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scheme applied to scalar conservation laws, compressible Euler equations,
and the two-dimensional incompressible Euler equations.
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1. Introduction

1.1. Oscillations in high-order methods for conservation laws

Consider the scalar conservation law

ut + f(u)x = 0 (1)

with suitable initial data. It is well known that solutions of (1) develop
discontinuities in finite time even from smooth initial data, and that linear
high-order methods for smooth solutions generate spurious oscillations near
such discontinuities. For spectral methods [1, 2], the global Fourier or poly-
nomial basis produces Gibbs oscillations that are O(1) in amplitude and that
pollute the entire computational domain. See [3, 4] for non-oscillatory high-
order finite difference and finite volume methods such as ENO and WENO
schemes. For discontinuous Galerkin (DG) methods [5, 6], limiters are needed
to treat troubled cells.

Existing remedies are usually designed within a specific discretization
framework. For spectral methods, common approaches include exponential
filters [7], spectral viscosity [8], and Gegenbauer reconstruction [9]. For fi-
nite volume and DG methods, common approaches include TVD limiters [10],
WENO reconstruction [4, 11], invariant-domain-preserving (IDP) limiters [12,
13, 14], flux-corrected transport (FCT) [15, 16], and optimization-based lim-
iters [17, 18]. We refer to [19] for a comprehensive survey of IDP schemes.
The bound-preserving sweeping technique [20] enforces pointwise bounds
while conserving a weighted average, but it does not directly reduce the
total variation.

1.2. TV regularization

Given a numerical solution b ∈ Rn contaminated by oscillations, the TV
denoising problem seeks

x∗ = arg min
x∈Rn

‖Dx‖1 +
1

2λ
‖x− b‖2

2, (2)

where D ∈ R(n−1)×n is the forward difference matrix, i.e., (Dx)i = xi+1 − xi,
and λ > 0 is a chosen parameter to control the regularization strength. The
minimizer of (2) preserves the total mass of the input:

∑
i x
∗
i =

∑
i bi. This

follows from ker(D) = span{1} (see Section 2.2) and ensures that the TV
limiter defined by (2) conserves total mass. TV regularization was introduced
for image denoising [21, 22]. In this paper, we use (2) as a limiter to reduce
the total variation of the nodal values.
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1.3. Computational cost of TV solvers

In a PDE context where the TV filter may be invoked at every time step,
iterative solver cost can dominate the computation. The key focus of this
paper is to introduce an efficient exact solver for (2).

Table 1: Solver comparison for selected test problems. Steps and DI time are for the
differential inclusion algorithm [23] (C++ implementation). CD (C++ implementation)
time is for the Chambolle–Darbon parametric max-flow solver [24, 25]. All times are online
solve times on a MacBook Pro with Apple M1 chip (offline precomputation of (D>D)†D>

excluded). Times are averages over R runs, where R is chosen so that the total elapsed
time exceeds one second.

Test problem n λ DI Steps DI (s) CD (s) Sec.
Gaussian noise, pw. const. 200 1.0 13 4.5e-5 3.6e-5 §3.3.1

1000 1.0 59 2.5e-3 3.1e-4 §3.3.1

Spectral Gibbs, pw. const. 200 0.3 3 1.8e-5 4.6e-5 §3.3.2
2000 0.3 3 1.5e-3 3.2e-3 §3.3.2

Spectral Gibbs, pw. smooth 200 0.08 110 3.4e-3 3.5e-5 §3.3.3
1000 0.08 562 4.2e-1 2.4e-4 §3.3.3

FD5 Burgers post-proc. 256 0.02 244 4.1e-2 4.2e-5 §4.1

For the one-dimensional problem (2), there are several specialized ex-
act or fast solvers, including the taut string algorithm [26], the direct algo-
rithm of Condat [27], and LARS/homotopy path-following for the generalized
LASSO [28, 29]. The 1D TV problem reduces to a LASSO problem through
the change of variables z = Dx̃, where x̃ = x − mean(x) 1 is the mean-
subtracted part of x; see Section 2.2. The taut string algorithm is restricted
to the 1D TV problem, and the Condat algorithm extends to the 1D fused
LASSO (TV plus `1 sparsity), with O(n) complexity in practice [27].

An earlier exact solver for the TV denoising problem (2), applicable when
the problem satisfies a certain submodularity property, is the parametric
max-flow algorithm [25, 30, 31, 32, 33, 24]. This algorithm reformulates the
problem as a sequence of binary min-cut problems on the same graph, solved
simultaneously by a single parametric max-flow computation. For the 1D
TV problem, this reduces to a path graph.

The recent differential inclusion (DI) algorithm for the LASSO problem
by Langlois and Darbon [23] exploits the polyhedral structure of the dual
problem by tracing the piecewise continuous trajectory of its associated dif-
ferential inclusions exactly, terminating in finitely many steps. Their algo-
rithm is a novel extension of the differential inclusions algorithm proposed
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in [34] for solving the equality-constrained basis pursuit problem efficiently
and exactly, numerically up to machine precision.

Table 1 compares the two solvers: for test cases with few breakpoints,
an optimized C++ implementation of the DI algorithm is comparable to or
faster than the parametric max-flow algorithm (e.g., for the 3-step piece-
wise constant cases the DI solver is roughly 2–3× faster at both n = 200
and n = 2000), while for cases with many breakpoints (tens of steps and
up) the max-flow algorithm is substantially faster. The max-flow algorithm
requires a certain submodularity property, which does not hold for other
analysis operators D such as those in Table 2 or Appendix A. The DI solver
solves the LASSO for any measurement matrix, so it applies to any surjective
analysis operator D, e.g., see Table 2 and examples (db1 and db4 wavelets)
in Appendix A.

Table 2: CPU time comparison of MATLAB and C++ implementations of the DI algo-
rithm with D replaced by a fourth-order accurate finite difference approximation to du/dx
(interior rows: [1,−8, 0, 8,−1]/12, boundary rows: [−1, 1]). All times are online solve
times on a MacBook Pro with Apple M1 chip.

Test problem n λ DI Steps DI MATLAB (s) DI C++ (s)
Gaussian noise, pw. const. 200 1.0 32 1.0e-2 3.0e-4

1000 1.0 138 2.8e-1 2.7e-2

Spectral Gibbs, pw. const. 200 0.5 24 2.0e-3 2.0e-4
2000 0.5 282 3.1e+0 3.8e-1

Spectral Gibbs, pw. smooth 200 0.5 175 5.4e-2 3.3e-3
1000 0.5 1441 2.4e+1 1.3e+0

For a general operator D, popular iterative methods for (2) include stan-
dard iterative solvers such as the Chambolle–Pock primal-dual hybrid gra-
dient (PDHG) method [35], and the alternating direction method of multi-
pliers (ADMM), which can be interpreted through Douglas–Rachford split-
ting [36, 37, 38]. Their performance depends on algorithmic parameters that
require problem-dependent tuning.

For the simpler scalar bound-preserving optimization limiter with a con-
servation constraint, Bradley et al. [39] showed that the `2 minimizer is also
an `1 minimizer and that an `1 minimizer can be constructed explicitly by
clipping to bounds and redistributing the mass deficit, though `1 minimizers
are generally non-unique [40]. Such a construction does not extend to the
`1-penalized LASSO arising from TV denoising.
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1.4. Main results

We apply the DI algorithm [23] developed by Langlois and Darbon to
the TV denoising problem (2) and use it as a non-oscillatory limiter for nu-
merical conservation law solvers. The algorithm computes the minimizer
of (2) in finitely many steps, with the step count depending on signal com-
plexity rather than grid size n for clean piecewise-constant data, such as the
truncated Fourier sums of step functions in Section 3.3.2; for noisy piecewise-
constant data (Section 3.3.1) and for piecewise-smooth signals the step count
grows with n (Section 3.3.3). The matrix (D>D)†D> (where † denotes the
Moore–Penrose pseudoinverse) is formed once as an offline precomputation
in O(n2 log n) work using the known eigendecomposition of D>D (the dis-
crete Neumann Laplacian); for the general fourth-order operator of Table 2,
M = D† is instead formed by a dense pseudoinverse offline. The times re-
ported below include only the online solve. Table 1 summarizes the solver
performance for selected test problems.

Table 2 demonstrates the generality of the DI algorithm when we replace
the first-difference operator D with a fourth-order accurate finite difference
approximation to du/dx (5-point interior stencil). The max-flow algorithm
cannot handle this operator because its graph-cut formulation requires each
row of D to couple at most two variables with the sign pattern that makes the
pairwise terms submodular. The DI algorithm applies without modification:
only the offline pseudoinverse (D>D)†D> changes. In Table 2, we also list
the comparison of MATLAB and C++ implementations of the DI method.

As a limiter, the TV denoising step (2) is applied to the nodal values of
the numerical solution at each time step or as a post-processing filter. We
test the limiter on scalar convection equations using Fourier pseudospectral
discretizations, and on the compressible Euler equations using a fifth-order
finite difference scheme. In two dimensions, we apply the 1D TV limiter
dimension-by-dimension.

1.5. Organization

The rest of the paper is organized as follows. Section 2 formulates TV
denoising as a non-oscillatory limiter, derives the reduction to LASSO, de-
scribes the dimension-by-dimension extension to 2D, and reviews PDHG and
ADMM. Section 3 presents the DI algorithm and tests it on a few examples
as a demonstration of its performance. Section 4 applies the TV limiter
to Fourier pseudospectral and fifth-order finite difference computations of
conservation laws. The concluding remarks are given in Section 5.
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2. TV Limiter Formulation

2.1. TV denoising as a non-oscillatory limiter

We post-process the numerical solution by solving the TV denoising prob-
lem (2), where D is a first-order finite difference operator and λ > 0 controls
the strength of regularization. We refer to this approach as a TV limiter.
Figure 1 shows TV denoising applied to two spectral approximations with
Gibbs oscillations.

(a) Piecewise smooth signal (N = 200 Fourier
modes, λ = 0.08). Blue: partial Fourier sum.
Black: true piecewise sinusoidal signal. Red: TV
denoised.

(b) Piecewise constant signal (N = 200 Fourier
modes, λ = 0.3). Blue: partial Fourier sum. Black:
true step function. Red: TV denoised.

Figure 1: TV denoising as a non-oscillatory filter or limiter for removing Gibbs oscillations
from truncated Fourier approximations. Left: piecewise smooth signal with staircasing
artifact visible but mild. Right: piecewise constant signal recovered to plotting accuracy.

The forward difference matrix D ∈ R(n−1)×n is

D =


−1 1

−1 1
. . . . . .

−1 1

 , (Dx)i = xi+1 − xi, i = 1, . . . , n− 1,

with ker(D) = span{1}. The `1 penalty promotes piecewise constant struc-
ture, suppressing oscillations while preserving sharp jumps. Since ker(D) =
span{1}, the TV penalty is blind to the mean of x, so the quadratic fidelity
term forces

∑
i x
∗
i =

∑
i bi, preserving the total mass exactly.
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2.2. Reduction to LASSO

For any vector v ∈ Rn, write its mean-subtracted part as ṽ = v − v̄1
with v̄ = mean(v), so that ṽ ⊥ 1. Since D1 = 0, we decompose x = x̄1 + x̃,
so that the TV term depends only on x̃. The full objective then splits into
two independent pieces:

‖Dx‖1 +
1

2λ
‖x− b‖2

2 =
n

2λ
(x̄− b̄)2︸ ︷︷ ︸

minimized by x̄∗=b̄

+ ‖Dx̃‖1 +
1

2λ
‖x̃− b̃‖2

2︸ ︷︷ ︸
TV in x̃

.

Setting z = Dx̃ and recovering x̃ = (D>D)†D>z via a Poisson solve (see
Section 3.2), the remaining minimization becomes the LASSO problem

min
z∈Rn−1

‖z‖1 +
1

2λ
‖Mz− b̃‖2

2, M = (D>D)†D>. (3)

After solving for z∗, the full solution is recovered as x∗ = Mz∗ + b̄1. The
difference operator D ∈ R(n−1)×n has rank n− 1 and is surjective onto Rn−1,
so the change of variables z = Dx̃ is a bijection between 1⊥ and Rn−1 and
the LASSO reduction is exact.

2.3. Extension to two dimensions

In 2D, the stacked difference operator D =
[
Dx
Dy

]
is not surjective, and

the LASSO reduction introduces a relaxation gap. We instead apply the 1D
TV denoiser dimension-by-dimension: given U ∈ RNx×Ny , first solve the 1D
TV problem for each column, then for each row. Each sweep preserves the
column (resp. row) total mass, so the overall total mass of U is preserved.
The cost is Ny 1D solves of size Nx plus Nx solves of size Ny, each terminating
in finitely many breakpoint steps. A single pass suffices for limiting the 2D
solution.

2.4. Classical iterative solvers

We briefly review two widely used iterative solvers for TV minimization.
Both methods apply to any analysis operator D (not just the first-difference
operator).

7



Chambolle–Pock accelerated PDHG [35]. The PDHG algorithm initializes
two step sizes τ0 = σ0 = 0.5 satisfying τ0σ0‖D‖2

2 ≤ 1 (since ‖D‖2 < 2)
and iterates repeatedly:

1. Dual step: yk+1 = clip
(
yk + σkDx̂k, −1, 1

)
2. Primal step: xk+1 =

xk − τkD>yk+1 + τk
λ

b

1 + τk/λ
3. Acceleration (µ = 1/λ): θk+1 = 1√

1+2τk/λ
, τk+1 = θk+1τk, σk+1 =

σk/θk+1

4. Extrapolation: x̂k+1 = xk+1 + θk+1(xk+1 − xk)

ADMM (Douglas–Rachford). The ADMM algorithm splits z = Dx with
penalty η = 10/λ and iterates repeatedly:

1. x-update (tridiagonal solve):
(

1
λ
I + ηD>D

)
x = 1

λ
b + ηD>(z− v)

2. z-update (soft-thresholding): z = S1/η(Dx + v), where

Sα(w)j = sign(wj) max(|wj| − α, 0)

3. v-update: v← v +Dx− z
Both methods are convergent for the composite minimization of lower semi-
continuous proper convex functions. Accelerated PDHG attains the O(1/k2)
rate, and ADMM often converges faster in practice but at a higher cost per it-
eration (one tridiagonal solve instead of two sparse matrix–vector products).
Tuning the ADMM penalty η is crucial, and a poor choice of η can slow
convergence by orders of magnitude (see Figure 3 in Section 3.3.2). ADMM
is known as an efficient solver for TV minimization [38], and a detailed treat-
ment can be found in [41, Section 4.2].

3. The Langlois–Darbon Differential Inclusion Algorithm

3.1. The dual problem and its polyhedral structure

The dual problem of (3), derived by introducing the dual variable p =
(Mz− b̃)/λ and dualizing the `1 term, is

min
p∈Rn

λ

2
‖p‖2

2 + 〈p, b̃〉 subject to ‖M>p‖∞ ≤ 1. (4)

The constraint ‖M>p‖∞ ≤ 1 (with M>p ∈ Rn−1) defines a closed convex
polyhedron, the same polyhedral structure as in the standard LASSO.
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3.2. Implementation

The DI algorithm solves the dual problem (4) by computing the break-
points of the piecewise continuous trajectory of its associated differential in-
clusions. At a feasible point p, the equicorrelation set E(p) = {j : |(M>p)j| =
1} identifies the active constraints along which the trajectory evolves. The
algorithm proceeds as follows:

Step 1. Offline precomputation. Form the dense matrix M = D† =
(D>D)†D> ∈ Rn×(n−1), which is independent of the data b.

Step 2. Initialization. Set b̃ = b−mean(b) · 1. If b̃ = 0 (constant input),
the solution is x∗ = b̄1 and the algorithm terminates. Otherwise,
set p0 = −b̃/‖M>b̃‖∞ (the unique scaling that places p0 on the
boundary of the polyhedron) and compute E0.

Step 3. NNLS subproblem. At breakpoint pk with active set Ek and signs
sj = sign(−(M>pk)j), form the columns M̃ = [sjM(:, j)]j∈Ek and
solve the NNLS problem minu≥0 ‖M̃u − (λpk + b̃)‖2

2. The descent
direction is dk = M̃u− (λpk + b̃).

Step 4. Ratio test. Compute the step ∆∗ to the next breakpoint: the small-
est ∆ > 0 at which some inactive constraint |(M>(pk + ∆dk))j| = 1
becomes active. If λ∆∗ ≥ 1, the algorithm has converged. Otherwise,
update pk+1 = pk + ∆∗ dk.

Step 5. Recovery. Set z∗j = sjuj for j ∈ E (zero elsewhere) and recover
x∗ = Mz∗ + mean(b) · 1.

Finite termination is guaranteed: ‖dk‖2 strictly decreases along each face of
the polyhedron defined by ‖M>p‖∞ ≤ 1, so the algorithm terminates [23].

Forming M via the eigendecomposition of D>D. The matrix D>D is the
1D Neumann Laplacian, a tridiagonal n × n matrix whose eigenvalues and
orthonormal eigenvectors are known in closed form [41]:

µk = 2− 2 cos
(
πk/n

)
, vk(j) = ck cos

(kπ(j − 1
2
)

n

)
,

for j = 1, . . . , n and k = 0, . . . , n − 1, where c0 = 1/
√
n and ck =

√
2/n

for k ≥ 1. The eigenvectors correspond to the DCT-II basis on the one-half

9



grid xj = (j− 1
2
)/n. Setting 1/µ0 = 0 (pseudoinverse convention for the zero

eigenvalue), we compute

M = (D>D)†D> = C> diag(µ−1
0 , . . . , µ−1

n−1)C D>,

where C is the orthogonal matrix with entries Ckj = ck cos
(
kπ(j − 1

2
)/n
)
.

This offline computation costs O(n2 log n) via the DCT (or O(n3) with dense
matrix multiplications) and produces a dense n × (n − 1) matrix (less than
8 MB for n = 1000). Once M is stored, column extraction M(:, E) is a trivial
indexing operation, and the matrix–vector products Mz and M>p needed
at each breakpoint are standard dense matvecs.

Warm-started NNLS via Meyer’s algorithm. The NNLS subproblem com-
puted at each breakpoint is the computational bottleneck. We solve it us-
ing Meyer’s algorithm [42], a generalization of the classical Lawson–Hanson
active-set method that accepts an arbitrary starting active set. Because the
equicorrelation set E typically grows by only one index per breakpoint, the
passive set from the previous solve provides a near-optimal warm start: the
NNLS needs only O(1) active-set pivots instead of O(|E|) from a cold start.
In addition, columns of M that have been extracted in previous breakpoints
are cached so that only newly activated indices require a column lookup. The
combination yields a roughly 5× speedup at n = 1000.

Complexity. Each breakpoint step involves one NNLS solve and one ratio test
(O(n2) for computing M>d and checking constraints). A cold-start NNLS
solve costs on the order of |E|2n flops with active-set pivots, but with the
warm start described above the NNLS typically needs only O(1) pivots of
O(|E|n) flops each, so the observed cost per breakpoint step is O(n2). Over
K breakpoint steps the total empirical cost is therefore O(Kn2), and since
K = O(n) in all our tests (K ≤ 1.5n; see Tables 1 and 2), the empirical
worst-case complexity is O(n3). Although the worst-case complexity of the
NNLS problem with active-set methods remains open, in practice, for clean
piecewise-constant data such as the truncated Fourier sums of step functions
in Section 3.3.2, the number of breakpoint steps is much smaller than n and
depends on signal complexity rather than grid size (see Table 1).

3.3. Numerical comparison

We compare the DI algorithm with the iterative methods of Section 2.4
on TV denoising problems. All three methods minimize the same 1D TV
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objective F (x) = ‖Dx‖1 + 1
2λ
‖x − b‖2

2. The DI algorithm is implemented

through the equivalent LASSO problem minz∈Rn−1 ‖z‖1 + 1
2λ
‖Mz− b̃‖2

2 with

M = D† and b̃ = b− b̄1. Since D is surjective, this reformulation is exact.

3.3.1. Gaussian noise denoising

We first consider a piecewise constant signal corrupted by additive Gaus-
sian noise. The true signal on n = 200 grid points has five constant seg-
ments with values {1,−0.5, 2, 0,−1} and four jumps. The observation is
b = xtrue + ε, where ε ∼ N (0, 0.32I), and we use λ = 1.

The DI algorithm converges in 13 breakpoint steps. As shown in Figure 2,
ADMM with tuned η = 10/λ reaches ∼ 10−13 within 500 iterations, while
PDHG and untuned ADMM stall near 10−3. At n = 1000 with the same
noise level and proportionally scaled jump locations, the solver converges in
59 steps.

(a) Objective error vs. iteration number. (b) Objective error vs. CPU time.

Figure 2: Convergence comparison for TV denoising of a piecewise constant signal with
Gaussian noise (n = 200, σ = 0.3, λ = 1). The DI algorithm converges in 13 steps.

3.3.2. Spectral Gibbs denoising: piecewise constant signal

Consider removing Gibbs oscillations from a truncated Fourier series. The
true signal is a piecewise constant function on [0, 1) with two jumps:

f(x) =

{
+1 x ∈ [0, 0.25) ∪ [0.75, 1),

−1 x ∈ [0.25, 0.75).
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The “noisy” signal b is the N -term partial Fourier sum of f , evaluated at
n = N uniform grid points xj = j/N :

bj =

N/2∑
m=−N/2+1

f̂m e
2πimxj , f̂m =

∫ 1

0

f(x) e−2πimx dx.

(The real part of the partial sum is taken, so that the unpaired mode m =
N/2 does not introduce a spurious imaginary component.) This is the output
of a Fourier spectral method on an N -point grid, with Gibbs oscillations near
each discontinuity (‖b− xtrue‖2 ≈ 1.49).

We apply the TV denoising model F (x) = ‖Dx‖1 + 1
2λ
‖x − b‖2

2 with
λ = 0.3. This is smaller than the choice λ = 1 used in Section 3.3.1, reflecting
the lower effective noise level. Figure 1b (Section 2) shows that TV denoising
removes the Gibbs oscillations and recovers the piecewise constant structure.

At N = 200, the DI algorithm converges in 3 breakpoint steps. At
N = 2000, it again converges in 3 breakpoint steps. The step count does
not increase with N because the underlying piecewise constant structure is
unchanged. The iterative methods stall near 10−2–10−3 within 500 iterations
(see Figure 3).
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(a) N = 200: objective error vs. iteration. (b) N = 200: objective error vs. CPU time.

(c) N = 2000: objective error vs. iteration. (d) N = 2000: objective error vs. CPU time.

Figure 3: Convergence comparison for TV denoising of the partial Fourier sum of a piece-
wise constant signal (λ = 0.3). The DI algorithm converges in 3 steps at both N = 200
and N = 2000.
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3.3.3. Spectral Gibbs denoising: piecewise smooth signal

The previous test used a piecewise constant signal, for which the DI
algorithm required only a few breakpoint steps. Consider a piecewise smooth
signal:

f(x) =

{
sin(πx) x ∈ [0, 0.5),

− sin(πx) x ∈ [0.5, 1),

which has a jump discontinuity of size 2 at x = 0.5 (from sin(π/2) = 1 to
− sin(π/2) = −1), while the smooth portions are sinusoidal arcs. As before,
the “noisy” signal b is the N -term partial Fourier sum of f evaluated at
n = N uniform grid points, producing Gibbs oscillations near x = 0.5. We
apply TV denoising with λ = 1.

As shown in Figure 1a (Section 2), the Gibbs oscillations are eliminated
while the sinusoidal profile is retained in the smooth regions. That figure
uses a milder regularization (λ = 0.08) chosen for visual clarity; the λ = 0.08
setting is the one timed in Table 1, while the convergence study here uses
λ = 1 (Figure 4). At N = 200, the DI algorithm requires 83 breakpoint steps,
compared with 3 steps for the piecewise constant signal. The TV-optimal
reconstruction of a smooth signal has many nonzero differences Dx∗, so the
equicorrelation set grows to a large fraction of the n − 1 = 199 possible
indices. For a piecewise constant signal with k jumps, the equicorrelation set
typically has size ∼ k. PDHG and untuned ADMM stall near 10−3 after 500
iterations.

At N = 1000 with λ = 1, the DI algorithm requires 496 breakpoint steps.
The increase reflects the finer grid, which produces more nonzero differences
in the TV-optimal solution and enlarges the equicorrelation set. ADMM
with tuned η = 10/λ reaches ∼ 10−6, while PDHG and untuned ADMM stall
near 10−2. Figure 4 shows the convergence for both N = 200 and N = 1000.

At first glance, Figures 4b and 4d may suggest that ADMM and PDHG
are competitive in CPU time. However, Figure 4c shows that at N = 1000
both iterative methods remain far from convergence after 500 iterations.
Each step of the DI algorithm is more expensive than one ADMM or PDHG
iteration, since it involves an NNLS solve. Even so, ADMM and PDHG need
substantially more iterations to reach the same accuracy.
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(a) N = 200: objective error vs. iteration. (b) N = 200: objective error vs. CPU time.

(c) N = 1000: objective error vs. iteration. (d) N = 1000: objective error vs. CPU time.

Figure 4: Convergence comparison for TV denoising of the partial Fourier sum of a piece-
wise smooth signal (λ = 1).
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4. TV Limiter for Conservation Laws

We use TV denoising as a limiter in time-dependent PDE computations.
We consider two classes of base schemes: a fifth-order upwind finite differ-
ence scheme (FD5), used for scalar Burgers’ equation (Section 4.1), the 1D
compressible Euler equations (Section 4.2), and a 2D Riemann problem for
compressible Euler (Section 4.6); and Fourier pseudospectral methods for
two-dimensional scalar convection and incompressible Euler (Sections 4.3–
4.5). When applied as a per-step limiter, the TV denoising step is invoked
every K time steps, but only when the current total variation TV(un) ex-
ceeds a threshold TVthresh = 1.2 TV(u0), where TV(u0) is the total variation
of the initial condition.

4.1. FD5 for Burgers’ equation: shock capturing

Consider Burgers’ equation with periodic boundary conditions:

ut +
(u2

2

)
x

= 0, x ∈ [0, 2π), u(x, 0) = 1 + sin(x).

The shock forms at ts = −1/minx u
′
0(x) = 1 and propagates at speed 1. We

discretize with N = 256 uniform grid points xi = i∆x, ∆x = 2π/N , using
the fifth-order linear upwind conservative finite difference scheme (FD5)

d

dt
ui = − 1

∆x

(
f̂i+1/2 − f̂i−1/2

)
, (5)

with Lax–Friedrichs flux splitting [3, 11]. The flux is split as f±(u) =
1
2
(f(u)± αu) with α = max |f ′(u)|, and the numerical flux f̂i+1/2 = f̂+

i+1/2 +

f̂−i+1/2 is reconstructed as

f̂+
i+1/2 =

1

60

(
2f+

i−2 − 13f+
i−1 + 47f+

i + 27f+
i+1 − 3f+

i+2

)
,

f̂−i+1/2 =
1

60

(
−3f−i−1 + 27f−i + 47f−i+1 − 13f−i+2 + 2f−i+3

)
.

This is the linear scheme to which WENO5 [11] reduces when the optimal
linear weights are used in place of the nonlinear WENO weights. We inte-
grate (5) in time with RK4 (time step ∆t = 0.5 ∆x, so the CFL number
∆t max |u|/∆x ≈ 1 since max |u| ≈ 2; 123 steps to T = 1.5).
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For this test case, the FD5 scheme is stable without any limiter: the
no-limiter solution has L2 error 5.75 × 10−2 and TV = 5.83 (versus exact
TV = 3.99), with oscillations confined near the shock. TV post-processing
with different regularization strengths reduces the error:

Method L2 error TV
FD5, no limiter 5.75× 10−2 5.83
TV post-proc λ=0.02 5.53× 10−2 5.23
TV post-proc λ=0.05 5.31× 10−2 4.76
TV post-proc λ=0.10 5.11× 10−2 4.29

At λ = 0.10, TV post-processing reduces the L2 error by 11% and brings
the total variation closer to the exact value. The total mass is preserved to
machine precision (|ūh − ū0| < 10−15).

(a) Solution at T = 1.5. (b) Zoom near the shock.

Figure 5: FD5 Burgers’ equation with u0 = 1 + sin(x) at T = 1.5 (N = 256). Blue: FD5
without post-processing. Colored markers: TV post-processing with λ = 0.02, 0.05, 0.10.
The FD5 scheme is stable for this test case. TV post-processing removes the remaining
oscillations near the shock.

Figure 6 compares the convergence of the three TV solvers on the post-
processing task with λ = 0.02. The DI algorithm converges in 244 breakpoint
steps. The step count is comparable to the hardest spectral denoising test
(496 steps at N = 1000) and reflects the richer structure of the FD5 Burgers
solution: the oscillatory signal near the shock produces many nonzero differ-
ences, so the equicorrelation set grows to a large fraction of the n− 1 = 255
possible indices. ADMM with tuned η = 10/λ converges to ∼ 10−11 within
500 iterations. PDHG reaches ∼ 10−7. Untuned ADMM stalls near 10−3.
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(a) Objective error vs. iteration number. (b) Objective error vs. CPU time.

Figure 6: Convergence comparison for TV post-processing of the FD5 Burgers solution
(n = 256, λ = 0.02). The DI algorithm converges in 244 steps, comparable to the hardest
spectral case (496 steps at N = 1000).

4.2. Tests on compressible Euler equations

Consider the 1D compressible Euler equations:

∂

∂t

 ρ
ρu
E

+
∂

∂x

 ρu
ρu2 + p

(E + p)u

 = 0, (6)

where ρ is density, u is velocity, p is pressure, and E = p/(γ − 1) + 1
2
ρu2 is

the total energy with γ = 1.4.
We discretize (6) with the same fifth-order linear upwind FD5 scheme

from Section 4.1, applied componentwise with Lax–Friedrichs flux splitting,
integrated in time with the standard third-order SSP Runge–Kutta method.
The resulting scheme is locally conservative and fifth-order accurate in smooth
regions, but oscillatory near discontinuities. To ensure that density and
pressure remain positive, one can augment the scheme with the Zhang–Shu
positivity-preserving (PP) limiter for finite difference schemes [13], which en-
sures that the SSP Runge–Kutta update preserves the admissible set G =
{(ρ, ρu,E)T : ρ > 0, p > 0}. The PP limiter guarantees positivity but
does not suppress oscillations. We use an SSP scheme here, rather than the
RK4 of Section 4.1, because the Zhang–Shu positivity-preserving limiter re-
quires the time stepping to be a convex combination of forward-Euler steps.
To suppress the oscillations, the TV solver can be used as a post-processing
step to the primitive variables (ρ, u, p) after time integration is complete.
Because the limiter is applied to the primitive variables, it preserves the dis-
crete mean of each primitive but not the conserved momentum ρu or total
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energy E; conservation in the sense of Section 2 holds only for the quantity
actually denoised. For the post-processing tests here this is acceptable, but
a conservative variant would denoise the conserved variables directly.

Lax shock tube. Figure 7 shows results for the Lax shock tube [43] (N = 512,
T = 0.13). The unprocessed FD5+PP solution (blue circles) has L2(ρ) =
1.195×10−1 with visible oscillations near the contact discontinuity and shock.
Because TV denoising acts on each variable independently, different regular-
ization strengths can target different wave features: the density profile con-
tains the contact discontinuity in addition to the shock, so moderate smooth-
ing is used to avoid flattening the contact, whereas velocity and pressure are
continuous across the contact and tolerate stronger regularization to remove
their oscillations. With per-variable parameters λρ = 0.2, λu = 1.0, λp = 1.0
(red plus signs), TV post-processing removes oscillations and reduces the
density L2 error by 4.4% (1.195× 10−1 to 1.143× 10−1).
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Figure 7: Lax shock tube with FD5+PP base scheme (N = 512, T = 0.13). Left: full
view. Right: zoom near shock. Blue circles: FD5+PP numerical solution. Red plus signs:
TV post-processed primitives (λρ = 0.2, λu = 1.0, λp = 1.0). Black line: exact Riemann
solution.
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4.3. Rigid body rotation: LeVeque three-body test

We next solve the rigid body rotation problem

ut − y ux + xuy = 0, (x, y) ∈ [−π, π)2, T = 2π,

following Example 4.7 of Liu, Cheng, and Shu [20]. The velocity field v =
(−y, x) is divergence-free and produces solid-body rotation about the origin
with period 2π. The initial condition is the LeVeque three-body test [44]: a
cosine bell centered at (−π/2, 0), a cone centered at (0,−π/2), and a slotted
disk centered at (0, π/2), all with radius r0 = 0.3π. The exact solution at
T = 2π equals the initial condition.

We discretize on a 128×128 grid using the Fourier pseudospectral method
with Orszag’s 2

3
dealiasing rule [45] and RK4 time-stepping (∆t = 2/(πN) ≈

4.97×10−3). Nonlinear products transfer energy to higher wavenumbers than
are present in the inputs; any content above the grid’s Nyquist cutoff |k| =
N/2 wraps around (“aliases”) and pollutes the low-wavenumber spectrum.
The 2

3
rule restricts the solution to modes with |k| < N/3 (cutoff at 2

3
of the

Nyquist wavenumber N/2), zeroing the remaining modes before and after
each nonlinear step. The product of two such inputs has spectrum in |k| <
2N/3, and any aliased content folds into |k| ≥ N/3, which the filter discards.
We compare the methods in Table 3. The PDE solver is implemented in
MATLAB, and the reported TV time is from a MATLAB wrapper calling
the C++ DI solver.

Method λ L1 error min max DI steps TV calls TV (s) PDE (s)
No limiter — 1.72e-2 −0.202 1.257 — — — 3.5
TV limiter (K=10) 0.02 1.94e-2 −0.025 0.983 76753 12 0.35 3.5
TV post-proc 0.05 6.81e-3 −0.012 1.057 5414 1 0.02 3.5
TV post-proc 0.10 9.14e-3 0.001 1.000 4457 1 0.01 3.5

Table 3: Rigid body rotation (128 × 128, T = 2π). Exact solution satisfies u ∈ [0, 1]. DI
steps: total breakpoint iterations across all 1D solves. TV/PDE: wall-clock time (seconds)
for TV operations and PDE solver. Post-processing uses the no-limiter PDE solution.

Without any limiter, the spectral solution overshoots by 25.7% and un-
dershoots by 20.2%. The per-step TV limiter reduces bound violations
to [−0.025, 0.983] with only 12 TV calls over 1264 time steps. TV post-
processing at λ = 0.10 achieves near-perfect bounds [0.001, 1.000] with the
smallest undershooting. The best L1 accuracy (6.81 × 10−3) is obtained by
post-processing with λ = 0.05, which balances oscillation removal against
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over-smoothing. We note that the per-step limiter slightly increases the L1

error relative to the no-limiter solution (from 1.72 × 10−2 to 1.94 × 10−2):
repeated denoising accumulates smoothing error, which is the price paid for
controlling the oscillations during the computation. When only the final so-
lution is needed, post-processing avoids this accumulation. The full solutions
and the corresponding cross-sectional cuts are shown in Figures 8 and 9.

Figure 8: Rigid body rotation at T = 2π (128× 128). Top left: exact (= IC). Top right:
spectral (no limiter). Bottom left: TV limiter (K=10, λ=0.02). Bottom right: TV post-
processing (λ=0.05).
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Figure 9: Cross-sectional cuts for the rotation test. Left: x = 0 (through cone and slotted
disk). Center: y = 0.8 (through slotted disk). Right: y = −2 (near the cosine bell). Solid
black line: exact solution. Circles (blue): no limiter. Stars (orange): TV limiter (K=10).
Diamonds (green): TV post-processing (λ=0.05). Both TV approaches significantly reduce
the Gibbs oscillations visible in the no-limiter solution, with post-processing providing the
best L1 accuracy.

4.4. Swirling deformation flow

The swirling deformation problem has a time-dependent, spatially varying
velocity field (Example 4.8 of [20]):

ut −
(

cos2
(
x
2

)
sin(y) g(t)u

)
x

+
(

sin(x) cos2
(
y
2

)
g(t)u

)
y

= 0,

where g(t) = π cos(πt/T ) and T = 1.5. The velocity field is divergence-free.
It deforms the solution into thin filaments during 0 < t < T/2, then reverses,
so the exact solution at T = 1.5 equals the initial condition. The IC is the
same LeVeque three-body test as in Section 4.3.

On a 128 × 128 grid, the TV limiter reduces bound violations from
[−0.19, 1.25] to [−0.035, 1.008] with 13 TV calls over 302 time steps. Post-
processing at λ = 0.05 gives the best L1 accuracy (6.20×10−3), while λ = 0.10
achieves near-perfect bounds [0.001, 0.994]. As in Section 4.3, the per-step
limiter trades some L1 accuracy for improved bounds. The corresponding
cross-sectional cuts through the three bodies are shown in Figure 10.
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Method L1 error min max TV calls
No limiter 1.03× 10−2 −0.188 1.249 —
TV limiter (K=10, λ=0.02) 2.21× 10−2 −0.035 1.008 13
TV post-proc (λ=0.05) 6.20× 10−3 −0.010 1.049 1
TV post-proc (λ=0.10) 8.65× 10−3 0.001 0.994 1

Table 4: Swirling deformation flow (128×128, T = 1.5). Exact solution satisfies u ∈ [0, 1].

Figure 10: Cross-sectional cuts for the swirling deformation test. Same cuts and marker
conventions as Figure 9. The TV limiter and post-processing effectively suppress oscilla-
tions despite the time-dependent, spatially varying velocity field.

4.5. Incompressible Euler: vortex patches

We finally consider the incompressible 2D Euler equations in vorticity
form (Example 4.10 of [20]):

ωt + uωx + v ωy = 0, ∆ψ = ω, (u, v) = (−ψy, ψx),

on [0, 2π)2 with periodic boundary conditions. The initial vorticity consists
of two rectangular patches: ω0 = −1 on [π/2, 3π/2]× [π/4, 3π/4], ω0 = 1 on
[π/2, 3π/2] × [5π/4, 7π/4], and ω0 = 0 elsewhere. The maximum principle
guarantees ω ∈ [−1, 1] at all times.

We discretize on a 128×128 grid using the Fourier pseudospectral method
(2

3
dealiasing, RK4) and integrate to T = 5. The velocity is recovered at

each stage by solving the Poisson equation ∆ψ = ω in Fourier space. Table 5
summarizes the results. The PDE solver is implemented in MATLAB, and
the reported TV time is from a MATLAB wrapper calling the C++ DI solver.

Without any limiter, the spectral solution violates the maximum principle
by 30%. The per-step TV limiter reduces the range to [−0.945, 0.945], well
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Method λ min max DI steps TV calls TV (s) PDE (s)
No limiter — −1.299 1.299 — — — 1.9
TV limiter (K=10) 0.02 −0.945 0.945 265119 41 0.95 1.7
TV post-proc 0.10 −1.053 1.053 3631 1 0.01 1.9

Table 5: Incompressible Euler (128 × 128, T = 5). Maximum principle: ω ∈ [−1, 1]. DI
steps: total breakpoint iterations across all 1D solves. TV/PDE: wall-clock time (seconds)
for TV operations and PDE solver. Post-processing uses the no-limiter PDE solution.

within the physical bounds, with 41 TV calls over 435 time steps. TV post-
processing at λ = 0.10 reduces the violation to about 5%, but cannot fully
recover the bounds from the accumulated nonlinear oscillations. The vortic-
ity fields and the corresponding cross-sectional cuts are shown in Figures 11
and 12.

Figure 11: Vorticity fields at T = 5 (128 × 128). Left: no limiter. Center: TV limiter
(K=10, λ=0.02). Right: TV post-processing (λ=0.10).
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Figure 12: Cross-sectional cuts for incompressible Euler at T = 5. Left: x = π. Center:
y = π/2. Right: y = 3π/2. Dots (blue): no limiter. Dash-dot (orange): TV limiter
(K=10). Circles (green): TV post-processing (λ=0.10). Dashed lines mark the maximum
principle bounds ω = ±1.

4.6. 2D Riemann problem with FD5 scheme

We also solve a genuine two-dimensional Riemann problem for the com-
pressible Euler equations using the fifth-order linear finite difference scheme
(FD5) from Section 4.1, extended to two dimensions with Lax–Friedrichs
splitting applied dimension by dimension. We use Configuration 6 of Lax
and Liu [46], in which the initial data consist of four constant states meeting
at the center of the domain [0, 1]2:

(ρ, u, v, p) =


(2, 0.75, 0.5, 1) x < 0.5, y ≥ 0.5,

(1, 0.75,−0.5, 1) x ≥ 0.5, y ≥ 0.5,

(1,−0.75, 0.5, 1) x < 0.5, y < 0.5,

(3,−0.75,−0.5, 1) x ≥ 0.5, y < 0.5.

We compute a reference solution with the WENO5 scheme [11] on an 800×
800 grid with SSP-RK3 time stepping.

Both the FD5 and WENO5 schemes use zero-order extrapolation (out-
flow) boundary conditions, following [46]. We discretize on a 200× 200 grid
with RK4 time stepping (CFL = 0.5) and integrate to T = 0.2. Figure 13
compares the density fields. The WENO5 reference (left) resolves sharp
shock and contact structures, while the FD5 linear scheme (center) captures
the wave structure but produces oscillations near all discontinuities. For TV
post-processing (right), we use a per-slice regularization parameter. Since
the 2D TV solver operates dimension by dimension (columns then rows),
each 1D slice receives its own λ. Slices passing through the center of the
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domain (x ∈ [0.25, 0.75] for columns, y ∈ [0.25, 0.75] for rows) use λ = 0.02,
preserving the complex but not strongly oscillatory wave interactions. Slices
in the corner regions use λ = 0.3, providing stronger smoothing where the
solution is nearly constant. TV post-processing reduces the oscillations near
these discontinuities in the cross-sectional cuts through y = 0.10, y = 0.5,
and x = 0.5. See Figure 14.

The PDE solver requires 358 time steps (12.3 s). TV post-processing of
the density field takes 19107 DI steps (0.46 s), at a fraction of the PDE solver
cost.

Figure 13: Density ρ for the 2D Riemann problem (Config. 6, 200 × 200, T = 0.2). Left:
WENO5 reference (800×800). Center: FD5 linear (no limiter). Right: TV post-processing
(λ = 0.02 center, 0.3 corners).

Figure 14: Density cross-sections for the 2D Riemann problem. Left: cut at y = 0.10.
Center: cut at y = 0.5. Right: cut at x = 0.5. Black solid: WENO5 reference (800×800).
Red squares: FD5 linear. Blue circles: TV post-processing (λ = 0.02/0.3).

5. Concluding remarks

In this work, we applied the DI algorithm to the one-dimensional TV
denoising problem and used it as a non-oscillatory limiter for high-order
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methods for conservation laws. The key idea is that the difference operator
D ∈ R(n−1)×n is surjective, so the change of variables z = Dx̃ reduces the
TV problem to an equivalent LASSO problem, which the DI algorithm can
solve exactly in finitely many steps. As a result, we obtain a 1D solver
that computes the exact TV minimizer and preserves the total mass of the
input. The only free parameter is λ, which directly controls the regularization
strength. In two dimensions, we use a dimension-by-dimension splitting. We
have tested the TV limiter on Fourier pseudospectral methods and a fifth-
order finite difference scheme solving 1D and 2D problems.

Appendix A. Comparison of analysis operators

The denoising framework generalizes to any analysis operator D:

min
x
‖Dx‖1 +

1

2λ
‖x− b‖2

2. (A.1)

The TV problem studied in this paper corresponds to choosing D as the
forward difference operator. As observed by Cai et al. [47], TV denoising is
in fact the simplest member of a family of B-spline framelet models. The
Haar framelet (Example 2.1 of [47]), constructed from the piecewise constant
B-spline B1, has a single detail mask a1 = 1

2
[1,−1], which is the forward dif-

ference operator up to a factor of 1/2. Consequently, the Haar framelet
analysis-based approach and the Rudin–Osher–Fatemi (ROF) model [21] co-
incide under forward difference discretization [47, eq. (2.3)]. Higher-order
B-spline framelets add detail bands that approximate higher-order difference
operators, yielding natural generalizations of TV.

The piecewise linear framelet (Example 2.2 of [47]), constructed from the
B-spline B2, has two detail bands: a1 approximates a first-order difference
and a2 a second-order difference (2n × n tight frame). The piecewise cubic
framelet (Example 2.3 of [47]), constructed from B4, has four detail bands
approximating first- through fourth-order differences (4n × n tight frame).
In all cases, the analysis operator D is formed by stacking the detail-band
circulant matrices (excluding the low-pass band), and its null space is one-
dimensional (the low-pass mode).

In addition, we compare against multi-level orthogonal discrete wavelet
transforms (DWT). For an n × n orthogonal matrix W (e.g. Daubechies,
Coiflet, or Symlet), the substitution z = Wx decouples the problem into
componentwise soft thresholding: z∗ = Sλ(Wb), x∗ = W Tz∗. Equivalently,
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the DI algorithm applied to the LASSO (3) with measurement matrix M = I
and data Wb in place of b̃ recovers the same answer in a small number of
DI steps (2–30).

The LASSO reduction of §2.2 is exact only when D is surjective (the
forward-difference operator) or square and invertible (the orthogonal DWTs).
For the redundant B-spline framelets (D tall, m > n), setting M = D† and
minimizing ‖z‖1+ 1

2λ
‖Mz−b̃‖2

2 over z ∈ Rm solves the synthesis formulation;
the recovered x∗ = Mz∗ minimizes a relaxation of the analysis problem (A.1),
not (A.1) itself, since the minimizer need not satisfy z∗ = Dx∗. We report the
synthesis solutions below; they coincide with the analysis minimizer only in
the surjective and orthogonal cases. We test the following operators on n =
256 grid points using the same two Gibbs oscillation test signals from §3.3.2
and §3.3.3, with λ = 0.5 for the piecewise constant signal and λ = 0.1 for
the piecewise smooth signal:

1. Forward difference (TV / Haar framelet): (n−1)×n, single detail band
(first-order difference).

2. Multi-level orthogonal DWT : n× n, db1 (Haar) and db4 (Daubechies-
4).

3. Piecewise linear framelet : 2n× n, two detail bands (first- and second-
order differences).

4. Piecewise cubic framelet : 4n × n, four detail bands (first- through
fourth-order differences).

In every case the DI algorithm solves its LASSO (3) exactly after building
M = D† offline (or M = I for the orthogonal DWT case); for the redundant
framelets this LASSO is the synthesis relaxation rather than the analysis
problem (A.1), as noted above.

Table A.6 reports the number of DI steps and L2 error for each operator.
Figures A.15 and A.16 show the denoised signals for all operators.

For the piecewise constant signal (λ = 0.5), the multi-level Haar DWT
(db1) achieves the lowest L2 error (0.058), ahead of TV (0.089) and all other
operators. However, the smaller L2 error does not fully reflect the solution
quality. The db1 solution develops staircase artifacts near the jumps (see
Figure A.15) whereas TV preserves sharper transitions. The L2 metric is
sensitive to the single grid point where TV passes through zero, but it does
not capture this difference well. The longer-filter db4 wavelet performs worse
(L2 = 0.17) because its wider support smears the jumps.

For the piecewise smooth signal (λ = 0.1), all operators give comparable
L2 errors (0.063–0.068), with TV slightly smaller. Figure A.16 shows that
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Table A.6: Comparison of analysis operators (n = 256). The DI algorithm solves the
associated LASSO exactly (the synthesis form for the redundant framelets). Entries are
piecewise constant (λ = 0.5) / piecewise smooth (λ = 0.1).

Operator Type DI steps ‖x∗−xtrue‖2

Forward diff. (TV) Haar framelet 3 / 139 0.089 / 0.063
db1 (multi-level Haar) n×n orth. DWT 2 / 30 0.058 / 0.066
db4 n×n orth. DWT 11 / 24 0.167 / 0.068
PL framelet 2n×n tight frame 3 / 148 0.091 / 0.064
PC framelet 4n×n tight frame 1 / 773 0.089 / 0.063

Figure A.15: Denoised piecewise constant signal (n = 256, λ = 0.5). TV and non-TV
operators are shown.
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Figure A.16: Denoised piecewise smooth signal (n = 256, λ = 0.1). TV and non-TV
operators are shown.

TV and the B-spline framelets preserve the smooth arcs and the jump more
accurately, while the multi-level wavelets introduce oscillations or excessive
rounding near the discontinuity.

These numerical findings are consistent with the theory of the Gibbs
phenomenon in wavelet expansions. Kelly [48] proved that the Haar wavelet
does not exhibit the Gibbs phenomenon, via an if-and-only-if criterion on its
reproducing kernel K0(x, y) =

∑
k ϕ(x − k)ϕ(y − k): a Gibbs effect occurs

near a jump if and only if
∫∞

0
K0(a, u) du > 1 for some a > 0. For the

Haar system this integral equals 1, and the kernel is nonnegative—analogous
to the Fejér kernel—so the expansion converges without overshoot at jump
discontinuities. Shim and Volkmer [49] showed, conversely, that if the scaling
function ϕ is continuous, is differentiable at some dyadic rational d with
ϕ′(d) 6= 0, and decays as |ϕ(x)| ≤ C(1 + |x|)−β with β > 3, then the wavelet
expansion exhibits a Gibbs phenomenon on at least one side of a jump. This
covers the C1 compactly supported Daubechies wavelets (dbN , N ≥ 3) and
the C1 Symlets and Coiflets (see [50] for a detailed exposition). Since the
forward difference operator in TV denoising is the detail mask of the Haar
framelet (up to a factor of 1/2), TV is expected to inherit the Gibbs-free
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behavior of the Haar system; this is consistent with its superior performance
for post-processing discontinuous solutions. We note, however, that this
connection is heuristic.

The DI algorithm applies unchanged to any analysis operator D after
forming M = D† offline. For the n × n orthogonal wavelets, the problem
reduces to componentwise soft thresholding, so there is no coupling between
coefficients. This limits their effectiveness compared with the rectangular
operators (m 6= n), where the DI algorithm exploits dependencies in the
analysis domain. Among the operators tested here, TV gives the most accu-
rate overall reconstruction of the Gibbs-oscillatory signals. It preserves sharp
jumps and retains the smooth parts of the signal well.
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