3 Second-order linear ODEs

We now turn to the second-order linear ODE

y'(t) + ar(t)y'(t) + ao(t)y(t) = f (1),

where the coefficients a; and ag and the inhomogeneity f are given functions. This chapter
develops the structure of the set of solutions (superposition, the Wronskian, and Abel’s iden-
tity), solves equations with constant coefficients through the characteristic polynomial, and
constructs particular solutions by undetermined coefficients and by variation of constants.
We close the chapter with the damped oscillation, forced vibrations, and resonance.

Example 3.1 (The linearized pendulum, revisited). As we saw in Example 1.1, small
oscillations of a pendulum of length ¢ obey the harmonic oscillator

0" (t) + wib(t) =0, wo =/ g/!.

We claimed there that the general solution is a combination of cos(wyt) and sin(wgt). Both
functions solve the ODE, since %, cos(wot) = —w? cos(wot) and L sin(wot) = —w? sin(wot),
and so does every combination

0(t) = c1 cos(wot) + ¢ sin(wyt), c1,c € R,

Suppose we release the pendulum at the angle 6y with angular velocity vy, that is, 8(0) = 6
and 0'(0) = vg. Then 6(0) = ¢; and €'(0) = wpcz, so the choice ¢; = Oy and ¢y = vy/wo
matches both initial conditions:

0(t) = Oy cos(wot) + ) sin(wot).
Wo
To read off the amplitude, set A = /62 + (vo/wp)? and suppose that A > 0 (otherwise
0 = 0). The point (6y/A, vo/(woA)) lies on the unit circle, so there is an angle ¢ € [0, 27) with
cos p = /A and sin p = vg/(wpA). The addition formula cos(a —b) = cosacosb+sinasinb
then gives
0(t) = A(cos @ cos(wot) + sin psin(wpt)) = A cos(wot — ).

The pendulum oscillates with amplitude A and period 27/wy = 27/¢/g. In this linear
model, the period depends on the length of the pendulum but not on the amplitude. For

example, a pendulum of length ¢ = 1 m swings with period 27/1/9.81 ~ 2.01 s, whether we
release it from rest at 6y = 0.05 or at 6y = 0.1 (in radians).

1) Are there other solutions?
2) Where do cos(wpt) and sin(wpt) come from?

3) What happens with friction, or with an external force pushing the pendulum?
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3.1 Linear theory

Let I C R denote an open interval and let the functions aq, ag, f: I — R be continuous. We
consider the equation

y'() + ar(t)y (1) + ao(t)y(t) = f(t),  tel, (7)
together with its associated homogeneous equation
y'(t) + ar(t)y'(t) + ao(t)y(t) =0,  tel. (8)

A solution is a twice differentiable function y: I — R that satisfies the equation at every
t € I. As we saw in Section 1.3, an nth-order ODE typically requires n additional conditions.
For an IVP, we prescribe the solution and its derivative at a point ¢y € I:

y(to) = Yo, y'(to) = Yo, (9)
where yo and y(, are given real numbers.

Theorem 3.1 (Existence and uniqueness for linear equations). Let a1, ag, and f be con-
tinuous on the open interval I, let ty € I, and let yo,y, € R. Then the initial value prob-
lem (7)~(9) has exactly one solution on I.

Proof. Deferred to later in the course. O

Proposition 3.1 (Superposition principle). If y; and yo solve the homogeneous equation (8)
and ci,c2 € R, then ¢y + coy2 also solves (8).

Proof. Differentiation is linear, so for every ¢ € I,

(cryn + caya)” (t) 4 a1 (t) (cryr + cay2) (1) + ao(t)(cryr + c2y2)(t)
= c1 (] (t) + a1 (t)yy (t) + ao(t)yr (1)) + 2 (y5 (t) + a1 (t)ys(t) + ao(t)ya(t)) = 0.

O

Proposition 3.1 shows the solutions of (8) form a vector space. How large is this space?

3.1.1 Linear independence of functions
Definition 3.1. Let ¢q,...,9,: I — R be functions.

a) An expression of the form ayg; + -+ + angn, with aq,...,a, € R, is called a linear
combination of gq,..., gn.

b) The set of all linear combinations of gq,..., g, is called the span of {g1,...,¢g,} and is
denoted by

Span({g1,...,9n}) = {a1g1 + -+ angn : q,..., 0, € R}.

¢) The functions ¢i, ..., g, are linearly independent if none of them can be written as a
linear combination of the others. Otherwise, they are linearly dependent.
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Lemma 3.1. The functions g1,...,g,: I — R are linearly independent if and only if the
identity

a191(t) + aoga(t) + -+ - + angn(t) =0 for every t € 1 (%)
implies that oy = ag = -+ = a,, = 0.
Proof. “=" (only if): Suppose that g, ..., g, are linearly independent, and suppose, for
contradiction, that () holds with «; # 0 for some j. Dividing (%) by «; gives

gi(t) = — Z %gi(t) for every t € I,
itj Y

so g; is a linear combination of the others, a contradiction.

“<=" (if): Suppose that (x) forces a; = --- = o, = 0. If some g; satisfied g; = >_,.; Bigi,
then ;. Bigi —g; = 0 on I would be an identity of the form (x) in which the coefficient of
gj equals —1 # 0, a contradiction. Hence ¢, ..., g, are linearly independent. O

Example 3.2. a) Are g;(t) = t* and gy(t) = t + 1 linearly independent on R? Suppose
that a t? + as(t + 1) = 0 for every t € R. Differentiating twice gives 2a; = 0, and
differentiating once and setting a; = 0 gives s = 0. By Lemma 3.1, the functions are
linearly independent.

b) Are ¢i(t) = 1+t, g2(t) = 1 — t, and g5(¢t) = 2t linearly independent on R? The identity
a1(1+1t) + az(l —t) + as(2t) = 0 for every t € R is equivalent to

(o + ag) + (a1 — ag + 2a3)t =0 for every t € R.

Setting ¢ = 0 and then differentiating shows that both coefficients vanish: a7 + as = 0
and a1 — ag + 2a3 = 0, that is, s = —a; and a3 = —ay. Any choice a; # 0 shows linear
dependence; for example, a; = 1, as = —1, and a3 = —1 give

(1+t)—(1—t)—2=0.v

Definition 3.2. Let V' be a vector space of functions on I (for example, a span). A set
{g1,..., g9k} CVisabasisof Vifg,...,garelinearly independent and Span({g1,...,gx}) =
V. All bases of V have the same number of elements (a fact from linear algebra); this number
is called the dimension of V and is denoted by dim V.

Example 3.3. Let S = {1+1¢,1—t,2t,—5}, and label these functions g1, g2, g3, 4. What is
dim(Span(S))? Note that g1 = £ — £ and g» = —% — %, so Span(S) = Span({1,t}). The
functions 1 and ¢ are linearly independent, hence dim(Span(S)) = 2, and a basis is {1, ¢}.

3.1.2 The Wronskian

Let y; and o solve (8). Can we fit the combination c;y; + c2yo, which solves (8) by su-
perposition, to the initial conditions (9)7 The conditions read c;y;(to) + c2y2(to) = yo and
c1y) (o) + cavb(to) = yj, or, in matrix form,

(i) o) () = () a0
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This linear system has a unique solution for every choice of yy and y( if and only if the
determinant of its matrix is nonzero.

Definition 3.3. The Wronskian of two differentiable functions yy,y2: I — R is the function

Wlonel) = det (%00 200) = (0uk0 ~ s, e

When the functions y; and y, are clear from the context, we simply write W (t).

Proposition 3.2. Let y; and ys solve (8) on I. Then y, and yy are linearly independent if
and only if W(t) # 0 for every t € I.

Proof. “<=" (if): Suppose W (t) # 0 for every t € I and suppose c1y;(t) + cay2(t) = 0 for
every t € I. Differentiating this identity gives ¢y (t) + coyb(t) = 0 for every t € I, that is,

(0 ) (2) = () wrewensrer

The determinant of this matrix is W (t) # 0, so ¢; = ¢ = 0. By Lemma 3.1, the functions
y1 and yo are linearly independent.

“=—" (only if): Suppose that y; and y, are linearly independent and that W (t,) = 0 for
some t, € I. Then the matrix with columns (y;(¢.), ¥} (¢.)) and (y2(t.), y5(t.)) is singular, so
there exist ¢;, s, not both zero, such that

(i e (2)-6)

Consider the function y = ¢y; + éy. It solves (8) by Proposition 3.1, and it satisfies
y(t,) = 0 and y/(t,) = 0. The zero function solves the same initial value problem, so the
uniqueness part of Theorem 3.1 forces y = 0 on I. Thus ¢1y; + ¢ays = 0 on I with ¢q, ¢ not
both zero, and y; and ¥, are linearly dependent, which contradicts our assumption. O

Proposition 3.3 (Abel’s identity). Let y1 and yo solve (8) on I, and let to € I. Then
W(t) =W(to)e™ Jig ax () dn for every t € I.
This result is also known as the Abel-Jacobi-Liouville identity (or Liouville’s formula).
Proof. Differentiating W (t) = y1(t)y5(t) — y1(t)y2(t) gives
W'(t) = i (s (t) + v (D)ys (1) — 1 (Dy2(t) — yi (s (E) = yu(B)ys (1) — v (D) (1)
Now replace y{ and yy using the ODE: yj(t) = —ai(t)y}(t) — ao(t)y;(t) for j = 1,2. Then
W(t) = —ar()y(t)ys(t) — ao()y1 (B)ya(t) + ar(t)yi (D)ya () + ao(t)yr (t)y2(t)
= —a1(t) (1 (Oa(t) — 11 ()w2(t)) = —ar (W (2).

Hence W solves the first-order linear homogeneous ODE W'(t) = —ay(t)W (t). We showed

in Section 2.1 that every solution of this equation has the form W(t) = W (ty)e™ fip ar(mr,
(Note that this argument does not require W (t) # 0.) O
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Corollary 3.1. Let y; and yo solve (8) on I. Then either W(t) = 0 for every t € I, or
W (t) # 0 for every t € I. In particular, y; and yo are linearly independent if and only if
W(t.) # 0 for some t, € I.

Proof. The exponential factor in Proposition 3.3 is positive, so W (¢) = 0 if and only if
W (ty) =0, and to € I is arbitrary. The second statement then follows from Proposition 3.2.
]

Corollary 3.1 gives a practical test: to decide whether two solutions are linearly indepen-
dent, we compute their Wronskian at a single, convenient point.

Example 3.4. Consider the ODE 3”(t) — y(t) = 0 on I = R. Direct differentiation shows
that e, cosht = 1(e' + e7"), and sinht = i(e' — e7") solve it, since cosh’ = sinh and
sinh’ = cosh. All three functions and their derivatives take simple values at ¢ = 0, so we
evaluate the Wronskian there.

a) Are y;(t) = cosht and yo(t) = sinht linearly independent? We have
W(0) = cosh(0) cosh(0) — sinh(0) sinh(0) =1-1—-0-0=1#0,
so Corollary 3.1 shows that y; and y, are linearly independent.

b) Are y1(t) = €' and ya(t) = cosht + sinh¢ linearly independent? Here y;(0) = y;(0) = 1
and 5(0) = y4(0) = 1, 50
W(0)=1-1—1-1=0.

By Corollary 3.1, the functions y; and y, are linearly dependent. Indeed, cosht+sinht =
el for every t € R.

Theorem 3.2 (Structure of the solution set). (a) The solutions of the homogeneous equa-
tion (8) form a vector space of dimension two.

(b) If y1 and yo are linearly independent solutions of (8), then every solution y of (8) can
be written as y = c1y1 + coys for unique constants ci,co € R.

Proof. (a) By Proposition 3.1, the solutions of (8) form a vector space, which we denote by
S. Fix tg € I. By Theorem 3.1, there exist solutions zq, 2o € S with

z1(to) =1, z(to) =0, 29(to) =0,  25(to) = 1.

Their Wronskian at ¢ty equals 1 -1 —0-0 = 1, so z; and 2z, are linearly independent by
Corollary 3.1. They also span S. Indeed, given y € S, the function w =y —y(t9)z1 — ¥/ (to) 22
lies in S and satisfies w(ty) = 0 and w'(¢y) = 0. The zero function solves the same initial
value problem, so w = 0 by the uniqueness part of Theorem 3.1, and y = y(to)z1 + ¥/ (to)22-
Hence {z1, 22} is a basis of S, and dim S = 2.

(b) Let y € S. By Corollary 3.1, W (ty) # 0, so the system (10) with yo = y(to) and
Yo = Y'(to) has a unique solution (¢1,¢2). The functions y and c;y; + coys then solve the
same initial value problem, and the uniqueness part of Theorem 3.1 gives y = c1y; + Cays.
The constants are unique because y; and y, are linearly independent. O
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Definition 3.4. A pair {y;,y2} of linearly independent solutions of (8) is called a funda-
mental set of solutions, and the expression ¢y, + coys with arbitrary constants cq, ¢y € R is
called the general solution of (8).

To solve an initial value problem, we find the constants from the system (10).

Example 3.5. Consider the ODE 2t2y"(t) + 3ty/(t) — y(t) = 0 for t > 0. Dividing by 22,
we see that this equation is equivalent to

3 1

Y1)+ 59/ (8) = 55u(®) =0,

whose coefficients are continuous on I = (0, 00), so the theory above applies on /. We claim
that y1(t) = vt and y»(t) = 1/t form a fundamental set of solutions. Indeed, we have

yi(t) = QL\/E; yi,(t) = _4t§/27 yé(t) = _%7 and yél(t) = t%a Y
1 1 1 3
22 ——— 3t—— —Vt=—Vt+Vt—Vt=0
( 4t3/2)+ W Vit 2\f+2\[ Vvt

and

Are y; and ys linearly independent? Compute the Wronskian:

Vi1t

1 2
e 1t

W(t) =

1 11 3
=Vi|l—%S | =% 7="535 t>0.
\/'< t2) N 2t3/27£0 Vt>0

Therefore, v/t and 1/t form a fundamental set of solutions, and the general solution of the

ODE is y(t) = eVt + c2/t. As a check, Abel’s identity with a;(f) = 2 and ¢y = 1 predicts

W(t) = W(l)e fdr = —3¢=3/2 in agreement with the direct computation.
3.1.3 Inhomogeneous equations

Warning: when f # 0, the solutions of (7) do not form a vector space! However, suppose y
and y, both solve (7). Subtracting the two equations gives

(v —4p)" () + a1 () (y — up)'(t) + ao(t)(y — ) (t) = f(t) — f(t) =0,

so the difference y — y, solves the homogeneous equation (8). Combined with Theorem 3.2,
this observation proves the following theorem.

Theorem 3.3. Let y, be a solution of (7) (a particular solution), and let {yi,y>} be a
fundamental set of solutions of (8). Then every solution of (7) has the form

y(t) = yp(t) + c1ya(t) + cona(t), c1,¢0 €R.

Solution of the inhomogeneous ODE = particular solution + solution of the
homogeneous ODE.
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3.2 Constant coefficients

In this section, the coefficients are real numbers a; and ag, so that the results of Section 3.1
hold with I = R. We saw in Section 2.1 that the solutions of linear first-order equations are
exponentials. (E.g, y/'(t) 4+ 2y(t) = 0 has general solution y(¢t) = Le~?".) Are the solutions of
a second-order equation with constant coefficients also exponentials?

Example 3.6. Consider the ODE
y"(t) +5y'(t) + 6y(t) = 0.

We make the Ansatz y(t) = eM. (Ansatz is a German word meaning “approach to a task”.
In our context, it means “educated guess.”) Substituting into the ODE gives

(M+5X4+6)eM=0 <= A+2)A+3)=0 <= A=-2o0r\=-3.
We obtain two solutions, y;(t) = e and y,(t) = 3, with Wronskian
Wi(t)=e* (—36_3t) — (—26_2t) e 3t = —e 0 £ 0.

By Theorem 3.2, the general solution is y(t) = cie™2* + coe 3. Suppose we have the initial
conditions y(0) = 2 and y'(0) = 3. The system (10) reads

1 1 c) (2
-2 =3 Co - 3/
Recall that a 2 x 2 matrix with nonzero determinant ad — bc has the inverse
a b\ 1 d —b
c d ad—be\—-c a )’
Here the determinant is W (0) = —1, and therefore
ca\_ (-3 -1 2\ (9
Co N 2 1 3 - 7))
Hence y(t) = 9e2 — 7e 3"

The same computation applies to every homogeneous equation with constant coefficients,

y'(t) + ary'(t) + aoy(t) = 0. (11)

Substituting y(t) = e with A € R gives (A\*> + a1\ + ag)e = 0. The exponential never
vanishes, so e solves (11) if and only if A is a root of the characteristic polynomial

p()\) = )\2 + a1>\ + ayp.

The roots of p are

and the sign of the discriminant a? — 4aq separates three cases.
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3.2.1 Case 1: distinct real roots (a? > 4ay)

The functions e? and e*?! solve (11), and their Wronskian
W(t) = e/\lt)\ge)\Qt . A1€A1t€)\2t _ ()\2 o )\l)e(/\1+)\2)t

never vanishes. By Theorem 3.2, the general solution is

At Aot

+ coe™".

y(t) = cre

Example 3.6 falls into this case.

3.2.2 Case 2: complex roots (a? < 4ay)

The roots of p are now complex numbers. We write a complex number as z = « + ¢ with
o, € R, where i = —1. The number a = Rez is the real part of z and the number
B = Im z is the imaginary part of z. We picture z as the point (a, 3) of the complex plane.
Note we can also describe it by its distance r from the origin and its angle ¢ with the real
axis.

Im axis

20 = 3+ 21 = rgetvo

T Sin ©g

®o

Re axis
T'o COS Po

For zg = 3 + 2i, we have rg = /32 + 22 = /13 and ¢y = arctan(2/3), so that zg =
70 COS (o +ir( sin g = roe?°. The last equality rests on an important result, Euler’s formula:

€'Y = cos ¢ + isin p.

For A = a+if and t € R, Euler’s formula gives
eM = eePt = e cos(Bt) + ie® sin(Bt).

Differentiating the real and imaginary parts separately, one checks that %e)‘t = \eM, exactly
as for real A\. Consequently, the computation above shows that the complex-valued function
e* solves (11) whenever p(\) = 0.

Let A = a+ i with  # 0 be a root of p. (Because the coefficients of p are real, the
other root is the complex conjugate A\ = o — if3; here & = —a,/2 and 3 = +/4ay — a}/2.)
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The coefficients a; and ay are real, so taking the real and imaginary parts of (11) for the
complex-valued solution e* shows that the real and imaginary parts of e,

y1(t) = e* cos(Bt) and Yo (t) = e* sin(Bt),
are real solutions of (11). Their Wronskian is
W (t) = e™ cos(Bt) (ae sin(Bt) + Be cos(St))
— (e cos(Bt) — Be™ sin(Bt)) e sin(Bt)
= B (cos®(Bt) + sin®(Bt)) = Be*** # 0.

By Theorem 3.2, the general solution is

y(t) = e™ (cy cos(Bt) + cosin(Bt)) .

Example 3.7 (Harmonic oscillator). Consider the harmonic oscillator y”(t) +way(t) = 0
with wy > 0. The characteristic polynomial p(\) = A +w? has the roots +iwy, so a = 0 and
[ = wp, and the general solution is

y(t) = ¢1 cos(wot) + ¢ sin(wot).

This confirms the general solution of the linearized pendulum stated in Example 1.1, where
wo = v/ g/, and answers the second question of Example 3.1.

3.2.3 Case 3: a double root (a? = 4ay)
Now p(A) = (A — \g)? with \g = —a;/2, and the Ansatz produces only one solution, e*ot,
For example, the equation y”(t) = 0 has p(A\) = A\? and Ay = 0; the Ansatz gives only the
constant functions, but y(¢) = ¢ is another solution. In general, for every A € R, the function
y(t) = teM satisfies o/ (t) = (1 + M)eM and y”(t) = (2X + N\%t)eM, so

y'(t) + ary/ (t) + aoy(t) = [N+ arA + ag) t + (A + ar)] e = [p(\)t + p' (V)] M.
At the double root, p(\g) = 0 and p'(\g) = 2\o+a; = 0, so te ! solves (11). The Wronskian
of e*! and tetot is

W (t) = (1 4 Aot)e" — Ngetoitet! = 2o o£ (),

and the general solution is

y(t) = (Cl + Czt)e/\ot.

Remark 3.1 (Equations of order n). The same Ansatz works for the nth-order equation with
constant coefficients,

Y () + a1y V(@) + -+ ary)/ (1) + agy(t) = 0.

Substituting y(t) = e leads to the characteristic polynomial p(\) = A" + @, A" 1+ .- +
a1\ + ag, which has n roots in C, counted with multiplicity, by the fundamental theorem of
algebra. A root \; has multiplicity m if (A — ;)™ divides p(\) and (A — \;)™*! does not. In
that case, the functions e™? teMt ... tm 1Nt are linearly independent solutions (we leave
the proof as an exercise). Taking real and imaginary parts for complex roots, as in Case 2,
we obtain n linearly independent real solutions:
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Root Multiplicity Independent solutions

)\j eR 1 6)\jt
m > 1 et teMit L e leNit
a; £if; (B; #0) 1 e®" cos(ft), e’ sin(f;t)
m>1 the2it cos(B;t), the®tsin(B;t), k =0,...,m —1

Remark 3.2. The results of Section 3.1 extend to order n: the solution space has dimension
n, the Wronskian becomes the determinant of the n x n matrix with entries y](k) (t) for
k=0,....n—1and j =1,...,n, and Abel’s identity holds with a; replaced by a,,_;. We
prove these statements in the chapter on linear systems, where we rewrite the nth-order

equation as a first-order system (Remark 1.1).

Example 3.8. Consider 3™ (t) + 2" (t) — 8¢/(t) + 5y(t) = 0. Then
pA) = AN+ 2207 =8N+ 5= (A — 1)’ (A2 + 2\ +5),

with four roots: A = 1 (double), giving e’ and te’, and A = —1 & 2i, giving e~ cos(2t) and
e 'sin(2t). Hence

y(t) = (c1 + cat)e’ + 7" (c3cos(2t) + cysin(2t)).

3.3 Solving inhomogeneous equations

We return to the inhomogeneous equation (7). By Theorem 3.3, it suffices to find one
particular solution y,. How do we find particular solutions? We present two methods: the
method of undetermined coefficients in Section 3.3.1 and the method of variation of constants
in Section 3.3.2. The Laplace transform, in the next chapter, gives a third.

3.3.1 Undetermined coefficients

Consider the inhomogeneous equation with constant coefficients,

y'(t) + ary'(t) + aoy(t) = f(1). (12)

The method of undetermined coefficients applies when f is a polynomial, an exponential
e a sine or cosine, or a product of these. We guess a particular solution of the same form
as f with unknown coefficients, substitute it into (12), and solve for the coefficients. For
example, if f is a polynomial of degree d, we try a polynomial of degree d; if f(t) = e,
we try Ce™; and if f(t) = cos(wt) or f(t) = sin(wt), we try Acos(wt) + Bsin(wt). If the
trial form contains a solution of the homogeneous equation, it cannot produce f. In that
case, we multiply the trial form by ¢, where m is the multiplicity of the number 0, r, or iw,
respectively, as a root of the characteristic polynomial p.

Example 3.9. Consider the ODE 3" (t) — 2y(t) = 5t. The inhomogeneity is a polynomial of
degree 1, and 0 is not a root of p(A) = A* — 2, so we try y,(t) = Ag + Ayt. Then y;(t) = 0,
and substitution gives

5)
—2A) —2At =5t foreveryt e R < A0:OandA1:—§.
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Hence y,(t) = t The roots of p are V2 and —v/2, so the homogeneous solutions are eV2t
and e V2 and by Theorem 3.3,

ot
y(t) = -5t creV? 4 cpe V2,

Section 3.5 works out a case in which the trial form must be multiplied by ¢: the oscillator
forced at its natural frequency.
3.3.2 Variation of constants

Variation of constants is a general technique for inhomogeneous linear ODEs, with constant
or nonconstant coefficients; it is due to Joseph-Louis Lagrange (ca. 1776). We return to the
setting of Section 3.1: the functions a, ag, and f are continuous on I, and {y;,y2} is a
fundamental set of solutions of the homogeneous equation (8). As in Section 2.2, where the
constant L became a function L(t), we look for a solution of (7) of the form

y(t) = cr(®)ya(t) + ca(t)ya(t),

with differentiable functions ¢; and ¢, in place of constants. Then

Y (t) = Oy (t) + 5 ()y2(t) + ety (t) + ca(t)ys ().
We impose the condition ¢} (t)y1(t) +c5(t)y2(t) = 0, so that ¢/ (t) = c1(t)y(t) + c2(t)y5(t) and

y'(t) = ()i (t) + (0)ya(t) + ea()yy (8) + ca(t)ys (2).

Substituting into the left-hand side of (7) gives

Y+ ay + aoy = A y) + cys + o (Y] + aryy + aoyn) + ¢ (Yh + arys + agye) = iy + s,

because y; and y, solve (8). Therefore, y solves (7) whenever ¢ and ¢, satisfy

(10 5O (40) = (). rer

n(t) ya(t) ) \ch(t) f))’

The determinant of this matrix is the Wronskian W (¢), which does not vanish on I by
Proposition 3.2. Cramer’s rule gives

yi(t)f(t)
W(t) 2 ‘

) =~ i

Integrating from ¢y € I to t and inserting the result into y = c;y; + coys yields the particular
solution

wit) = [ A0 ) o

Wi(r)

Adding constants of integration ¢; and ¢; to ¢; and cp adds ¢1y; + Cay2 to y, and recovers
the general solution of Theorem 3.3.
Procedure:
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(1) Solve the linear system for ¢ (¢) and c(t).
(2) Integrate to obtain ¢ (t) and cy(t).

(3) Then y(t) = c1(t)y1(t) + c2(t)ya(t).

Example 3.10. Consider the ODE ¢ (t) — 5y/(t) + 6y(t) = 2¢'.
(1) (Fundamental set of solutions.) The characteristic polynomial is p(A) = A> =5\ +6 =
(A —2)(A — 3), which gives y;(t) = €3 and y,(t) = €**, with Wronskian

W(t) = e - 2e* — 3™ - % = —e™.
(2) (Variation of constants.) Cramer’s rule gives

et . 2¢t , e3t . 2¢t

dt) = ———— =2e %, cy(t) = o = —2e7t,

50 ¢1(t) = —e™% 4 ¢ and cy(t) = 2e™! + ¢, with constants ¢, ¢ € R. Therefore,

y(t) = (51 _ 6—2t) i (52 + 26—t) €2t — &% 4 Gye?t + e,

3.4 Free vibrations: the damped oscillator

Consider a mass m > 0 attached to a spring with spring constant & > 0, whose other end
is fixed to a wall, and let y(t) denote the displacement of the mass from its equilibrium
position. The spring exerts the restoring force —ky(t) (Hooke’s law). A damper (a dashpot
or the resistance of the surrounding air) exerts a force —yy/(t), proportional to the velocity,
with damping coefficient v > 0.

k

AN

— y(1)

By Newton’s second law, my” (t) = —ky(t) — vy/(t), that is,
my"(t) + vy (t) + ky(t) = 0. (13)

When v = 0, equation (13) is the harmonic oscillator of Example 3.7 with natural frequency
wo = v/k/m. When ~ > 0, the characteristic equation mA? + v\ + k = 0 has the roots

\ —y + /7% — 4km
1,2 — )
’ 2m

and the three cases of Section 3.2 correspond to three physical regimes.
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(1) Owverdamped (v* > 4km). The roots are real, distinct, and negative, since /72 — 4km <
v. The general solution is y(t) = cie*? + cpe*?t. A nonzero solution vanishes at most
once, because c;eM? + et = 0 is equivalent to e ™2 = —¢, /e; when ¢; # 0; the
mass does not oscillate.

(2) Critically damped (v* = 4km). The double root is A\g = —~/(2m), and the general
solution is y(t) = (c; + cot)e /M),

(3) Underdamped (v* < 4km). The roots are —vy/(2m) + iw,y, where
_\/4km—’y?_\/2 2
B 2m — VT

and the general solution is y(t) = e~/ 2™ (¢; cos(wqt) + ¢ sin(wgt)). The mass oscillates
with frequency wy < wp and an amplitude that decays exponentially.

Wd

In all three regimes, every solution tends to 0 as ¢ — oo, because each root has negative real
part (and te="*/ ™) — ( in the critically damped case). The figure below shows the solution
with m =k =1, y(0) =1, and 3/'(0) = 0 for v = 3 (overdamped), v = 2 (critically damped),
and v = 0.5 (underdamped).

overdamped, v = 3
critically damped, v = 2
underdamped, v = 0.5

\\_/ |

Example 3.11 (Electrical circuits, revisited). The series circuit of Example 1.2 with
V =0, namely LQ"(t) + RQ'(t) + £Q(t) = 0, has the same form as (13): the inductance L
plays the role of the mass m, the resistance R that of the damping coefficient 7, the inverse
capacitance 1/C that of the spring constant k, and the charge @) that of the displacement
y. Everything we showed about (13) therefore applies to the circuit. For example, the

circuit is underdamped, and the charge oscillates, if and only if R? < 4L/C. (The source V'
corresponds to an external force; see Section 3.5.)

3.5 Forced vibrations and resonance

Suppose now that an external force F'(t) acts on the mass of Section 3.4. Newton’s second
law gives my”(t) = F(t) — ky(t) — vy/'(t), and dividing by m,
v 2 F(t)
"(t —y/(t t) = f(¢ t) = ——.
Y0+ Ly @) Byt = F0), f) ="

We consider a periodic force F(t) = Fp cos(wt) with amplitude Fy > 0 and forcing frequency
w > 0.
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3.5.1 Undamped forcing and beats

Let v =0, so that
E
y'(t) +wiy(t) = EO cos(wt). (14)

Suppose first that w # wy. Then iw is not a root of p(A\) = A + w2, and we try y,(t) =
Acos(wt) + Bsin(wt). Substitution gives (wi — w?)(A cos(wt) + Bsin(wt)) = £ cos(wt), so

m

Fo

@R =) cos(wt).

yp(t) =

Suppose that the mass starts at rest, y(0) = ¢/(0) = 0. The general solution is y(t) =

Yp(t) + 1 cos(wpt) + cosin(wpt), and the initial conditions give ¢; = —W and ¢y = 0.
0
The identity cosa — cosb = 2sin 2% sin “t2 then yields
FO 2F0 . ((UO — (U)t . ((A)O + W)t
) L — t) — t) = ——C _gin (20 T,
y(t) (o — o) (cos(wt) — cos(wot)) (o — o) sin ( 5 sin 5

When w is close to wy, the second sine oscillates fast, while the first sine varies slowly and

modulates the amplitude between 0 and % This phenomenon is called beats. The
0

figure below shows the solution for wy = 1, w = 0.8, and Fy/m = 1, together with the
envelope 4200 - sin (M) (dashed).

m(wi—w?) 2

AR AN A
AVAVAGRAVRVAY

3.5.2 Resonance

Suppose now that w = wy, so that the forcing frequency equals the natural frequency:
F
y'(t) + wiy(t) = EO cos(wot).

Now 1wy is a simple root of p, so the rule of Section 3.3.1 tells us to multiply the trial form
by t: let us try y,(t) =t (Acos(wot) + Bsin(wpt)). Here,

Y, (t) = Acos(wot) + Bsin(wgt) + t (—Awp sin(wot) + Buwg cos(wot))
Yo (t) = 2 (—Awq sin(wot) + Buwg cos(wot)) — ¢ (Awg cos(wot) + Bwj sin(wot))

SO
Yo (t) + wiyp(t) = 2 (—Aw sin(wot) + Bwg cos(wt)) -
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This expression equals % cos(wot) for every ¢ if and only if A =0 and B = 5 75 = T herefore,
Yp(t) = 52 2-tsin(wot), and the general solution is
(1) = excos(nt) + exsinet) + 5 tsin(n)
= ¢y cos(w, co sin(w sin(wot).
Y 1 0 2 0 2w 0

Suppose again that the mass starts at rest, y(0) = y’(0) = 0. Then y(0) = ¢; = 0 and
y'(0) = wpce = 0, so the unique solution is

Fo .
y(t) = mwotsm(wot).
Note: limsup,_, |y(t)] = oo (!). This behavior corresponds to harmonic resonance, a
phenomenon that occurs when the frequency of a periodic forcing is equal, or nearly equal,
to a natural frequency of the system. (E.g., a swing at a playground, acoustic resonances
of musical instruments. ..) The resonant solution is also the limit of the beats: for fixed ¢,
I’Hopital’s rule in the variable w gives

lim cos(wt)z— co2s(w0t) _ im —t sin(wt) _ tsin(wot).
w—rwo Wy —w w—rwo —2w 2&)0

The figure below shows the resonant solution for wy = 1 and Fy/m = 1, together with the
envelope +520—¢ (dashed).

2mwo

3.5.3 Damped forcing

Let v > 0, so that
y'(t) + ly'(t) +wiy(t) = o cos(wt).
m m

The roots of the characteristic polynomial have negative real part (Section 3.4), so iw is not
a root, and we try y,(t) = Acos(wt) + Bsin(wt). Comparing the coefficients of cos(wt) and
sin(wt) after substitution gives

F
(wg—wQ)A—i-ﬂB: =2 —v—wA+(w8—w2)B:O,
m m m
whose solution is
F 2,2 F 2
A:EOWOAW , Bzﬁo%, WhereA:(wS—wQ)Q—k(%) > 0.
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We can write this particular solution as y,(t) = R cos(wt—¢), with amplitude R = /A? + B?
and phase § determined by cosé = A/R and sind = B/R:

F()/m
V(g = w2+ (w/m)?

By Theorem 3.3, every solution has the form y = vy, + yn, where y;, solves the damped
equation (13) and therefore tends to 0 as t — oco. We call y;, the transient and y, the
steady state: whatever the initial conditions, every solution approaches the steady state,
which oscillates with the forcing frequency w. Unlike the undamped case, the amplitude R
stays bounded for every w > 0. Minimizing the denominator of R over w? shows that, if
wa > 72/(2m?), the amplitude is largest at

R:

: Fy
Winax = \[W5 — 5 5 with R(Wpax) = %;

otherwise, R decreases as w increases. As v — 0, the frequency wp.x tends to wy and the
peak amplitude Fy/(ywq) grows without bound, in line with the resonance of the undamped
oscillator.

Summary.

1) The solutions of a second-order linear homogeneous ODE form a vector space of dimension
two. Two solutions form a fundamental set if and only if their Wronskian is nonzero at
one point, and Abel’s identity shows that the Wronskian then vanishes nowhere.

2) Every solution of the inhomogeneous ODE is a particular solution plus a solution of the
homogeneous ODE.

3) For constant coefficients, the roots of the characteristic polynomial give a fundamental
set: eMt et for distinct real roots, e cos(Bt), e sin(ft) for complex roots o & if3, and
et terot for a double root.

4) Undetermined coefficients produce particular solutions for polynomial, exponential, and
trigonometric inhomogeneities; variation of constants produces them for every continuous
inhomogeneity.

5) The damped oscillator is overdamped, critically damped, or underdamped according to
the sign of 42 — 4km; when ~ > 0, every solution tends to 0.

6) Periodic forcing of the undamped oscillator produces beats when w # wy and unbounded
resonant growth when w = wy; with damping, every solution approaches a bounded steady
state.

33



