7 € (0, Tteas), gives y(7) € C and N¢(y(7)) = N&),
and the definition gives ny(1) € N®) for 7 € (0,77). The cone N*) is closed, so ny(7;) € N,
Hence 75 does not belong to the set in , and there are times in (7, Treas) arbitrarily close to 7
at which n; ¢ N®). Let B C J U R be such that the rows of Ap form a basis of the row space
of Ajug. Since Apy(r) =0 and n,(7) € Im(A]) C Im(A},) for every 7 > 0, the definitions

and give
ny(r) = AL(ApAgL) ' Apn,(t) = Agpp(y(r))  for every 7 > 0. (66)

By Lemma and ny(r;) € N®), some such B satisfies pp(y(r;)) > 0. The function 7 —
pp(y(7)) is entire, because pp is affine and y is entire. Suppose that every i € B with [pg(y(77))]i =
0 had [pp(y(:))]; = 0. The positive entries stay positive near 7; by continuity, so pp(y(7)) > 0
for every 7 near 77, and would give nj(1) € N (k) for every 7 > 77 near 77, a contradiction.
Hence some i € B has [pp(y(7s))]; = 0 and [pp(y(+))]; # 0. An entire function that does not vanish
identically does not vanish identically on any interval. Since & = y on the piece and z*#+1) = y(7y),
a leave event of (B, i) occurs. This proves (ii). O

(k+1) we fix one event of

Suppose there are infinitely many breakpoints. At each breakpoint 7
Lemma (ii)7 either an enter event of a constraint i ¢ I or a leave event, which we label by
the pair (B, 1) of its set B and index i in Lemma [B.§]ii). The event value of an enter event of i is
[Ax]; — b;, and the event value of a leave event of (B, ) is [pg(x)];. Both are affine in «, the second
by , and vanish at (**1). An active set, a constraint of an enter event, or a pair of a leave

event is recurring if it occurs on infinitely many pieces. To study late breakpoints, we discard the
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finitely many pieces with a nonrecurring object and call the remaining pieces the tail. Every object
on the tail is recurring, even after we discard finitely many further pieces. Let ® be the finite set
of gradients of recurring event values. Every breakpoint of the tail is therefore a zero of a recurring
event value. The next lemma excludes late breakpoints when each recurring event value eventually
vanishes identically or has no zero.

Lemma B.9. Suppose there are infinitely many breakpoints. Let T — D(7) satisfy ¢(x(1)) =
(a,D(T)) on the tail at every T, for every recurring event value ¢ and its gradient a € ®. Suppose
that every a € ® admits a time T4 on the tail after which T — (a, D(T)) either vanishes identically
or has no zero. Then no piece of the tail starts after the largest of the times 74.

Proof. Let 7/ be the largest of the times 7. Consider a piece [r*), 7(#¥1) of the tail with 7(*) > 7/,
with the event fixed at 7(#*t1). This event is recurring, so its gradient a lies in ®. At an enter
event, Lemma [B.§|(ii) makes (a, D) negative on (7, 7+ and zero at 7*+1). At a leave event,
it makes (a, D) zero at 7(:+1) without vanishing identically on the piece. Both cases contradict
the dichotomy, because the closed piece lies after 7. ]

B.2.3 The limit direction
We now show that the limit of d(z(7)) in Theorem [4.1|is the projection d® defined by
R={veR": Av <0, Qv =0}, d® == proji(—c), Iy = {i € [m] : [Ad’]; =0}. (67)

We also prove the alternative between optimality and unboundedness in that theorem. Problem
is bounded below if and only if no direction d satisfies Ad < 0, Qd = 0, and (¢, d) < 0, and it then
attains its infimum [59]. Since R is a closed convex cone, Moreau’s decomposition theorem gives

(c+d*d’)=0 and (c+d’ r) >0 for every r € R. (68)

We also let Cy == {y € R" : [Ay|;, < by}, foly) = f(y) + (d°,y), and V) := fo + xcy, SO that Vp
is the objective function of problem with the data Ap,, by,, and ¢+ d°.

Lemma B.10. The following hold:

(i) The direction d® satisfies Ad® < 0, Qd® = 0, and (c,d®) = — Hd5||§ If d° # 0, then for
every « € C the ray © + Ad®, A > 0, is feasible and V(x + Ad®) = V(x) — A||d®||3 = —o0
as A — +oo0.

(ii) Bvery @ € C satisfies |[d() — |12 < ||d(@)3 — |12
(iii) The function fo attains its minimum over Cy.

Proof. The first two relations hold because d* € R, and the third is the first relation in (68)). The
ray is feasible because Ad® < 0, and the formula for V(x 4+ Ad?®) follows from Qd® = 0 and the
third relation. This proves (i).

Let € C. Every r € R satisfies (Qx,r) = (x,Qr) = 0, so |-Vzf(x) — 7|3 and ||—c — 7|3
differ by a constant independent of r, and therefore projr (—Vgf(x)) = d*. Moreover R C T (x) =
{s € R" : [As]g(z) < 0}. Lemma applied to R C T¢(x) and the vector —V f(x), gives (ii).

The function fj is a convex quadratic with linear term ¢ + d?, and C' C Cj is nonempty, so the
criterion above, applied to problem with the data Ay, by,, and ¢ + d°, reduces the claim to
showing that (¢ + d*,r) > 0 for every r with [Ar];, < 0 and Qr = 0. For such r and for A > 0
large enough, r + Ad® € R, because [Ad®|; < 0 for every i ¢ Iy. Both relations in then give
(c+d% r)=(c+d’ r+ Ad®) > 0. This proves (iii). O
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Proposition B.1. The following hold:
(i) The direction satisfies d(x(7)) — d° as T — +00.
(ii) There exists 79 = 0 such that E(x(1)) C Iy for every T = 9.

(iii) The function 7 — y(10+7), where y(7) = (1) —7d?*, is the solution of the differential inclu-
sion for Vi with initial value y(79). In particular, T — ||d(x(T)) — d?||5 is nonincreasing
on [19,+00). The function y converges as T — +oo to a point y that minimizes fy over Cy.
Ifd* =0, then y = lim,_, ;o () is an optimal solution of problem ().

Proof. The function 7 — fo( (7)) is Lipschitz continuous on bounded intervals, and at almost every

7 its derivative is (Vg 7)) +d*, d(z())) = — || d(z(1))|)5 + (d°, d(x(7))), by ([3d). Expanding
i :

the square in Lemma i) gives (d(x),d®) > Hds||§ for every @ € C, hence

ld(z) — [l = |d(x)|3 — 2(d(x), d°) + || &°||3 < |d(x)|; — (d(), d*).

Integrating, and using #(7) € C' C Cy with Lemma [B.10[(iii), we obtain for every 7 >0
/0 ld(z(p)) — @[5 dp < fo(@®) = fo(z(r)) < fo(@?) - min fo,

*\ld(z(p)) — d°||3 dp is finite. By Theorem (1) and (iii), ||d(x(7))]|, decreases to a limit v,
and v > ||d?||, by Lemma|B.10{ii). Since ||d(x(7)) — d*||, > v—||d?||, for every 7 and the integral is
finite, v = ||d®||,. Lemma[B.10ii) at & = &(7) then gives ||d(x(7)) — d*|3 < ||d(z(7))]5— |d*|5 —
0. This proves (i).

Leti ¢ Iy. By (i), [Ad(x(7))]; — [Ad®]; < 0, s0 [Az(7))i—b; = [AzD)];—b; + [, [Ad(x(p))]i dp —
—o0. The constraints outside Iy are finitely many, so all of them are mactlve at ( ) from some
time 79 on. This proves (ii).

Let 7 > 79. Since [Ay(7)]1, = [A=z(7)]1,, we have y( ) € Cp, and by (ii) the constraints of
Cy active at y(7) are those of £(x(7)), so N¢,(y(7)) = Neo(x(7)), by [16, Example 5.2.6b]. Since
Qd° = 0, we have Vfy(y(1)) = Vo f(x(7)) + d°. With n(x) = —V.f(x) — d(x) € Neo(x) as in
Section [2.4] the right derivative of y is therefore

y(r) = d(z(7)) — d® = =V fo(y(7)) — n(x(r)) € —0Vo(y(7)).

The function 7 +— y(79 + 7) is Lipschitz continuous, so it solves for Vi with initial value
y(70) € Cp. It is the slow solution of that problem. Indeed, two Lipschitz continuous solutions with
the same initial value coincide because the monotonicity of 9V makes the squared distance between
them nonincreasing. Theorem [2.1fi) then makes the norm of its right derivative d(x(7)) — d*
nonincreasing. Since V; attains its minimum by Lemma [B.10iii), Theorem [2.1](ii) shows that y(7)
converges to a minimizer gy of V. If d° = 0, then Iy = [m], Cyp = C, Vo =V, and y = x, which
gives the last claim. O

B.2.4 No accumulation of breakpoints at a finite time

Proposition B.2. The breakpoints of the slow solution do not accumulate at a finite time, in the
sense that if there are infinitely many, then 7% — +o0.

Suppose, for contradiction, that there are infinitely many breakpoints and that limg_, 4 (k) =
T < 400. We fix the events and the tail as in Appendix and write o(7) =7 — 7.
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Lemma B.11. In this setting, the following holds.

(i) The limit & = lim+47 x(7) exists. Every recurring active set J satisfies Ajx = by and, with
dy = —P}Vaf(Z),

d(z(1)) =dj — Sy(z(r) — &) on every J-piece of the tail. (69)

(i) The vectors dj of the recurring active sets coincide. Their common value v satisfies d(x (1)) —
v asT 1T and v € ker Ay for every recurring J.

Proof. The slow solution is Lipschitz continuous by Theorem so x(7) has a limit & as 7 1 7,
which lies in the closed set C. Let J be recurring. Its constraints are active on the J-pieces by
Lemma [B.§[i), and these pieces contain times arbitrarily close to 7, so A;Z = by and z(1) — T €
ker A; on every J-piece. Since V. f is affine with slope Q, formula gives d(x(1)) = dj —
P+Q(z(r) — ) =dj — Sy(z(t) — &) there. This proves (i).

Let 7(*t1) be a breakpoint of the tail, let J = Jik), and let d~ == —P7V,f(z**1) be the
limit of d(x(r)) as 7 1 7#+D. By Lemma (i), n~ = —Vgf(x® D) — d~ lies in N*) and
A pwd” = 0. By Lemma some B C J U R®) whose rows form a basis of the row space
of A pu satisfies (AgA}) TAgn~ > 0. Since Apd~ = 0, this vector is pg(z®**+1), and
d~ = —PjV,f(x*V), because d~ € ker Ap and n~ € Im(A}). Lemma with B for J then
gives d~ = proji(— Vg f(z*+1))) for K .= {s € R" : Ags < 0}. The constraints of B are active at
1) so To(xF+D) C K, and Lemma gives

e < o e < o
2 2 2

Y

2

where the second inequality holds because [|[d~ |y = lim_4 @+ [|d(z(7))][, < Hd(k)Hz, the func-
tion 7 — [|l&(7)|l, = ||d((r))|l, being nonincreasing by Theorem [2.1|i) and (iii). Similarly, the
sequence ||d\"||, converges, so the right-hand side tends to 0 as k — co. By and continuity,
d = JJ*(k) — SJik) (:B(k+1) — .’i) and d(k+1) = JJ£k+1) - SJ£k+1) (.’B(kJrl) - @), SO “Czjik+1) - CZJ*(k) 9 <
Hd(k“) — d_H2 + 2Amax Ha:(k*l) — :EH2 — 0. The vectors d of the recurring active sets are finitely
many, so d gt = d 7 for every large k: either they all coincide, or the bound eventually falls

below their least pairwise distance. Hence d (k) converges to some constant v. Every recurring

active set occurs at arbitrarily large k, so its vector d; equals ©. Then gives d(x(7)) — v as
71 7, and the directions on the J-pieces lie in the closed subspace ker A, so v € ker A. O

We measure the deviation of the trajectory from the affine path 7 +— & — o(7)v via

C(r) =x(r) — &+ o(1)v. (70)
The slow solution is Lipschitz continuous with & = d(x), so z(7) — & = — :d(w(p)) dp and
¢(r) = —/T(d(w(P)) —v)dp,  [¢(7)lly < o(7) sup ld(x(p)) — ol - (71)
T pEe|T,T

By Lemma [B.11[ii), the supremum tends to 0 as 7 1 7.
Lemma B.12. In this setting, the following holds.
(i) On every J-piece of the tail, ¢ =08;0—S;¢, and Aj¢ = 0 on the piece and at both of its

endpoints.

39



(i) Let ¢(x) = (&) + (a,x — &) be an affine function that vanishes at x*) for infinitely many
k. Then ¢(x) =0, (a,v) =0, and ¢(x(7)) = (a,{(7)) for every T on the tail.

Proof. By Lemma [B.11] A ;(z(7) — &) = 0 on the piece and at its endpoints, and A ;o = 0, which
gives the second claim. For the first, with d; = v and give & = v — S;(¢ — ov) =
v+ 0S;v— S;¢, and ( =& — v because & = —1. This proves (i).

The iterates £®) converge to :i so ¢(x) = 0 by continuity. At the iterates where ¢ vanishes,
(70) gives 0 = (a, :L'(k) —z) = —o(t®){a, d) + (a, ¢(r™®)). Dividing by o(7(¥)) and letting k — oo
gives (a,v) =0, by . Hence ¢(x(7)) = (a,{(7) — o(7)v) = (a,{(7)). This proves (ii). O

Proof of Proposition[B.2 We apply the lemmas of Appendix[B.2.1]to the pieces of the tail, relabeled
from 0, with the recurring active sets as the family J. The hypotheses of Lemma hold for
¢ and v. Indeed, the limit velocity lies in ker A; for every recurring J by Lemma ii), the
deviation is continuous and bounded by , and Lemma (1) gives A j;)¢(7) = 0 together
with C = oS ;0—5;( on every J-piece. The integrand of that equation is bounded and [r, 7'] meets
finitely many pieces for 7 <7/ < 7,50 (1) — =— f C ) dp; letting 7/ 1 7, with {(7') — 0
by , gives (61)) with s = o and h = Qu, whose drifts are P Qv = S;v. Lemmas - and -
therefore apply to ¢. Every recurring event value vanishes at the iterates of its own events, so
Lemma [B.12{ii) gives ¢(z(7)) = (a,{(7)) at every T on the tail, for every recurring event value
¢ and its gradient a € ®. Finally, by Lemma [B.7 every a € ® admits a time 7, < 7 such that
T+ (a, (7)) either vanishes on all of [r4,7) or has no zero there. By Lemma- B.9| with D = ¢, no
piece of the tail starts after the largest of these times, which contradicts 7*) 1 7. O

B.2.5 No accumulation of breakpoints at infinity

Proposition B.3. The slow solution has finitely many breakpoints.

We prove this below. Write y(7) = x(7) — 7d®, with 79 and g as in Proposition and let

e(r) =y(r) -9,
so that e(7) — 0 as 7 — +00, and the right derivative of e is é(7) = d(x(7)) — d°.

Lemma B.13. Let J be an index set whose J-pieces contain arbitrarily large times. Then, at every
time T of every J-piece,

e(r) € ker Ay and é(t) = —P7Qe(r) = —Se(7).

Proof. By Lemma [B.§[i) and Proposition ii), at the times 7 > 79 of the J-pieces we have J C
E(x(1)) C Ip and [Ax(7)]; = by. Since J C Iy, we have [Ad®]; = 0, so [Ay(7)]; = [Az(T)]; = b,
at every time of every J-piece. Letting 7 — +oo gives [Ay|; = by, hence e(7) € ker Ay there.
Since Qd® = 0, we have V,f(x(7)) = Vaf(y(7)) — Vo f(y) as 7 — +oo. Along the J-pieces,
d(z(1)) = =P}V f(y(r)), by (65), converges to —Pj V4 f(¥), and to d* by Proposition ( ), SO
d® = —P} V. f(g). Hence, at every time 7 of every J-piece, &(1) = —Pj (Vg f(y(7)) — acf( ) =
—P+Qe(7), and P;Qe(7) = Sye(r) because e(7) € ker A. O

Suppose there are infinitely many breakpoints, so that 7(*) — 400 by Proposition [B.2l We fix
the events and the tail as in Appendix discarding further pieces so that every piece of the
tail starts after 79. Every recurring active set then satisfies the hypothesis of Lemma and
7+ ||é(7)]|, is nonincreasing on the tail by Proposition [B.1(iii).
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Lemma B.14. Let W C R" be a subspace, let H € R™"™ be symmetric, and for recurring J let
P}/V denote the orthogonal projection onto W Nker Ay. Let 7 — &(7) be defined and continuous
on the tail, continuously differentiable on the interior of each piece and from the right at its left
endpoint, and nonzero at every time of the tail. Suppose that on every J-piece of the tail

E(r)eWnkerA;  and €= —-PYVHE, (72)
and that at every breakpoint 7%) of the tail

: () ‘
=], < tim,

€|, (73)

Then:

(i) The unit vector O(7) = &(7)/ [|€(7)|ly converges as T — +oo to a unit vector 0, and there
exists i € R such that @ € W Nker Ay and P}/VHG = ul for every recurring J.

(ii) From some time on, () := (&€(7), 8) is positive, and from that time the function € == £/v—0
is continuous, continuously differentiable on each piece, takes its values in WT := {s € W :
(s,0) =0}, tends to 0, and satisfies and with W+ and H — ul,x,, for W and H.

Proof. For recurring J, let H; denote the restriction of P}’VH to W Nker Ajy. It is a symmetric

linear map from that subspace into itself, with ||H ||, < || H||, and (s, H;s) = (s, Hs) there. Let
.12

0:=1(0,HO) and ¢ := H9H2’ the dot denoting a right derivative at the left endpoint of a piece. On

each J-piece, is a linear differential equation with constant coefficients, so & is real analytic
there, and so are 8, g, and 1, because & does not vanish.

Step 1. We show that o converges to some p € R and that ¢)(7) — 0 as 7 — +oc. On a J-piece,
(72) gives (€,&) = — (&, HE), so d% l€ll, = —0 /€], and the vector of W Nker A

0=—H,0+ 00 (74)

is orthogonal to 8. Hence ¢ = 2(HO,0) = 2(H ;0,0) = 2(00 — 6,0) = —2), and
112
v = |H,003- o= € /103 - ¢ (75)

Differentiating (74) gives @ = —H 0 + 00 + 00, so 1 = 2(0,0) = —2(0, H;0) + 20y < 4| H |,
on the piece. At a breakpoint, & and ¢ are continuous and HS H2 does not increase, by , So Y
does not increase, by . Hence 7 — e 4IH ”27¢(7) is nonincreasing on the tail. The function

o0 is continuous, nonincreasing, and bounded below by — ||[H]|,, so it converges to some p € R,
and f;ood)(p) dp = 3(o(r1) — p) < +oo for every 71 on the tail. For p € [r — 1,7] we have

b(p) = e Mlay(7), s0 y(r) < M= [T 4p(p) dp — 0.

Step 2. We show that 0 < ¢ — u < k2% on [r1, +00), for some x > 0 and some time 71 on the tail.
Let J be recurring. By , ‘

of Hj. Since ¥ — 0, 0 — u, and the J-pieces contain arbitrarily large times, u is an eigenvalue of
H ;. There are finitely many recurring active sets, so we can fix § > 0 smaller than the distance
from p to the other eigenvalues of every H; with J recurring. If p is the only eigenvalue of every

0H2 = |[(Hj — 0)0||, is at least the distance from o to the spectrum
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such Hy, we set § := 1. Let 71 be a time on the tail after which o — p < §/2, consider a time
7 > 71 of a J-piece, and let 6, be the orthogonal projection of @(7) onto the u-eigenspace of H .
The other eigenvalues of H lie at distance at least §/2 from p, so expanding 8 in an orthonormal
eigenbasis of H j gives

2
=I(Hy— )6l >0 16— 6.5,  o—p=1(0—6,,(Hs—pn)(0—6,)<2|H|,[6 6.l

The claim holds with x? := 8(1 + || H||,)/6?, and ¢ > u because g is nonincreasing with limit u.

Step 3. We prove (i). If o(72) = p at some time 75 > 71, then ¢ = p on |12, +00), so P = —9/2
vanishes there and 6 is constant. Otherwise ¢ > u on the tail, and on each piece after 7, Step 2

gives %\/Q— = —/\o—p < —VY/k = — HOHZ/K The function /o — u is continuous, so
integrating gives f;:oo HB(p)H2 dp < k+/o(1) — . In both cases, 8(7) converges to a unit vector 6.

For recurring J, the directions on the J-pieces lie in the closed sulzspace_ W Nker Ay, so _@ doe_s,
and along the J-pieces (H; — )0 = —6 — 0 by Step 1. Hence H ;0 = 16, that is, P}V HO = 1.0.

Step 4. We prove (ii). Since (8,8) — 1, the function v = ||£||, (0, 8) is positive from some time
on. From that time on, €T = 0/(6,0) — 6 is continuous, continuously differentiable on each piece,
orthogonal to @, and tends to 0, and on every J-piece it lies in W+ Nker A, since € and 0 lie in
W Nker Ajy. Consider a J-piece and write P := P}/V. Both P and H are symmetric and Ps = s
for s € {¢,£7,0}, so (i) gives

(PHs,0) = (s, PHO) = ;u(s,0)  for s € {£,£7). (76)
With s = &, this identity and give ¥ = —puy, and then
€ =(E—58)/v=—PH@O+£)+u0+¢") =—(PH - p)g*.

With s = €7, identity shows that PHE™ is orthogonal to 8, so it lies in W+ Nker A ;. Since this
subspace lies in W Nker A ;, we have P}/VJr = P}/V+P, and therefore P}V+H5+ = P}IHPHEr =
PHE'. Hence & = —PW' (H — pln)€", which is (72) for £

It remains to prove for €. On a piece, &€ = 4(0 + &) + ’yf+ = ’y(&"+ — (0 +&T)), where
SJF is orthogonal to 6 and <€+,£+> = —(¢T HEY + 1 HE"’H; Therefore

Jell, =2 (e, 2mie mer) — 2 el 2 o+ €1,

L2
At a breakpoint, v and £ are continuous, so every term on the right-hand side except H£+H2 is

EH2 does not. O

. Lt .
continuous, and H€ H does not increase because
2

Proof of Proposition[B.3. We now derive a contradiction in three steps.

Step 1. We show that there exist an integer » with 0 < r < n, unit vectors 81,...,0,, a time 7/
on the tail, and functions o, ..., v,.—1, positive on [7/, +00), such that

T
e(r) = 270(7) oyj1(7) 05 for every T > 7/, vi(1) — 0 as 7 — 4oo, for 1 < j <.
j=1

(77)
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For r = 0 the sum is empty and e vanishes on [/, +00). Let & satisfy . If £ vanishes at a time
71, then it vanishes on [r1, +00). Indeed, equation is linear on each piece, so & vanishes on the
rest of the piece containing 7 and, by continuity, at the start of the next piece. Hence £ either
vanishes from some time on or vanishes at no time.

Set £, := e and Wy := R". Then P}/VO = Pj‘, so &, satisfies with H = @ by Lemma
and it satisfies because ||é]|, is nonincreasing on the tail. If £, vanishes from some time on,
the claim holds with » = 0. Otherwise Lemma gives a unit vector 81, a number p1, a function
Yo, positive from some time on, and the function &, = £;, with values in the (n — 1)-dimensional
subspace W orthogonal to 01, satisfying and with W1 and Q — p1 I, «n- Discarding the
pieces that start before 79 becomes positive, we repeat the argument with £,. After j repetitions,

e=70(é1 +71(92+"'+W*1(éj+€j)))’

with §; taking its values in a subspace W of dimension n — j. Since W, = {0}, some &, withr < n
vanishes from a time 7/ on, and holds, because v; = (§;,0;4+1) — 0, as §; — 0 for j > 1 by

Lemma [B.14{(ii).

Step 2. We show that ¢(x(7)) = (a,e(7)) at every 7 on the tail, for every recurring event value
¢ and its gradient a € ®. Let i be a constraint that recurs in enter events. At the iterates of these
events, i € £(x**+Y) C Iy by Proposition ii), so [Ad®]; = 0 and [Ax(7)]; — b; = [Ay(7)]; — b;
for every 7. This affine function of y(7) vanishes at the iterates of the enter events of i, whose
times tend to infinity, so it vanishes at y and equals (a, e(7)). Now let (B, i) be a recurring pair of
a leave event. Since Qd° = 0, formula gives [pp(x(7))]i = [pB(y(7))]i, an affine function of
y(7) that vanishes at the iterates of the leave events of (B, ), hence at y, and equals (a, e(7)).

Step 3. Fix a € ® and put «; = (a,6;). By (77] ., (a,e(1)) = Z;Zl Yo(7) - vj—1(7) o5 for
7 > 7. If every a; vanishes, then (a,e) Vanlshes 1dentlcally on [T’ ,+00), and we put 7, = 7.
Otherwise let j be minimal with o # 0. Then

(a.e(r)) = 0(r) -3yt () (0 + 3 ) mwar) ).

I=j+1

and 7;---y-1 — 0 for > j, so (a,e) has no zero on some interval [7q,+00). By Lemma
with D = e, no piece of the tail starts after the largest of the times 74, @ € ®, which contradicts
7®) - 0. O

B.2.6 Conclusion of the proof

Proof of Theorem [{.1. By Proposition [B.3] the breakpoints are finitely many, so the final piece is
[7(K) | 400) and 7(K+1) = ) 4 78—y, By Propos1t1on ( ), d(x(7)) converges to the vector
ds of . By , d¥) € ker A U0 and by ., =) M (K)(T—T(K))d(K) on the final

-F L(K)Q
piece, where M K)( )=e by . The matrices P (K)Q and S J(F) agree on kerA ()
and map it into 1tse1f A vector v € ker A ) satisfies S SOV = 0 if and only if (v, Qu) =0, that
is, Qv = 0, so ker AJ(K) is the orthogonal sum of ker @ N ker AJ(K) and Im(SJ(K)) on which SJ(K)
is positive definite. Then

d(z(r)) = ¢ S0 ) (1))

)

K .
d( ) — PTOJyker Qnker AJ(K) (d
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(K)

so d’ is this projection. Finally, if d° = 0, then d'*) € Im(S ,(x)) and so

-S T
M 1) (7)d") = (S 10 (Lnsn —e ") d ™).

Hence x(7) converges to (/) + ) )td) | an optimal solution by Proposition|B.1{(iii). If d* # 0,
then Lemma [B.10[i) gives (ii). O

B.3 Proofs for Section [Bl

This appendix proves Proposition and Theorem Appendix [B:3.] collects the objects the
proofs need beyond Section bl Appendix excludes the one obstruction to convergence, Ap-
pendix proves the proposition, and Appendix proves the theorem.

Throughout, Q is SPSD with largest eigenvalue Apax. We write z®), d®), A%) for the iterates,
directions, and steps of Algorithm [2] run with tolerance e = 0, and we abbreviate £*) = £ (a:(k)),
J®) .= J(x*)). We choose every NNLS solution p(x) below so that holds.

B.3.1 Setup

Recall the compressed Hessian S; of and its properties, collected in Appendix . It is
positive semidefinite on ker A ;. The direction d(x) vanishes exactly at the optimal solutions, since
d(x) = 0 if and only if 0 € 9,V (x) (Section We may therefore assume d*) # 0, since
Algorithm [2[ stops at d*) = 0, its test being Hd k H2 < e = 0. Likewise A®) < 400 at every step
of an infinite iteration, since A®) = 400 stops it.
We call step k blocked if AK®) = Afeas(m(k)) < Agk), and full otherwise. A blocked step ends on

a constraint: some iy ¢ & (k) attains the minimum in (T4)), with

[Ad™];, >0, [Az)], <b [Az*HV], = b, (78)

ik
and we call 7j, the blocking wall of step k. The first relation holds because Ageas(z®)) < Asﬁk) < 400,
so the minimizing quotient in is finite and positive. Every step has A®) > 0. Indeed, on a
blocked step, the first two relations of give Afcas(m(k)) > 0, while on a full step A®*) = A&k) =
Hd(k)Hiﬂd(k),Qd(k)} > 0 because d®) # 0. The constraints of J®*) are active at ) because
J®) C £F) and stay active at &*1) because [Ad(k)]J(k) =0 by . Hence J®*) C glk+1),

Definition B.1 (Blocked tail). A blocked tail is an infinite sequence of consecutive iterates of
Algorithm @ indexed by k > 0 after relabeling, such that every step is blocked, infy, Hd(k)H2 > 0,

and 3", AF) < 4o0.

Lemma B.15. Suppose the iteration is infinite, that Hd(k)H2 > 0 > 0 for every k, and that

inf, V(™)) > —oo. Then only finitely many steps have A®) > 1/Anax, and the steps after the last
of them, or all steps if there is none, form a blocked tail.

Proof. Since A% < Afeas(a:(k)), the bound gives
V(z®) - V(@®) > L min(A®] 1/\na)0? > 0.

Summing over & bounds 3623, min(A®) | 1/X\.x) by V(2(®) — inf), V(2*)). Hence finitely many
steps have AR > /Amax, and the others have summable length. A full step has AR = Aik)

1/Amax, the quotient being finite because A < 450, so the steps after the last one with A®*)
1/Amax are blocked, summable, and have Hd(k)||2 > 0.

LWV WV
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B.3.2 The blocked tail

Theorem [5.1| rests on excluding a single pattern.

Lemma B.16. FEvery step of Algorithm satisfies Hd(kH)H2 < (1 + /\maXA(k)) Hd(k)H2. More
precisely, with d == projTC(w(kH))(—wa(m(k))), we have that

- a0l < - Ja, ana a0 - dl, < xmma® 0],

Proof. On every step, full or blocked, J*) C £#+1) a5 shown in Appendix soT = To(z*+t)) C
K:={s:A;wms <0}, and Lemmagives d®) = proj(=Vzf(x®)). Set d = proj;(—Vgf(x®)).
Lemma [B.4] applied to T' C K gives the first estimate, hence Hd“Q < Hd(k)HZ, and the 1-Lipschitz
property of proj, gives Hd(kﬂ) - dHQ < HQ(w(kH) - m(k))H2 < Amax AR Hd(k)HQ. Adding the two

bounds proves the claim. ]

Along a blocked tail, iterating Lemma with 1+t < e gives

>0

sl < [ (m 3280 = < 5 m
=0

the sum being finite by Definition and d© being the first direction of the tail. Hence
Hm(kﬂ) — ) H2 < BoA®)| so the iterates are Cauchy and converge to some & € C.

Theorem B.1. Algorithm [3, run with tolerance e = 0, has no blocked tails.

We prove this below. Fix a blocked tail with limit &, step lengths A®), blocking walls iz, and
active sets J*). Both index collections are finite, so we may discard finitely many further steps until
every occurring active set and every blocking wall repeats infinitely often. We call these recurring.

The limit velocity. For recurring J, the map @ — —Pj V, f(z) is affine, so the directions along
the steps with J*) = J converge:

) = PV, f@®) — dyi= ~PiVaf(@), (49— dy] < Anas

2 QEH2 (80)

for every k with J®) = J. The next two results show that these limits coincide.

Proposition B.4. Let a blocked tail be given as above. Its directions converge to a single limit ©
with |||y > 0. Moreover dj = v and v € ker A for every recurring active set J.

Proof. We proceed in four steps.
Step 1. Set d := projTC(m(Hn)(—me(w(k))). Lemma gives

R T R e Y

the last inequality by . Hence Hd(kH)H2 < Hd(k)H2 + )\mangA(k). Since ), A < +o0, the
sequence Hd(k)H2 + AmaxBo Zl>k AW g nonincreasing and bounded below, so limy Hd(’“)H2 exists
and is at least infy, Hd(k)H2 > 0.
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Step 2. From Hci“2 > Hd(k“)H2 — AmaxBoA®) and , the case Hd(’““)H2 < AmaxBoA®) being
trivial,

o a0 a0 [ e+

and the right-hand side tends to 0 because Hd(k H2 converges and A*) — 0. The triangle inequality
now gives Hd(’gle H — 0.

Step 3. By , Hd(k) — d_J(k) H2 < Amax H$(k) - 5:H2 — 0 uniformly in the active set. The finitely
many values {d; : J recurring} lie at least 2p > 0 apart, where p = 1 if only one value occurs. For
k large,

|y —djym |, < Hd(kﬂ) - d(k)HQ + Amax ||z

jH +)\max
2

] <2

which forces d Jt1) = d k) - Hence d s s eventually constant, equal to some v. Every recurring
active set attains it, so d; = © for all recurring J, and d*) — @ with |||, > 0.

Step 4. For recurring J, the directions with J (k) = J lie in the closed subspace ker A; and
converge to v, so v € ker Aj. ]

Exact reduction. We place the blocked tail in coordinates adapted to its limit, namely

oL ‘= Z AD C(k) =z — &+ oy, (82)
1>k

soor 0,2 —z =3, AdD by telescoping, and ¢*F) = — sk A D (d?V — 5) — 0. Define

9=Qv, wuy=Prg=25,0 (83)
for recurring J, where S;v = Pj‘Q’TJ because v € ker A; by Proposition
Lemma B.17 (Recurring walls). Every recurring blocking wall i satisfies:
(i) A;& = b; and A;v =0;

(i) Ai¢*) = Aj(x®) — &) < 0 for every k on the tail, with strict inequality whenever i is the
blocking wall of step k, and A;¢*+tY) =0 for every such k.

Proof. By , ¢k = — D sk AD(dY — ), so “C(k)“Q < Op SUPpsg Hd(l) - 'T)HQ = o(o) by Propo-
sition At the steps k blocked by 1, Azt = p, by ; these iterates converge to &, so
A;Z = b;, and then 0 = A;(x*t) — 2) = —04 1 A0 + A;¢*TD. Dividing by o441 and letting
k — oo along the hits gives A;v = 0. This proves (i).

Feasibility gives A;(x®) — &) = A;xz®) —b; < 0, and (i) gives A;i¢®) = A;(x®) — &). The
inequality is strict at the blocking steps of i by (78), where A;¢**1) = A;(z*+1) — z) = 0. O

Lemma B.18. On the blocked tail, relabeled as above so that every J*®) is recurring, for every k:
(i) Ay = A ;i ¢HY = 0;
(ii) ¢*H) = ¢®) + AW g ;) — ARG 0 ¢
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Proof. The constraints of J (k) are active at £*) and z**+Y | as shown after . Since J*) recurs,
they are active at infinitely many iterates converging to &, so A ;i) = b and A ;i) (m(k) —x) =
A (x kD) —z) = 0. Prop081t10n 4| gives A ;oyv = 0. Adding oy, and oy gives (i).

By Pr0p0s1t10n - J(k) Vaf(z ) d ;) = v. Hence,

d(k) = - j_(k)vwf(x(k)) =v— ](k)Q( - ) =0+ OkU j(k) — SJ(’C)C
where the last step uses Pﬁ,@QC(k) = SJ(k)C(k), valid because ¢*) € ker Ay by (i). Then
¢EHD — &) _ g 4 ARGR) 6y 15 =¢W) 4 (opy1 — o + AD)D + AW g0 — AR S ¢ R

and opy1 — o + A = . O
Exclusion. Summing the recursion of Lemma [B.18(ii) from k to k' — 1 and letting ¥ — oo gives

C(k) - _ Z A(l) (Jlqu - SJ(Z)C(Z))7 (84)

>k

the series converging absolutely because HC(Z)HQ is bounded, ||Ss||; < Amax, and o < 4o00. This

identity is with sums over steps in place of integrals, and its weights are the iterated tail sums
[O] =1and o [] o Zl [J], so that 0[1} = 0. They are positive and nonincreasing in k,

and they satlsfy O'[J+ ] aka[ }, hence am ok

Lemma B.19. On the blocked tail, relabeled so that every J*®) is recurring:

(i) There exist vectors ul®) = o, ull wl? .. such that S;ubl—1 = ull ¢ kerAJ for every
recurring J and every j = 1, and such that, for every r > 0, the sequence wr = (k)
22:1 O'][ngl]u[J] satisfies er H2 <2 Hu[r+1]|’20,[:+2] whenever Amax0k < 4 55

(ii) Every a € R™ has an index kq such that (a,®)) is either all zero or all nonzero for k > kq.

Proof. The proofs of Lemmas and carry over to , with sums over [ > k in place
of integrals over [r,T), AW in place of dp, oy, in place of o(1), and a,[cﬂ in place of ¢7/;!. They use
the weights only for the properties above and the recursion that defines them, and of the steps only
AW > 0, in place of the positive length of the pieces. The hypotheses hold by Proposition

(82), and Lemma B.18]i). O

Proof of Theorem[B.1]. Suppose a blocked tail exists and adopt the relabeling above. Fix a recurring
blocking wall i and put ¢(k) == A;¢®) = A;2*) — b;, by Lemma (ii), so that ¢(k+1) =0
whenever ¢ blocks step k. By Lemma (11) with @ = A/, elther @ vanishes at every iterate
beyond some index, or it vanishes at none of them. In the first case i € E®) at every such iterate,
whereas requires i ¢ £ (k) at every step that ¢ blocks. In the second case w(k+1) # 0 at every
such k, so no such step is blocked by i. Either way ¢ blocks finitely many steps. The recurring walls
are finitely many, so from some step on no step is blocked by a recurring wall, although every late
step is blocked by one. No blocked tail exists. O
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B.3.3 Proof of Proposition /5.1

When problem admits an optimal solution, we write X* for its optimal solution set and V* for
its optimal value. The proofs of this appendix rest on one observation. At a feasible x with active
set J = J(x) and multipliers p; = pj(x) > 0, the relations below hold, the last one by Moreau’s
decomposition @:

Az < b, Ajxz =20y, py =0, Qm+A}—pJ:—c—d(m). (85)

These are the KKT conditions of problem with one inexact equation, whose residual is exactly
—d(x). Accordingly, for an index set J C [m], let T; denote the solution set, possibly empty, of
the exact system, in the variables (y, s) € R" x RIYI,

TJ = {(y73) : Ay g b7 AJZ'J = bJ7 S 2 07 Q'y+A}3 = _0}7
and let D; be the set of stationarity residuals compatible with the other three relations of T j,
Dy = {Qy—&—A}—s—l—c:Ay <b, Ayjy="~y, s 20} CR™

We use four facts. First, the set D is the image of a polyhedron under an affine map, hence
a polyhedron, hence closed: a polyhedron is finitely generated and an affine image of a finitely
generated set is finitely generated, so [36, Theorem 19.1] applies twice. Second, the set Y is
nonempty if and only if 0 € D;. Third, every feasible  satisfies —d(x) € D (), by (85). Finally,
every (g,8) € T; makes ¢ an optimal solution of problem , since g is feasible and convexity of
f gives £(y) — £(5) > (Vaf(§),y —9) = —(8, Asy — bs) > 0 at every feasible y.

Lemma B.20. Suppose problem admits an optimal solution. There exist eg > 0 and kg > 0,
depending only on A, b, Q, and c, such that every x € C with ||d(x)||, < eo satisfies

V() = V* < rolld(@)]f3- (86)

Proof. Define £¢ := min ({1} U{dist(0, D;) : J with 0 ¢ D;}) with dist(0, ) := +oc0. The minimum
runs over 1 and finitely many distances to closed sets that avoid the origin, so gy € (0,1]. For
each J with Y; # 0, let h; denote the constant of the error bound [60] for the linear system
defining Y 7, which depends only on the coefficient matrices, not on the right-hand sides, and set
Ko = % max{h?, : Ty # 0}, a maximum over a nonempty finite set since every optimal x satisfies
(2, Pj(@)(x)) € T j(z), by with d(x) = 0. If it vanishes, replace k¢ by any positive number.

Now let « be feasible with ||d(z)|, < o and put J := J(x). Since —d(x) € Dy, the case 0 ¢ D
would give ||d(x)|l, > dist(0,Dy) > ep, a contradiction. Hence Y; # (. The point (z,ps(x))
satisfies every relation defining T ; exactly except the stationarity equation, whose violation is
—d(x) by (85), so the error bound yields (g,8) € Y; with || — gll, < hs|/d(z)|,. Finally,
since V(gy) = V* by the fourth fact above, expanding V' at y and using QY + ¢ = —A;.é and
Ajx=A;9 ="y,

V(z) =V =—(3,A;(x—9) + 3z —§.Q(x —§)) < 2z=h7 |d(@)|l5 < ro [d()]]3,
where the first term vanishes. ]

Proof of Proposition[5.1. Suppose first that some iterate satisfies d%) # 0 and A = 400, and
write z = %), d = dK), J = J(x). Then ASFK) = +oo gives (d,Qd) = 0, hence d € ker Q, since
(d,Qd) = HQl/dez for SPSD Q. Moreover, A ;d = 0 by the KKT condition (13d), [Ad]; < 0 for
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i€ &(x)\J because d € To(x), and [Ad); < 0 for i ¢ E(x) because Ageas(x) = 400 in (14]). Hence
Ad < 0. Finally, the optimality condition gives (¢, d) = (QJJ—I-C d)—(x,Qd) = — ||d||2 The
ray « + Ad is therefore feasible, and V(z + Ad) = V(x) — A HdH2 — —o0, which proves and
unboundedness along the ray. In particular, no such iterate exists when problem ({1 is bounded
below, and V(a:(k)) > V* holds there because the iterates are feasible, which proves the final claim.

Now suppose the problem is unbounded below and no iterate has A®) = +00. No optimal solu-
tion exists, so T = () for every J, every closed set D avoids the origin, and 6y := min dist(0,Dy) >
0 (with dist(0,0) = +o0). Since —d*) € D), every iterate satisfies Hd(k)H2 > 0, so the iteration
is infinite. If V a:(k)) decreased to some V,, > —oo, Lemma would produce a blocked tail,
which Theorem excludes. Hence V(z®)) — —oc. O

B.3.4 Proof of Theorem [5.1]

Assume throughout that problem has an optimal solution. By the first part of the proof of
Proposition no iterate has A®) = 400, and every step with d¥) € ker Q is blocked. If V(a:(k))
decreased to some V,, > V¢, then every k would have Hd(k) H2 >0 = min(go, vV (Voo — VS)/H()) > 0:

either Hd(k H2 €0, O gives Ko Hd(k)Hi > V(x®) -V >V, — V*. Lemma [B.15 would then
yield a blocked tail, which Theorem excludes. Hence V(x®)) | V¥

Lemma B.21. Every step satisfies Hm(k‘H) - ar:(k)H2 < 2(V(m(k))7V( (k+1)y )/ Hd(’g H . Moreover,
if the values V(™)) decrease to V*, then every k with V (z®) — V* < Kog3 satisfies

Z Hm(lﬂ) _ m(l)HQ < 4/ro\/V(@®)) — Vs, (87)

>k

and the iterates converge to a point x® € X°.

Proof. On a full step, evaluating at AW gives V(z®) — V(z(+tD)) = 1A (k) Hd k)Hg On a

blocked step, the proof of Lemma gives V(z®) — V(z*+D) > LAK) Hd k)H Thus, since
Hm(k“) — :c(k)H2 = AWK Hd(k)Hz, dividing both by Hd(k)H2 /2 gives the first claim. The numbers
ap = V(x(k)) — V¥ are nonnegative and nonincreasing, and a; > 0 whenever step k is taken, since
z®) is then not optimal. Let ap < li()z’:‘g, which holds for some k since a; — 0, and let [ > k, so

a; < Koe3. Then Hd(l)H2 > \/a;/kKo, by when Hd(l)||2 < &0, and because Hd(Z)H2 >e0 =/ /Ko

otherwise. Hence

H (+1) Z)H < 2R \/ﬂ“ A/ro(var — Jaii1),

using (a; — ai1)/vVar = (Var — Jair1) (Var + Jag1) /o < 2(y/ag — (/aig1), since 0 < a4 < ay,

and the sum over [ > k telescopes to . The iterates are then Cauchy. Their limit ® lies in the
closed set C, and V(x*) = lim; V (2®)) = V* by continuity, so ° € X*. O

Part (i) of Theorem follows. If d) = 0 for some K, then z(X) ¢ X* and * = x%).
Otherwise V (z®)) | V* as shown above, and Lemma gives ¥ — z° € X

For part (ii), set J° = J(z*) = E(x*). By (LI), the vectors {A] : i € J*} are linearly
independent. Hence the dual solution p® is unique, and [p®]; > 0 for every i € J*® because J*
is the support of p*. Write so := ming s (b; — [Az®];) > 0 for the least inactive slack at x°. Let
S = Sjs and R = Im(S). When R # {0}, let Amin < Amax denote the smallest and largest posmve
eigenvalues of S, so that & = Amax / Amin. The next lemma shows that, near «*, the direction is
linear on the face of &* and bounded away from zero elsewhere.
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Lemma B.22. There exist py,d9 > 0 such that every feasible x with || — x®||, < po satisfies:
(i) E(x) C J*;
(i) if E() £ J°, then [[d(@)]l, > bo;
(iii) if E(x) = J*, then J(z) = J* and d(x) = S(x* — x) € R, so that [|[d(2)]|y < Amax || — %],

Proof. Fori ¢ J° the slack satisfies b; —[Ax]|; > so— || Al|, ||z — z°||, = s0/2 once py < s0/(2[|A]|5)-
This proves (i). For (ii), by (6), ||d(z)|, = dist(—Vgf(z), Nc(z)). By (i), £(x) is a proper
subset of J°. We claim that dist(—Vgf(x®), No(x)) > 0. Otherwise —V,f(x®) € Nc(x) has a
representation supported on £(x), which, compared with p® over the linearly independent {AlT :
i € J*}, forces [p®]; = 0 for i € J°\ E(x) # 0 and contradicts the hypothesis. The cone N¢(x)
depends only on £(z), which takes finitely many values, so &y := 3 min{dist(—Vg[f(x*), Nc(y)) :
yeC, E(y) C J°} is positive. Hence

ld(@)lly > dist(~Vaf(x*), No(2)) = [[Vaf (@) = Vaf (@)l = 260 — Amaxpo,

and pg < 0o/ Amax gives (ii).

The least-squares multiplier pjs(x) of is affine in & with pjs(x®) = p® > 0, so shrinking
po keeps pys(x) > 0 on the ball. Since £(x) = J*, Lemma with £ = Te(x) gives d(xz) =
—P#Vaf(x). Every NNLS solution at z is supported in £(z) = J°, whose rows are linearly
independent, so p(z) = pys(x) and J(z) = J*. Finally PV, f(z®) = —d(x®) = 0, since z° is
optimal, so d(z) = —P5Q(z — x°) = S(x® — x), since z — x° € ker As. This proves (iii). O

On the affine set F = {x : Ajsx = bys}, write e = ¢ — x® € ker Ajs and ep for its
component in R. Since Vg f(z*) = —AJ,p* is orthogonal to ker A s, every feasible ¢ € F satisfies
V(z) —V* = 1i(e,Qe) = 3(ep, Sep), hence

2 lepll; < V(z) —V® < 23ex|legll;  when R #{0}. (88)

Lemma B.23. There exists p1 € (0, po] such that if some iterate satisfies Hm(k) — a:st < p1 and
ER) = J5. then every k' > k satisfies EF) = J*) = J5 and Ha:(kl) —xs , < po, every step k' > k
1s full, and holds for every k' > k at which the iteration has not stopped.

Proof. If R = {0}, Lemma (iii) gives d¥) = 0, so the iteration stops at x(¥) and the claims
hold with p; = pg. Otherwise, choose p; = min(pg/\/ﬁ, Soj\min/(4||A||2>\max\/E)) and write
e®) = () — 5. We show by induction that every iterate from x*) onward lies in F N {x :
|z — 2%, < VEp1} with & = J = J*, that its component orthogonal to R equals that of e,
and that it takes a full step. Given the hypothesis at &/, Lemmah(iii) applies at *) since
VEp1 < po, and gives JE) = g5 d*) = —Se®) € R, and

SOS‘min
4(Ally

)

Hd(kl) x*) — g

< Arnax
2

5 < )\max\/Epl <

/ = / / i — ’ — / 2 / —
Since d*) € R, we have (d*),Qd*)) = (d*), §d*)) > Amin ||d* >H2, so A%) < 1/Anm. Every
constraint outside .J* has slack at least s9/2 at £*) by the proof of Lemma [B.22(i), so

80/2 2

> =
2 )\min

/

Afeas(m(k > Afkk/)a

) > .
)2 4T, [d®
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and the step is full. It moves along R C ker Ajs, so ¥ *Y ¢ F, where the constraints of J*
are active and every other is strictly inactive because A*) < Afeas(m(k’)), giving EF+) — s,
and the component of e(* 1) orthogonal to R equals that of e*), hence that of e(k) Slnce %4

/ 2 ,
is nonincreasing, gives HeqC H)H H H SO H (K'+1) H < /@H (%) H + H k) H
RHe(k)H; < kp?, closing the induction. On this tail, e%f AR Ij/ A( )Se( ) with A(
ng%/ (S'e(k/) S2e (k)>, which is steepest descent with exact line search for the quadratic

e — %(e Se) on R, where S is positive definite with spectrum in [Apin, Amax]. The Kantorovich
bound [32] Theorem 3.3], stated there for the norm e — (e, Se)l/? gives ([“2), because V(x)—V* =
3(er, Sep) at every feasible x € F. O

Proposition B.5. Under the hypotheses of Theorem (ii), some iterate satisfies EF) = J* and
© -z, <
Hm Tl S P1-

Proof. If d5) = 0 for some K, then 5) = x* and the claim holds at k = K, so assume the
iteration is infinite. By part (i), all late iterates have Haz(k) — mst < p1. If none of them had
ER) = J5 then £F) C J° by Lemm(i)7 and Lemma (ii) would give Hd(k)H2 > §p for
every late k. Since V > V* Lemma |[B.15| applied to the late run would then yield a blocked tail,
contradicting Theorem O

Let K’ be the index of Proposition Lemma m gives ) = J("’) = J*, a full step,
and at every k > K’ at Wthh the 1terat10n has not stopped, which is (41]) together with the
rate. If S = 0, then Lemma (111) gives &) = 0. O
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