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Jérôme Darbon and Gabriel P. Langlois. Efficient and robust high-dimensional maximum

entropy estimation via nonlinear primal-dual hybrid gradient algorithms. In preparation.

v

10.1007/s00285-017-1125-6
10.1007/s00332-015-9250-0
10.1016/j.jtbi.2012.08.028
10.1007/978-3-030-03009-4_56-1
https://arxiv.org/abs/2111.15426


Preface and Acknowledgments
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Abstract of “Variational and Bayesian Methods for Solving Hamilton–Jacobi Equations in Machine
Learning and Imaging Science”, by Gabriel Provencher Langlois, Ph.D., Brown University, May
2022.

The growing computational demands of data science applications pose a significant challenge to

machine learning and the applied sciences. These applications have relied mainly on increases

in computing power to improve performance, but the computational power required to manage

growing data sets and continue progress is soon expected to become economically and environ-

mentally unsustainable. The design of efficient algorithms from problem domains (e.g., machine

learning, imaging science, and optimal control) that take advantage of emerging hardware (e.g.,

field-programmable gate arrays architectures) has accordingly been identified as crucial to meet

this challenge. Many traditional algorithms, however, were not developed to handle big data sets

efficiently in this way. In this dissertation, I contribute innovative variational and Bayesian methods

for large-scale machine learning and imaging science to try and meet this challenge. The focus is

mathematical and supplemented with numerical examples. Chapter 2 of this dissertation introduces

novel accelerated nonlinear primal-dual hybrid gradient methods tailored for efficiently solving a

broad class of convex-concave saddle-point problems. I prove rigorous convergence results, includ-

ing results for strongly convex or smooth problems posed on infinite-dimensional reflexive Banach

spaces. Moreover, I establish novel connections between supervised learning tasks in machine learn-

ing and a broad class of first-order Hamilton–Jacobi partial differential equations with initial data.

Chapter 3 of this dissertation applies the optimization methods developed in Chapter 2 to sparse lo-

gistic regression, regularized maximum entropy estimation, and entropy-regularized matrix games.

I discuss each problem in detail, and I propose an explicit accelerated nonlinear primal-dual hybrid

gradient method to solve each problem efficiently. I also present some numerical experiments to il-

lustrate that my novel accelerated nonlinear primal-dual hybrid gradient methods are considerably

faster than competing optimization methods. Finally, Chapter 4 of this dissertation presents new

theoretical connections between a broad class of Bayesian posterior mean estimators for imaging

science and viscous Hamilton–Jacobi partial differential equations with initial data. I use these

connections to establish novel representation formulas and various properties of Bayesian posterior

estimators.



CONTENTS

Curriculum Vitae iv

Acknowledgments vi

List of Tables ix

List of Figures x

1 Introduction 1
1.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.2.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.2.2 Facts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2 Variational methods for machine learning algorithms and connec-
tions to Hamilton–Jacobi PDEs I: Theory 20
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.1.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.1.2 Connections to Hamilton–Jacobi partial differential equations? . . . . . . . . 24
2.1.3 Related work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.1.4 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.2 Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.3 The basic nonlinear primal-dual hybrid gradient method . . . . . . . . . . . . . . . . 29
2.4 Accelerated nonlinear primal-dual hybrid gradient methods . . . . . . . . . . . . . . 31

2.4.1 Accelerated nonlinear PDHG methods for strongly convex problems . . . . . 33
2.4.2 Accelerated nonlinear PDHG methods for smooth convex problems . . . . . . 42
2.4.3 Accelerated nonlinear PDHG method for smooth and strongly

convex problems I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
2.4.4 Accelerated nonlinear PDHG method for smooth and strongly

convex problems II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
2.5 Connections between supervised machine learning algorithms and

Hamilton–Jacobi PDEs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
2.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
2.A Proof of Lemma 2.2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62



2.B Proof of Proposition 2.3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

3 Variational methods for machine learning algorithms and connec-
tions to Hamilton–Jacobi PDEs II: Applications 72
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
3.2 Sparse logistic regression . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

3.2.1 Description of the problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
3.2.2 State-of-the-art optimization methods . . . . . . . . . . . . . . . . . . . . . . 76
3.2.3 Derivation of the accelerated nonlinear PDHG method . . . . . . . . . . . . . 78
3.2.4 Numerical experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

3.3 Regularized maximum entropy estimation problems . . . . . . . . . . . . . . . . . . . 84
3.3.1 Description of the problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
3.3.2 State-of-the-art optimization methods . . . . . . . . . . . . . . . . . . . . . . 91
3.3.3 Derivation of the accelerated nonlinear PDHG method . . . . . . . . . . . . . 93
3.3.4 Numerical experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

3.4 Zero-sum matrix games with entropy regularization . . . . . . . . . . . . . . . . . . . 101
3.4.1 Description of the problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
3.4.2 Numerical experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

3.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

4 Bayesian methods for imaging science and connections to Hamilton–
Jacobi PDEs 108
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
4.2 Connections between Bayesian posterior mean estimators and Hamilton–

Jacobi partial differential equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
4.2.1 Set-up . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
4.2.2 Connections to viscous Hamilton–Jacobi partial differential equations . . . . 118
4.2.3 Connections to first-order Hamilton–Jacobi equations . . . . . . . . . . . . . 124

4.3 Properties of posterior mean and MAP estimators . . . . . . . . . . . . . . . . . . . 127
4.3.1 Topological, representation, and monotonicity properties . . . . . . . . . . . . 128
4.3.2 Error Bounds and limit properties . . . . . . . . . . . . . . . . . . . . . . . . 131
4.3.3 Bayesian risks and Hamilton–Jacobi partial differential equations . . . . . . . 133

4.4 Extension to certain non log-concave priors . . . . . . . . . . . . . . . . . . . . . . . 135
4.4.1 Min-plus algebra for first-order HJ PDEs . . . . . . . . . . . . . . . . . . . . 135
4.4.2 Analogue of min-plus algebra for viscous HJ PDEs . . . . . . . . . . . . . . . 139

4.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141
4.A Proof of Proposition 4.2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
4.B Proof of Proposition 4.3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150
4.C Proof of Proposition 4.3.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153
4.D Proof of Proposition 4.3.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
4.E Proof of Proposition 4.3.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

5 Discussion and future work 181
5.1 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

Bibliography 184

viii



LIST OF TABLES

1.1 List of key symbols and notation used throughout the dissertation . . . . . . 6

3.1.1Table of some operator norms of A with their associated com-
putational complexity. Table extracted from [239, Section 4.3.1]. . . . . . . . 73

3.2.1Time results (in seconds) for solving the ℓ1-restricted logistic
regression problem (3.1) with the forward-backward and lin-
ear PDHG methods and time results for solving the equivalent
problem (3.4) with the nonlinear PDHG method. . . . . . . . . . . . . . . . . 85

3.3.1Time results (in seconds) for solving ℓ22-regularized maximum
entropy estimation with the linear and nonlinear PDHG methods. . . . . . . 101

3.4.1Time results (in seconds) for solving the entropy regularized
zero-sum matrix game (3.27) with the PU, OMWU, and linear
and nonlinear PDHG methods. . . . . . . . . . . . . . . . . . . . . . . . . . . 106



LIST OF FIGURES

4.1.1The anisotropic ROF model endowed with 4-nearest neighbors
is applied to the test image “Barbara”. The original image
is shown in (a). The image is corrupted by Gaussian noise
(zero mean with standard deviation σ = 10) and is shown in
(b). The corresponding minimizer uMAP (x, t) given by (4.4)
and posterior mean estimate uPM(x, t, ϵ) given by (4.6) with
parameters t = 16 and ϵ = 6.25 are illustrated in (c) and (d), respectively. . . 113

4.1.2The anisotropic ROF model endowed with 4-nearest neighbors
is applied to the test image “Barbara”. Images (a)-(d) are
zoomed-in versions of the images illustrated in Figure 4.1.1. . . . . . . . . . . 114

4.2.1Numerical example of the MAP and posterior mean estimates
in one dimension with J(x) = λ1 |x| for the choice of t = 1.25,
ϵ = {0.025, 0.1, 0.25, 0.5, 1}, and λ1 = 2 for x ∈ [−5, 5]. . . . . . . . . . . . . 125



Chapter One

Introduction



2

1.1 Overview

The growing computational demands of data science applications pose a significant challenge to

machine learning and the applied sciences. These applications have relied mainly on increases

in computing power to improve performance, but the computational power required to manage

growing data sets and continue progress is soon expected to become economically and environ-

mentally unsustainable. The design of efficient algorithms from problem domains (e.g., machine

learning, imaging science, and optimal control) that take advantage of emerging hardware (e.g.,

field-programmable gate arrays architectures) has accordingly been identified as crucial to meet

this challenge. Many traditional algorithms, however, were not developed to handle big data sets

efficiently in this way.

This dissertation aims to try and meet this challenge and focuses on variational and Bayesian

methods for solving large-scale problems in machine learning and imaging science as well as on con-

nections between these methods to a broad class of Hamilton–Jacobi partial differential equations

with initial data. Specifically, its goals are to develop innovative optimization methods for creating

efficient machine learning algorithms to leverage emerging hardware for big data applications, to

create new insights and novel methods for high-dimensional Bayesian estimation in imaging sci-

ence, and to establish novel connections between Hamilton–Jacobi partial differential equations to

be leveraged in future applications and research, e.g., in statistics, optimal control and scientific

computing.

The next three chapters collects the results that I published, submitted for publication, or are

in preprint form. Each chapter includes an introduction that motivates the problem(s) at hand, the

formulation of said problem(s), the results and a discussion. The material in chapter 3 applies the

optimization methods developed in chapter 2 to several supervised machine learning problems, but

it can be read separately from chapter 2 if one accepts on faith that the optimization methods work

as intended. The key mathematical concepts, symbols and notation are introduced in Section 1.2

of this chapter. The notation may vary a little across chapters, but I tried to define these terms

explicitly whenever they appeared and be as consistent as possible to avoid any confusion.
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Chapter 2 presents my mathematical work on nonlinear primal-dual hybrid gradient optimiza-

tion methods. Motivated by machine learning and statistics problems, I introduce accelerated

nonlinear PDHG optimization methods that use Bregman proximal operators to be highly flexible

and efficient in a way that is not currently possible in the optimization literature. The introduction

presents an example with sparse logistic regression to illustrate this point. Sparse logistic regression,

it turns out, admits a formulation in terms of an Hamilton–Jacobi partial differential equation. The

introduction briefly and formally explains this. In addition, I discuss in Section 2.5 of the chapter

how several supervised machine learning algorithms correspond to solutions to Hamilton–Jacobi

partial differential equations. To the best of my knowledge, these results are novel and this dis-

sertation presents connections between logistic regression (and other supervised machine learning

problems described in chapter 2 and 3) and Hamilton–Jacobi partial differential equations for the

first time in the mathematical and scientific literature. In the rest of chapter 2, I prove rigorous

convergence results for accelerated nonlinear primal-dual hybrid gradient methods, including results

for strongly convex or smooth problems posed on infinite-dimensional reflexive Banach spaces.

Chapter 3 applies the accelerated nonlinear primal-dual hybrid gradient optimization meth-

ods described in chapter 2 to several supervised machine learning algorithms. It presents detailed

treatments of sparse logistic regression and regularized maximum entropy estimation problems,

including novel connections between these problems and Hamilton–Jacobi partial differential equa-

tions. I also discuss other applications to regression and classification problems defined on the unit

simplex. Finally, this chapter presents numerical experiments to illustrate that the accelerated

nonlinear primal-dual hybrid gradient methods I introduce are considerably faster than competing

methods.

Chapter 4 presents my work on Bayesian methods in imaging science and Hamilton–Jacobi

partial differential equations. This work establishes that solutions to some viscous Hamilton–

Jacobi partial differential equations with initial data describe extensively a broad class of posterior

mean estimators with quadratic fidelity term and log-concave prior. It also uses these connections

to establish representation formulas and various properties of posterior mean estimators, and it

describes the practical consequences for posterior mean estimators used in imaging science. Notably,
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I use these connections to prove that some posterior mean estimators can be expressed as proximal

mappings of smooth functions and derive representation formulas for these functions. This result,

in particular, shows that posterior mean estimators correspond to maximum a posterior estimators

(or modes) of appropriately smooth posterior distributions. It also explains why the posterior

mean estimator in imaging science avoids image denoising staircasing effects. Finally, I also present

some extensions of these results to a class of posterior mean estimators whose priors are sums of

log-concave priors, that is, to posterior mean estimators of mixture distributions.

The last chapter of this dissertation summarizes the intellectual merit of this work, outlines

future work and directions of the work presented in this dissertation, and describes the broader

impact of this work in the context of the broader optimization, machine learning, optimal control,

scientific computing, and imaging science communities.

The publications (refereed journal articles, book chapters, or submitted to a journal or in

preparation) on which each chapter is based are detailed below. I am the primary contributor to all

the works below except for the work based on the book chapter [72] presented in Section 4.4, which

is joint work with Tingwei Meng. Although not presented in this dissertation, I also co-authored a

paper [71] with Jérôme Darbon and Tingwei Meng on overcoming the curse of dimensionality for

some Hamilton–Jacobi partial differential equations via neural network architectures.

Chapters 2 and 3:

– Accelerated nonlinear primal-dual hybrid gradient methods with applications to supervised

machine learning, Darbon, Jérôme and Langlois, P. Gabriel. Submitted to the Journal

of Machine Learning Research [67]

– Efficient and robust high-dimensional sparse logistic regression via nonlinear primal-

dual hybrid gradient algorithms, Darbon, Jérôme and Langlois P. Gabriel. Preprint on

arXiv [65]

– Efficient and robust nonlinear high-dimensional maximum entropy estimation via non-

linear primal-dual hybrid gradient algorithms, Darbon, Jérôme and Langlois P. Gabriel.

In preparation.
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Chapter 4:

– On Bayesian posterior mean estimators in imaging sciences and Hamilton–Jacobi partial

differential equations, Darbon, Jérôme and Langlois, P. Gabriel, Published in Journal of

Mathematical Imaging and Vision [66]

– Connecting Hamilton–Jacobi partial differential equations with maximum a posteriori

and posterior mean estimators for some non-convex priors, Darbon, Jérôme, Langlois,

P. Gabriel, and Tingwei Meng. Book chapter [72]

1.2 Background

This section introduces the mathematical concepts from real, convex and functional analysis that are

used throughout the dissertation. For comprehensive references, see [33, 92, 108, 136, 137, 214, 215].

The key symbols and notation are summarized in Table 1.1.

In all definitions and facts below, the spaces X and Y denote two real reflexive Banach spaces

endowed with norms ∥·∥X and ∥·∥Y . The interior of a non-empty subset C of X or Y is denoted

by int C. The set of proper, convex and lower semicontinuous functions defined on X and Y are

denoted by Γ0(X ) and Γ0(Y). The dual spaces of all continuous linear functionals defined on X

and Y are denoted by X ∗ and Y∗. For a linear functional x∗ ∈ X ∗ and an element x ∈ X , the

bilinear form ⟨x∗,x⟩ gives the value of x∗ at x. Likewise, for a linear functional y∗ ∈ Y∗ and an

element y ∈ Y, the bilinear form ⟨y∗,y⟩ gives the value of y∗ at y. The norms associated to X ∗

and Y∗ are defined as

∥x∗∥X ∗ = sup
∥x∥X=1

⟨x∗,x⟩ and ∥y∗∥Y∗ = sup
∥y∥Y=1

⟨y∗,y⟩ .

Let A : X → Y denote a bounded linear operator. Its corresponding adjoint operator A∗ : Y∗ → X ∗

is defined so as to satisfy

⟨A∗y∗,x⟩ = ⟨y∗,Ax⟩
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for every x ∈ X and y∗ ∈ Y∗. The operator norm associated to A is defined as

∥A∥op = sup
∥x∥X=1

∥Ax∥Y = ∥A∗∥op = sup
∥y∗∥Y∗=1

∥A∗y∗∥X ∗ .

These definitions imply the Cauchy–Schwartz inequality

|⟨y∗,Ax⟩| ⩽ ∥A∥op ∥x∥X ∥y∗∥Y∗ .

Table 1.1: List of key symbols and notation used throughout the dissertation

Notation Meaning

X Real reflexive Banach space endowed with norm ∥·∥X
X ∗ Dual space of all continuous linear functionals defined on X
x 7→ ⟨x∗,x⟩ Value of the functional x∗ at x
∥·∥X ∗ Norm over the dual space X ∗: ∥x∗∥X ∗ = sup∥x∥X=1 ⟨x∗,x⟩
A : X → Y Bounded linear operator between two reflexive Banach spaces X and Y
A∗ : Y∗ → X ∗ Adjoint operator of A
∥A∥op Operator norm of A: ∥A∥op = sup∥x∥X=1 ∥Ax∥Y = sup∥y∗∥Y∗=1 ∥A∗y∗∥X ∗

∥A∥2,2 Largest singular value of an m× n real matrix A

∥A∥1,2 Maximum ℓ2 norm of a column of an m× n real matrix A

∥A∥1,∞ Maximum ℓ∞ norm of a column of an m× n real matrix A

(A | B) Horizontal concatenation of two m× n matrices A and B
int C Interior of a non-empty subset C
ri C Interior of a non-empty subset C relative to the affine hull of C
cl C Closure of a non-empty subset C
bd C Boundary of a non-empty subset C: bd C = cl C \ int C
dom g Domain of a function g
Γ0(X ) Set of proper, convex and lower semicontinuous functions defined on X
∂g(x) Subdifferential of a function g ∈ Γ0(X ) at x ∈ X
dom ∂f The set of points x ∈ dom f for which the subdifferential ∂f(x) is non-empty
g∗ Convex conjugate of a function g
In×n n× n identity matrix
∆n Unit simplex over Rn: ∆n = {x ∈ Rn :

∑n
j=1[x]j = 1}

Hn(x) Negative entropy of x ∈ ∆n: Hn(x) =
∑n

j=1[x]j log ([x]j)

πC(x) Projection of x ∈ X onto a closed convex set C: πC(x) = arg minu∈C ∥x− u∥22
∇xf(x, t) Gradient vector with respect to x of the function (x, t) 7→ f(x, t)
∇x · f(x, t) Divergence with respect to x of the function (x, t) 7→ f(x, t)
∇2

xf(x, t) Laplacian with respect to x of the function (x, t) 7→ f(x, t)
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1.2.1 Definitions

Definition 1 (Convex sets). A subset C ⊂ X is convex if for every pair (x,x′) ∈ C ×C and every

scalar λ ∈ (0, 1), the point λx + (1 − λ)x′ is contained in C.

Definition 2 (Proper functions). A function f defined on X is proper if its domain

dom f = {x ∈ X : f(x) < +∞}

is non-empty and f(x) > −∞ for every x ∈ dom f .

Definition 3 (Lower semicontinuous functions). A proper function f : X → R ∪ {+∞} is lower

semicontinuous at a point x ∈ X if for every sequence {xk}+∞
k=1 in X that converges to x,

lim inf
k→+∞

f(xk) ⩾ f(x).

We say that f is lower semicontinuous if it is lower semicontinuous at every x ∈ dom f .

Definition 4 (Convex functions). A proper function f : X → R ∪ {+∞} is convex if its domain

dom f is convex and if for every pair (x,x′) ∈ dom f × dom f and every scalar λ ∈ [0, 1],

f(λx + (1 − λ)x′) ⩽ λf(x) + (1 − λ)f(x′).

It is strictly convex if the inequality above is strict whenever x ̸= x′ and λ ∈ (0, 1), and it is α-

strongly convex (with α > 0) if for every pair (x,x′) ∈ dom f × dom f and every scalar λ ∈ [0, 1].

f(λx + (1 − λ)x′) ⩽ λf(x) + (1 − λ)f(x′) − α

2
λ(1 − λ)

∥∥x− x′∥∥2
X .

Definition 5 (Coercive functions). A proper function f : X → R ∪ {+∞} is coercive if for every

sequence {xk}+∞
k=1 in X such that limk→+∞ ∥xk∥X = +∞,

lim
k→+∞

f(xk) = +∞.

A proper function f : X → R∪{+∞} is supercoercive if for every sequence {xk}+∞
k=1 in X such that
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limk→+∞ ∥xk∥X = +∞,

lim
k→+∞

f(xk)

∥xk∥X
= +∞.

Definition 6 (Weak convergence). A sequence {xk}+∞
k=1 of points in X converges weakly to x ∈ X

if for every linear functional x∗ ∈ Γ0(X ),

lim
k→+∞

⟨x∗,xk⟩ = ⟨x∗,x⟩ .

Definition 7 (Differentiability). A proper function f : X → R ∪ {+∞} with int(dom f) ̸= ∅ is

differentiable at a point x ∈ int(dom f) if there exists a linear functional x∗ ∈ X ∗ such that for

every x′ ∈ X ,

lim
λ→0
λ>0

f(x + λx′) − f(x)

λ
=
〈
x∗,x′〉 .

This linear functional, when it exists, is unique. It is called the gradient of f at x and is denoted

by ∇f(x).

Definition 8 (Subdifferentiability and subgradients). A function f ∈ Γ0(X ) is subdifferentiable at

a point x ∈ X if there exists a linear functional x∗ ∈ X ∗ such that for every x′ ∈ dom f ,

f(x′) − f(x) −
〈
x∗,x′ − x

〉
⩾ 0. (1.1)

In this case, x∗ is called a subgradient of the function f at x. The set of subgradients at x ∈ X

is called the subdifferential of f at x, and it is denoted by ∂f(x). The subdifferential ∂f(x) is a

closed convex subset of X whenever it is non-empty, and f has a unique subgradient at x if and

only if f is differentiable at x [214, Theorem 25.1].

The set of points x ∈ dom f at which the subdifferential ∂f(x) is non-empty is denoted by

dom ∂f .

If f is strictly convex, then for x ̸= x′ the inequality in (1.1) is strict. If f is m-strongly convex

and x ∈ dom ∂f , then for every x′ ∈ dom f the subgradients x∗ ∈ ∂f(x) satisfy the inequality

f(x′) − f(x) −
〈
x∗,x′ − x

〉
⩾
m

2

∥∥x− x′∥∥2
X . (1.2)
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Definition 9 (Convex conjugates). Let f ∈ Γ0(X ). The convex conjugate f∗ : X ∗ → R∪ {+∞} of

f is defined by

f∗(x∗) = sup
x∈dom f

{⟨x∗,x⟩ − f(x)} . (1.3)

By definition, the function f∗ is in Γ0(X ∗) [92, Page 17, Definition 4.1]. The supremum in (1.3)

is attained if and only if there exists x ∈ dom ∂f such that x∗ ∈ ∂f(x).

Definition 10 (Essential smoothness). A function f ∈ Γ0(X ) is essentially smooth if dom ∂f ̸= ∅,

dom ∂f = int(dom f), f is differentiable on int(dom f), and ∥∇f(xk)∥X → +∞ for every sequence

{xk}+∞
k=1 in int(dom f) converging to some boundary point of dom f .

Definition 11 (Essential strict convexity). A function f ∈ Γ0(X ) is essentially strictly convex if f

is strictly convex on every convex subset of dom ∂f and the subdifferential mapping ∂f∗ is locally

bounded on its domain.

Definition 12 (Strong smoothness). Let f : X → R. The function f is β-strongly smooth (with

β > 0) if it is continuously differentiable everywhere on its domain and if for every x,x′ ∈ X ,

f(x) ⩽ f(x′) +
〈
∇f(x′),x− x′〉+

β

2

∥∥x− x′∥∥2
X .

If f is also convex, then this characterization is equivalent to the uniform Lipschitz continuity of

the gradient x 7→ ∇f(x) with constant β [261, Lemma 4]:

∥∥∇f(x) −∇f(x′)
∥∥
X ⩽ β

∥∥x− x′∥∥
X .

Definition 13 (Saddle points). Let L : X ×Y∗ → R∪{+∞} be a proper function. A pair of points

(xs,y
∗
s) ∈ X × Y∗ is a saddle point of L if for every x ∈ X and y∗ ∈ Y∗,

L(xs,y
∗) ⩽ L(xs,y

∗
s) ⩽ L(x,y∗

s).

Definition 14 (Bregman divergences). Let ϕ ∈ Γ0(X ) with int(dom ϕ) ̸= ∅. The Bregman diver-

gence of the function ϕ is the function Dϕ : X × int(dom ϕ) → [0,+∞] defined as

Dϕ(x,x′) = ϕ(x) − ϕ(x′) − max
x∗∈∂ϕ(x′)

{〈
x∗,x− x′〉} . (1.4)
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Note that Bregman divergences are sometimes defined differently in the convex analysis literature.

The definition above is that from Bauschke et al. [20, Definition 7.1 and Lemma 7.3(i)].

A more general definition, which will be used in Chapter 3, expresses the Bregman divergence

in terms of the spaces X and X ∗: Let ϕ ∈ Γ0(X ). The Bregman divergence of ϕ is the function

Dϕ : X × X ∗ → [0,+∞] defined by

Dϕ(x,x∗) = ϕ(x) − ⟨x∗,x⟩ + ϕ∗(x∗). (1.5)

Note that for every x′ ∈ int(dom ϕ), there exists some x∗ ∈ X ∗ for which x∗ ∈ ∂ϕ(x′). Hence in

this case one may write

ϕ(x) − ϕ(x′) − max
x∗∈∂ϕ(x′)

{〈
x∗,x− x′〉} = ϕ(x) − ⟨x∗,x⟩ + ϕ∗(x∗),

which is precisely the right hand side of (1.5). Thus one can always express the Bregman divergence

in (1.4) as the one in (1.5) for some appropriate x∗ ∈ X ∗. The converse does not hold in general

because int dom ϕ ⊂ dom ∂ϕ and the inclusion may be strict [214, Theorem 23.4].

Definition 15 (Bregman proximity operators). Let f, ϕ ∈ Γ0(X ) with int(dom ϕ) ̸= ∅ and let

t > 0. The Bregman Dϕ-proximal operator prox(tf,Dϕ)(·) is a set-valued mapping defined for every

x′ ∈ int(dom ϕ) as

prox(tf,Dϕ)(x′) =

{
x̂ ∈ dom f ∩ dom ϕ : tf(x̂) +Dϕ(x̂,x′) = inf

x∈X

{
tf(x) +Dϕ(x,x′)

}
< +∞

}
.

(1.6)

Definition 16 (Projections). Let C denote a closed convex subset of Rn. To every x ∈ Rn, there

exists a unique element πC(x) ∈ C called the projection of x onto C that is closest to x in Euclidean

norm, i.e.,

πC(x) := arg min
u∈C

∥x− u∥22 . (1.7)

This correspondence defines a map x 7→ πC(x) from Rn to C called the projector onto C [10,
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Chapter 0.6, Corollary 1]. It satisfies the characterization

〈
x− πC(x),x′ − πC(x)

〉
⩽ 0, ∀x′ ∈ C. (1.8)

Definition 17 (Infimal convolutions). Let f1 ∈ Γ0(Rn) and f2 ∈ Γ0(Rn). The infimal convolution

of f1 and f2 is the function

Rn ∋ x 7→ (f12f2)(x) = inf
x1+x2=x

{f1(x1) + f2(x2)} . (1.9)

The infimal convolution is exact if the infimum is attained at x1 ∈ dom f1 and x2 ∈ dom f2, and

in that case the infimum in (1.9) can be replaced by a minimum.

Definition 18 (Moreau–Yosida envelopes and proximal mappings). Let t > 0 and J ∈ Γ0(Rn).

The functions

x 7→
(

1

2t
∥ · ∥222J

)
(x) = inf

u∈Rn

{
1

2t
∥x− u∥22 + J(u)

}
(1.10)

and

x 7→ arg min
u∈Rn

{
1

2t
∥x− u∥22 + J(u)

}
(1.11)

are called the Moreau–Yosida envelope and proximal mapping of J , respectively [137, 182, 215].

1.2.2 Facts

Fact 1.2.1. Let α > 0 and let A : X → Y be a bounded linear operator. For every (x,y∗), (x′,y∗′) ∈

X × Y∗, the following auxiliary inequality holds:

∣∣〈y∗ − y∗′,A(x− x′)
〉∣∣ ⩽ ∥A∥op

(
α

2

∥∥x− x′∥∥2
X +

1

2α

∥∥y∗ − y∗′∥∥2
Y∗

)
. (1.12)
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Proof. From the Cauchy–Schwartz inequality,

∣∣〈y∗ − y∗′,A(x− x′〉∣∣ ⩽ ∥A∥op
∥∥x− x′∥∥

X
∥∥y∗ − y∗′∥∥

Y∗

= ∥A∥op
(
α

2

∥∥x− x′∥∥2
X +

1

2α

∥∥y∗ − y∗′∥∥2
Y∗

)
− ∥A∥op

(√
α

2

∥∥x− x′∥∥
X −

√
1

2α

∥∥y∗ − y∗′∥∥
Y∗

)2

⩽ ∥A∥op
(
α

2

∥∥x− x′∥∥2
X +

1

2α

∥∥y∗ − y∗′∥∥2
Y∗

)
.

Fact 1.2.2 (Weighted averages of a convergent sequence). Let {xk}+∞
k=1 ⊂ X be a sequence converg-

ing strongly to some x ∈ X , let {λk}+∞
k=1 ⊂ (0,+∞) be a divergent sequence, i.e.,

∑+∞
k=1 λk = +∞,

and set Tk =
∑k

j=1 λj. Then

lim
k→+∞

∥∥∥∥∥∥ 1

Tk

 k∑
j=1

λjxj

− x

∥∥∥∥∥∥
X

= 0.

Proof. Fix ϵ > 0. Then there exists some K1 ∈ N such that for every k ⩾ K1, we have ∥xk − x∥X <

ϵ/2. Now, let k ⩾ K1, take the difference between the weighted average 1
Tk

∑k
j=1 λjxj and x, take

the norm, use the triangle inequality and rearrange to get

∥∥∥∥∥∥ 1

Tk

k∑
j=1

λjxj − x

∥∥∥∥∥∥
X

=

∥∥∥∥∥∥ 1

Tk

k∑
j=1

λj (xj − x)

∥∥∥∥∥∥
X

⩽
1

Tk

k∑
j=1

λj ∥xj − x∥X

=
1

Tk

K1−1∑
j=1

λj ∥xj − x∥X +
1

Tk

k∑
j=K1

λj ∥xj − x∥X

⩽
1

Tk

K1−1∑
j=1

λj ∥xj − x∥X +
1

Tk

k∑
j=K1

λj
ϵ

2

⩽
1

Tk

K1−1∑
j=1

λj ∥xj − x∥X +
ϵ

2
.

The first term on the right hand side of the last line depends on k only through the term Tk. By
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assumption, Tk → +∞ as k → +∞, and therefore there exists some K2 ∈ N such that for k ⩾ K2,

1

Tk

K1−1∑
j=1

λj ∥xj − x∥X <
ϵ

2
.

Taking k ⩾ max (K1,K2), we find

∥∥∥∥∥∥ 1

Tk

k∑
j=1

λjxj − x

∥∥∥∥∥∥
X

< ϵ.

As ϵ was arbitrary positive number, we can take ϵ→ 0 and obtain the desired result.

Fact 1.2.3 (Supercoercivity). Let f ∈ Γ0(X ) and suppose that f is supercoercive. Then for every

α > 0, there exists β ∈ R such that f(x) ⩾ α ∥x∥X + β for every x ∈ X . In particular, a

supercoercive function is always bounded from below.

Proof. See [20, Lemma 3.2] for a proof.

Fact 1.2.4 (Bounded sequences and weak convergence). Let {xk}+∞
k=1 be a bounded sequence in X .

Then this sequence has a subsequence {xkl}
+∞
l=1 that converges weakly to some element in X .

Proof. See [33, Theorem 3.18].

Fact 1.2.5 (Strong convexity and strong smoothness). Let f ∈ Γ0(X ). Then f is α-strongly convex

(with α > 0) if and only if its convex conjugate f∗ ∈ Γ0(X ∗) is 1
α -strongly smooth.

Proof. See [147, Theorem 6 and Appendix A.1].

Fact 1.2.6 (The primal problem and its dual problem). Let g ∈ Γ0(X ), let h ∈ Γ0(Y), and let

A : X → Y be a bounded linear operator. Assume the primal (minimization) problem

inf
x∈X

{g(x) + h(Ax)} (1.13)



14

has at least one solution and assume there exists x ∈ X such that h is continuous at Ax. Then the

dual (maximization) problem

sup
y∗∈Y∗

{−g∗(−A∗y∗) − h∗(y∗)} (1.14)

is finite and has at least one solution. Moreover, if (xs,y
∗
s) denotes a pair of solutions to the primal

and dual problem then (xs,y
∗
s) satisfies the following optimality conditions

−A∗y∗
s ∈ ∂g(xs) and y∗

s ∈ ∂h(Axs).

Proof. See [92, Theorem 4.1, Theorem 4.2, Equations (4.24)-(4.25)] for a proof. (Beware, in [92]

the notation used for the solution y∗
s is flipped by a minus sign.)

Fact 1.2.7 (Convex-concave saddle point problems). Let g ∈ Γ0(X ), let h ∈ Γ0(Y), let A : X → Y

be a bounded linear operator, define the function L : X × Y∗ → R ∪ {+∞} as

L(x,y∗) = g(x) + ⟨y∗,Ax⟩ − h∗(y∗).

Then the pair of points (xs,y
∗
s) ∈ X × Y∗ is a saddle point of L if and only if xs is a solution of

the primal problem (1.13) and y∗
s is a solution of the dual problem (1.14).

Proof. See [92, Proposition 3.1, page 57].

Fact 1.2.8 (Properties of Bregman divergences). Let ϕ ∈ Γ0(X ) with int(dom ϕ) ̸= ∅, let x ∈

dom ϕ, and let x′, x̂ ∈ int(dom ϕ). Assume that ϕ is differentiable on int(dom ϕ). Then the

Bregman divergence Dϕ of ϕ satisfies the following properties:

(i) The Bregman divergence can be written as Dϕ(x,x′) = ϕ(x) − ϕ(x′) − ⟨∇ϕ(x′),x− x′⟩.

(ii) The Bregman divergence Dϕ satisfies the three-point identity

Dϕ(x,x′) = Dϕ(x̂,x′) +Dϕ(x, x̂) +
〈
∇ϕ(x′) −∇ϕ(x̂), x̂− x

〉
. (1.15)

(iii) If ϕ is essentially strictly convex, then Dϕ(x,x′) = 0 if and only if x = x′.
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(iv) If ϕ is essentially strictly convex, then the function x 7→ Dϕ(x,x′) is coercive for every

x′ ∈ int(dom ϕ).

(v) If ϕ is supercoercive, then the function x′ 7→ Dϕ(x,x′) is coercive for every x ∈ int(dom ϕ).

(vi) If {xk}+∞
k=1 is a sequence in int(dom ϕ) converging to a point x ∈ int(dom ϕ), then

lim
k→+∞

Dϕ(x,xk) = 0.

(vii) Assume that ϕ is essentially smooth. If {xk}+∞
k=1 is a sequence in int(dom ϕ) converging to a

point xc ∈ int(dom ϕ), then

lim
k→+∞

Dϕ(x,xk) = Dϕ(x,xc).

(viii) If ϕ is m-strongly convex with respect to ∥·∥X , then

Dϕ(x,x′) ⩾
m

2

∥∥x− x′∥∥2
X .

Proof. See [20, Lemma 7.3] for the proof of (i) and (iii)-(vi). Statement (ii) follows from (i) and a

straightforward calculation. Statement (vii) follows from (i) and the continuity of both ϕ and ∇ϕ

over int(dom ϕ). Statement (viii) follows from (i) and inequality (1.2).

Fact 1.2.9 (Properties of Bregman proximity operators). Let f, ϕ ∈ Γ0(X ) be two functions such

that dom f ∩ int(dom ϕ) ̸= ∅, let t > 0, and assume ϕ is essentially smooth and essentially strictly

convex. In addition, assume that either f is bounded from below or ϕ is supercoercive. Then the

following properties hold:

(i) The proximal operator x′ 7→ prox(tf,Dϕ)(x′) defined in (1.6) is single-valued on its domain

int(dom ϕ). That is, for every x′ ∈ int(dom ϕ),

prox(tf,Dϕ)(x′) = arg min
x∈X

{
tf(x) +Dϕ(x,x′)

}
.
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Moreover, prox(tf,Dϕ)(x′) ∈ dom ∂f ∩ int(dom ϕ).

(ii) For every x ∈ dom f and x′ ∈ int(dom ϕ), the proximal point prox(tf,Dϕ)(x′) satisfies the

characterization

f(x) − f(prox(tf,Dϕ)(x′)) − 1

t

〈
∇ϕ(prox(tf,Dϕ)(x′)) −∇ϕ(x′),prox(tf,Dϕ)(x′) − x

〉
⩾ 0.

(1.16)

If, in addition, there exists γf > 0 such that the function x 7→ f(x) − γfϕ(x) is convex, then

this characterization can be strengthened to

f(x) − f(prox(tf,Dϕ)(x′)) − 1

t

〈
∇ϕ(prox(tf,Dϕ)(x′)) −∇ϕ(x′), prox(tf,Dϕ)(x′) − x

〉
⩾ γfDϕ(x, prox(tf,Dϕ)(x′)).

(1.17)

(iii) For every x ∈ dom f and x′ ∈ int(dom ϕ),

f(x) +
1

t
Dϕ(x,x′) ⩾ f(prox(tf,Dϕ)(x′)) +

1

t
Df (prox(tf,Dϕ)(x′),x′)

+
1

t
Df (x, prox(tf,Dϕ)(x′)).

(1.18)

If, in addition, there exists γf > 0 such that the function x 7→ f(x) − γfϕ(x) is convex,

then (1.18) can be strengthened to

f(x) +
1

t
Dϕ(x,x′) ⩾ f(prox(tf,Dϕ)(x′)) +

1

t
Df (prox(tf,Dϕ)(x′),x′)

+

(
1

t
+ γf

)
Df (x, prox(tf,Dϕ)(x′)).

(1.19)

Proof. See [21, Proposition 3.21-3.23, Theorem 3.24, Corollary 3.25] for the proof of statements (i).

Statement (ii) follows directly from [92, Proposition 2.2, page 38]. To prove inequality (1.18) in

(iii), use the characterization (1.16) to write

f(x) +
1

t
Dϕ(x,x′) ⩾ f(prox(tf,Dϕ)(x′)) +

1

t
Dϕ(x,x′)

− 1

t

〈
∇ϕ(x′) −∇ϕ(prox(tf,Dϕ)(x′)),prox(tf,Dϕ)(x′) − x

〉
.

Then use the three-point identity (1.15) with x̂ = prox(tf,Dϕ)(x′)) to obtain (1.18). The proof of
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inequality (1.19) in (iii) is nearly identical, with the exception that the characterization (1.17) is

used in place of (1.16).

Fact 1.2.10 (Monotone property of the subdifferential). Let f ∈ Γ0(X ) and suppose that f is m-

strongly convex over its domain. Then for every pairs (x1,x2) ∈ dom ∂f × dom ∂f and (x∗
1,x

∗
2) ∈

∂f(x1) × ∂f(x2),

m ∥x1 − x2∥22 ⩽ ⟨x∗
1 − x∗

2,x1 − x2⟩ . (1.20)

Proof. This follows directly from [214, Page 240, Corollary 31.5.2].

Fact 1.2.11 (Set-valued subdifferential mapping). Let f ∈ Γ0(Rn). The mapping dom ∂f ∋ x 7→

π∂f(u)(0), which selects the subgradient of minimal norm in the subdifferential ∂f(x), is well-defined

and defines a function continuous almost everywhere on dom ∂f .

Proof. This follows directly from the fact that the mapping agrees with the gradient of f over the

set of points in int (dom J) at which f is differentiable [214, Theorem 25.5].

Fact 1.2.12 (Properties of convex conjugates). Let f ∈ Γ0(X ). The mapping f 7→ f∗ is one-to-one,

(f∗)∗ = f , and for every x ∈ X and x∗ ∈ X , the functions f and f∗ satisfy Fenchel’s inequality

f(x) + f∗(x∗) ⩾ ⟨x∗,x⟩ , (1.21)

where equality holds if and only if x∗ ∈ ∂f(x), if and only if x ∈ ∂f∗(x∗).

Proof. See [137, Corollary 1.4.4].

Fact 1.2.13 (Properties of the infimal convolution). (i) Let f1 ∈ Γ0(Rn) and f2 ∈ Γ0(Rn) and

suppose that the relative interiors of f1 and f2 have a point in common, i.e., ri dom f1 ∩

ri dom f2 ̸= ∅. Then the convex conjugate of the infimal convolution f12f2 at x∗ ∈ Rn

equals the sum of their respective convex conjugate, that is,

(f12f2)
∗ (p) = f∗1 (p) + f∗2 (p).
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(ii) [Moreau’s decomposition] Let f ∈ Γ0(Rn). Then the following decomposition holds:

1

2
∥·∥222f +

1

2
∥·∥222f

∗ =
1

2
∥·∥22 .

(iii) [Deconvolutions] Suppose f1 and f2 are two convex functions on Rn such that f1+f2 = 1
2 ∥·∥

2
2.

Then there exists a unique function f ∈ Γ0(Rn) such that

f1 =
1

2
∥·∥222f and f2 =

1

2
∥·∥222f

∗,

where f(x) = f∗2 (x) − 1
2 ∥x∥

2
2 for every x ∈ Rn. Moreover, f1 and f2 are continuously

differentiable and

∇f1(x) ∈ ∂f(∇h(x)) and ∇f2(x) ∈ ∂f∗(∇g(x)).

Proof. See [214, Theorem 16.4] for the proof of (i). Item (ii) is known as the Moreau’s decomposition

theorem and the proof can be found in [138, 182]. See [138] for the proof of (iii).

Fact 1.2.14 (Moreau–Yosida envelopes, proximal mappings and their connections to Hamilton—

Jacobi PDEs). Let J ∈ Γ0(Rn). Then the following statements hold.

(i) The unique continuously differentiable and convex function S0 : Rn× [0,+∞) → R that satis-

fies the first-order Hamilton–Jacobi equation with initial data


∂S0
∂t

(x, t) +
1

2
∥∇xS0(x, t)∥22 = 0 in Rn × (0,+∞),

S0(x, 0) = J(x) in Rn,
(1.22)

is defined by

S0(x, t) =

(
(

1

2t
∥·∥22)2J

)
(x) (Lax–Oleinik formula) (1.23)

= inf
u∈Rn

{
1

2t
∥x− u∥22 + J(u)

}
. (1.24)
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Furthermore, for every x ∈ dom J , sequence {tk}+∞
k=1 of positive real numbers converging to

0, and sequence {dk}+∞
k=1 of vectors converging to d ∈ Rn, the pointwise limit S0(x+ tkdk, tk)

as k → +∞ exists and satisfies

lim
k→+∞

S0(x + tkdk, tk) = J(x).

(ii) For every x ∈ Rn and t > 0, the infimum in (1.24) exists and is attained at a unique point

uMAP (x, t) ∈ dom ∂J (see Equation (4.2)) In addition, the minimizer uMAP (x, t) satisfies

the formula

uMAP (x, t) = x− t∇xS0(x, t), (1.25)

and

x− uMAP (x, t)

t
∈ ∂J(uMAP (x, t)).

(iii) Let {tk}+∞
k=1 be a sequence of positive real numbers converging to zero and let {dk}+∞

k=1 be a

sequence of elements in Rn converging to some d ∈ Rn. Then, for every x ∈ dom J the

pointwise limit of uMAP (x, t) as t→ 0 exists and satisfies

lim
k→+∞

uMAP (x + tkdk, tk) = x.

(iv) Let x ∈ dom ∂J and let {tk}+∞
k=1 be a sequence of positive real numbers converging to zero.

Then the limit of ∇xS0(x, tk) as k → +∞ exists and satisfies

lim
k→+∞

∇xS0(x, tk) = π∂J(x)(0). (1.26)

Proof. See [64] for the proof of these statements.



Chapter Two

Variational methods for machine learning algorithms

and connections to Hamilton–Jacobi PDEs I: Theory
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2.1 Introduction

2.1.1 Overview

This chapter and the following present variational methods, also called optimization methods,

for solving certain types of Hamilton–Jacobi partial differential equations that appear in machine

learning. As we will see later, several supervised machine learning algorithms for regression and

classification admit formulations in terms of Hamilton–Jacobi partial differential equations. In

that sense, this chapter and the following focus on novel optimization methods for solving several

supervised machine learning problems, although, as will be argued later, in a far more efficient way

than competing methods in the literature. The starting point of this chapter concerns first-order

convex optimization methods for solving convex optimization problems with saddle-point structure,

specifically the linear primal-dual hybrid gradient method.

The linear primal-dual hybrid gradient (PDHG) method is a first-order splitting method for

minimizing the sum of two convex functions [46, 47, 95, 204, 205, 262]. It works by splitting the

sum into smaller subproblems, each of which is easier to solve. These subproblems, unlike those

obtained from most splitting methods, can generally be solved efficiently because they involve simple

operations such as matrix-vector multiplications or proximal mappings that are fast to evaluate

numerically. This makes the linear PDHG method flexible and easy to implement for solving a wide

range of constrained and nondifferentiable optimization problems. Due to this advantage, the linear

PDHG method is widely used for solving problems in imaging science [24, 32, 96, 119, 155, 157, 212],

optimal control [98, 154], compressive sensing [110, 143], distributed optimization [197, 219, 220],

and optimal transport [40, 90, 103, 113, 165, 194]. It is also used, to a limited extent, for solving

large-scale problems in machine learning [8, 17, 43, 135, 206, 221, 253].

Despite its flexibility and ease of implementation, the linear PDHG method requires precise

stepsize parameters for the problem at hand to achieve an optimal convergence rate. Unfortunately,

these stepsize parameters are often prohibitively expensive to compute for large-scale optimization

problems. This issue makes the otherwise simple linear PDHG method unsuitable for solving
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large-scale optimization problems, such as those in machine learning. This issue is shared by most

first-order optimization methods as well.

To illustrate this point, consider the ℓ1-constrained logistic regression problem

inf
v∈Rd

∥v∥1⩽λ

1

m

m∑
i=1

log
(

1 + e−[b]i⟨ui,v⟩
)
, (2.1)

where {ui, [b]i}mi=1 denote a collection of m feature vectors ui ∈ Rd with labels [b]i ∈ {−1,+1} and

λ > 0 is a parameter. This problem can be solved using the linear PDHG method as follows. Let B

denote the m× d matrix whose rows are the elements −[b]iui, let B∗ denote its matrix transpose,

and let ∥B∥2,2 denote the largest singular value of B. Formally, the linear PDHG method computes

a global minimum of problem (2.1) via the iterations [47, Algorithm 5][182]

zk = wk + σkB(vk + θk[vk − vk−1]),

wk+1 = zk − arg min
w∈Rm

{
1

2
∥w − zk∥22 +

σk
m

m∑
i=1

log
(

1 + e[w]i/σk
)}

,

vk+1 = arg min
v∈Rn

∥v∥1⩽λ

1

2
∥v − (vk − τkBwk+1)∥22 ,

θk+1 = 1/
√

1 + 4mσk, τk+1 = τk/θk+1 and σk+1 = θk+1σk,

(2.2)

where v−1 = v0 are vectors in the interior of the d-dimensional ℓ1-ball of radius λ, w0 is a vector in

Rm, and τ0 > 0, σ0 = 1/(∥B∥22,2 τ0) and θ0 = 0 are the initial stepsize parameters. The updates for

wk+1 and vk+1 in (2.2) can be evaluated efficiently using standard first or second-order optimization

methods and efficient ℓ1-ball projection algorithms [60], respectively. The other operations in the

updates can all be computed exactly in at most O(md) operations. The convergence rate for this

method is O(1/k2) in the number of iterations k, which is the best possible achievable rate of

convergence for this problem in the Nesterov class of optimal first-order methods [188].

Attaining this optimal rate of convergence requires a precise estimate of the largest singular

value ∥B∥2,2 of the matrix B. However, this quantity takes on the order of O(min(m2d,md2))

operations to compute [130], which makes it essentially impossible to estimate the largest singular
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value for large matrices. Line search methods and other heuristics are often used to bypass this

issue, but they typically slow down the convergence too much to alleviate the problem. Most first-

order optimization methods used for solving large-scale optimization problems share this issue as

well.

To address this issue, we present novel accelerated nonlinear PDHG methods that can achieve

an optimal rate of convergence with stepsize parameters that are simple and efficient to compute.

Returning to the previous example, let ∥B∥1,2 denote the maximum ℓ2 norm of a column of the

matrix B and define new parameters τ̂0 > 0, σ̂0 = 1/(∥B∥21,2 τ̂0) and θ̂ = 0. In addition, let

x−1 = x0 denote vectors contained in the interior of the 2d-dimensional unit simplex ∆2d, let y∗
0

denote a vector in the m-dimensional cube (0, 1/m)m, let [ŵ∗
0]i = log (m[y∗

0]i/(1 −m[y∗
0]i)) for

i ∈ {1, . . . ,m}, and let A = λ(B| − B) denote the horizontal concatenation of the matrices λB

and −λB. Then, we show in Sections 2.4.4 and 3.2 that the accelerated nonlinear PDHG method

ŵk+1 =
(

4mσ̂kxk + 4mσ̂kθ̂ (xk − xk−1) + ŵk

)
/(1 + 4mσ̂k),

[y∗
k+1]i =

1

m+me−[wk+1]i
for i ∈ {1, . . . ,m} ,

[xk+1]j =
[xk]je

−τ̂k[A∗y∗
k+1]j∑m

j=1[xk]je
−τ̂k[A∗y∗

k+1]j
for j ∈ {1, . . . , n} ,

vk+1 = λ(B | −B)xk+1

θ̂k+1 = 1/
√

1 + 4mσ̂k, τ̂k+1 = τ̂k/θ̂k+1, and σ̂k+1 = θ̂k+1σ̂k,

(2.3)

computes a global minimum of problem (2.1) through the iterates vk. Moreover, the convergence

rate is O(1/k2) in the number of iterations k, which is the best possible achievable rate of conver-

gence for this problem in the Nesterov class of optimal first-order methods [188].

Unlike in the linear PDHG method (2.2), the stepsize parameters in the nonlinear PDHG

method (2.3) are computed in optimal Θ(md) operations from the matrix norm ∥A∥1,2. In addition,

the computational bottleneck in the iterates consists of matrix-vector multiplications that can be

computed in O(md) operations or better with appropriate parallel algorithms. Thus all stepsize

parameters and updates in the nonlinear method (2.3) are computed in quadratic O(md) time,

in contrast to the stepsize parameters in the linear method (2.2) which are computed in cubic
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O(min(m2d,md2)) time. This gain turns out to be considerable in practice: In Section (3.2.4) of

Chapter 3, we will present some numerical experiments in which the nonlinear PDHG method (2.3)

converges 5 to 10 times faster than the linear PDHG method (2.2).

2.1.2 Connections to Hamilton–Jacobi partial differential equations?

What does nonlinear PDHG optimization methods and ℓ1-constrained logistic regression have to

do with Hamilton–Jacobi partial differential equations (HJ PDEs)? As a first step to answer this

question, let’s write the ℓ1-constraint in problem (2.1) in terms of its convex conjugate, which turns

out to be the ℓ∞ norm. Specifically, writing

v 7→ ∥v∥∗∞ =


0, if ∥v∥1 ⩽ 1,

+∞, otherwise,

the ℓ1-constrained logistic regression problem (2.4) can then be written in terms of this convex

conjugate as follows:

inf
v∈Rd

{
1

m

m∑
i=1

log
(

1 + e−[b]i⟨ui,v⟩
)

+ λ
∥∥∥v
λ

∥∥∥∗
∞

}
. (2.4)

In this form, with the ℓ∞ norm, the connection between ℓ∞-constrained logistic regression and

HJ PDEs can be made explicit. Suppose the feature vectors ui are all linearly independent. Then

Equation (2.4) turns out to be the Lax–Oleinik representation formula to the (classical) solution of

a first-order HJ PDE with Hamiltonian equal to the ℓ∞ norm and initial data equal to the logistic

regression model. More precisely, let S : Rd × [0,∞ ) → R denote the function defined by

S(v′, t) = inf
v∈Rd

{
1

m

m∑
i=1

log
(

1 + e−[b]i⟨ui,v⟩
)

+ λ

∥∥∥∥v′ − v

λ

∥∥∥∥∗
∞

}
.

Then the function (v′, t) 7→ S(v′, t) is the classical solution to the first-order HJ PDE [16, Propo-
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sition 4.1] 
∂S

∂t
(v′, t) +

∥∥∇v′S(v′, t)
∥∥
∞ = 0, v′ ∈ Rn, t ∈ [0,+∞),

S(v′, 0) =
1

m

m∑
i=1

log
(

1 + e−[b]i⟨ui,v
′⟩
)
, v′ ∈ Rn.

(2.5)

Solving the ℓ1-constrained logistic regression problem (2.1) therefore amounts to evaluating the

solution of the HJ PDE (2.5) at v′ = 0 and t = λ.

The formal derivation above shows how ℓ1-constrained logistic regression connects to HJ PDEs.

Similar connections also hold for a broad class of supervised machine learning algorithms; these

will be made explicit in Section 2.5. The work presented in this chapter and the following will not

leverage these connections explicitly, but in future work described in Section 5.1 of the last chapter

will describe how these connections could be leveraged in practice for sparse logistic regression.

Finally, note that the representation formulas for many first-order HJ PDEs can be cast as convex

optimization problems with appropriate saddle-point structure. Hence the accelerated nonlinear

PDHG optimization methods presented in this chapter should prove particularly efficient and robust

for solving high-dimensional first-order HJ PDEs, including those that arise in optimal control and

in imaging science [69, 68, 154].

2.1.3 Related work

The linear PDHG method was introduced at around the same time by Pock et al. [205] and Esser

et al. [95] to solve problems in imaging science (see also earlier work from [207, 262]). The con-

vergence of the linear PDHG method for problems posed on Euclidean spaces was later proven

by Chambolle and Pock [46]. In addition to a proof of convergence, their work provided acceler-

ated schemes of the linear PDHG method for problems with some degree of smoothness or strong

convexity or both.

Since then, many variants and extensions of the linear PDHG method have been proposed;

see [48, 47, 49] for further details and references. A partial list of these variants include:

overrelaxed [59, 133], inertial [166], operator, forward-backward, and proximal-gradient split-
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ting [29, 58, 75, 84, 245], multistep [56], stochastic [193, 49, 101, 197, 241, 248, 253], and non-

linear [47, 140] variants, including the mirror descent method [186]. Here, we focus on nonlinear

PDHG methods.

The extension of the linear PDHG method to the nonlinear setting was first done, to our knowl-

edge, by Hohage and Homann [140] to solve non-smooth convex optimization problems posed on

Banach spaces. A nonlinear PDHG method for solving such problems using nonlinear proximity

operators based on Bregman divergences was later proposed by Chambolle and Pock [47]. Their

work also provided an accelerated and partially nonlinear scheme for solving strongly convex prob-

lems. Their scheme is not fully nonlinear, however, as it requires one of the Bregman divergence

to be a quadratic function. Moreover, their work did not provide accelerated nonlinear schemes for

smooth convex problems or smooth and strongly convex problems.

2.1.4 Contributions

This chapter contributes accelerated nonlinear PDHG methods that achieve an optimal rate of

convergence in the Nesterov class of optimal first-order methods with stepsize parameters that

are simple and efficient to compute. To do so, we extend the theory of accelerated nonlinear

PDHG methods initiated in [47] to solve optimization problems on Banach spaces with nonlinear

proximity operators based on Bregman divergences. The main theoretical results and accelerated

nonlinear PDHG methods are described in Section 2.4. We prove rigorous convergence results,

including results strongly convex or smooth problems posed on infinite-dimensional reflexive Banach

spaces. The results we present are generally applicable to convex-concave saddle-point optimization

problems posed on real reflexive Banach spaces. In addition, we present in Section 2.5 some

novel theoretical connections between a broad class of supervised machine learning problems and

first-order HJ PDEs with initial data. The following chapter will describe accelerated nonlinear

PDHG methods for several of these problems, including regularized logistic regression, regularized

maximum entropy estimation and entropy-regularized zero-sum matrix games.
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2.2 Setup

We are interested here with convex-concave saddle-point problems posed on real reflexive Banach

spaces. Concretely, let X and Y denote two real reflexive Banach spaces endowed with norms ∥·∥X

and ∥·∥Y , and let A : X → Y denote a bounded linear operator between those two spaces. We

consider the following convex-concave saddle-point problem

inf
x∈X

sup
y∈Y∗

{g(x) + ⟨y∗,Ax⟩ − h∗(y∗)} (2.6)

where g ∈ Γ0(X ) and h ∈ Γ0(Y). Formally, this is the primal-dual formulation associated to the

primal problem

inf
x∈X

{g(x) + h(Ax)} (2.7)

and the dual problem

sup
y∗∈Y∗

{−g∗(−A∗y∗) − h∗(y∗)}. (2.8)

The objective function L : X × Y∗ → R ∪ {+∞} in the saddle-point problem (2.6), namely

L(x,y∗) = g(x) + ⟨y∗,Ax⟩ − h∗(y∗), (2.9)

is called the Lagrangian of the primal and dual problems (2.7) and (2.8). Solutions to the saddle-

point problem (2.6), when they exist, are saddle points of the Lagrangian (2.9) (see Definition (13)

and Fact (1.2.6)).

This work focuses on accelerated nonlinear PDHG methods designed to compute saddle points

of (2.6), and therefore solutions to the primal and dual problems (2.7) and (2.8). We describe below

the formalism behind the nonlinear PDHG method. Let ϕX ∈ Γ0(X ) and ϕY∗ ∈ Γ0(Y∗) denote

two essentially smooth and essentially strictly convex functions, and consider their corresponding

Bregman divergences:

DϕX (x, x̄) = ϕX (x) − ϕ(x̄) − ⟨∇ϕX (x̄),x− x̄⟩

DϕY∗ (y∗, ȳ∗) = ϕY∗(y∗) − ϕY∗(ȳ∗) − ⟨y∗ − ȳ∗,∇ϕY∗(ȳ∗)⟩ .
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Formally, we propose using these Bregman divergence to alternate in (2.6) a nonlinear proximal

descent step in the variable x and a nonlinear proximal ascent step in the variable y∗ as follows:

x̂ = arg min
x∈X

{
g(x) + ⟨ỹ∗,Ax⟩ +

1

τ
DϕX (x, x̄)

}
ŷ∗ = arg max

y∗∈Y∗

{
−h∗(y∗) + ⟨y∗,Ax̃⟩ − 1

σ
DϕY∗ (y∗, ȳ∗)

}
.

(2.10)

The iteration scheme (2.10) takes the stepsize parameters τ, σ > 0, initial points (x̄, ȳ∗) ∈ X ×

Y∗, and intermediate points (x̃, ỹ∗) ∈ X × Y∗ to output the new points (x̂, ŷ∗). The nonlinear

PDHG method consists of this iteration scheme with appropriate parameter values and initial and

intermediate points to attain an optimal convergence rate.

Assumptions

(A1) The two functions g and h are proper, lower semicontinuous, and convex over their respective

domains X and Y. Moreover, the primal problem (2.7) has at least one solution and there

exists a point x ∈ dom g such that Ax ∈ dom h and h is continuous at Ax.

(A2) The two functions ϕX and ϕY∗ are proper, lower semicontinuous, and convex over their respec-

tive domains X and Y∗. Moreover, ϕX and ϕY∗ are both essentially smooth and essentially

strictly convex.

(A3) The domains of the two functions g and ϕX satisfy the inclusion dom ∂g ⊆ int(dom ϕX ), and

at least one of g and ϕX is supercoercive.

(A4) The domains of the two functions h∗ and ϕY∗ satisfy the inclusion dom ∂h∗ ⊆ int(dom ϕY∗),

and at least one of h∗ and ϕY∗ is supercoercive.

(A5) The two functions ϕX and ϕY∗ are 1-strongly convex with respect to ∥·∥X and ∥·∥Y∗ on their

respective domains.

Assumptions (A1) ensures that the primal problem (2.7) and dual problem (2.8) each has at least

one solution [92, Theorem 4.1], and that the saddle-point problem (2.6) has at least one saddle
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point [92, Proposition 3.1]. Assumptions (A1)-(A4) ensure that the Bregman divergences of ϕX

and ϕY∗ and the minimization problems in the iteration (2.10) satisfy the properties described by

Facts 1.2.8 and 1.2.9 in Appendix 1.2. Finally, assumption (A5) is used later in Section 2.3 and 2.4

to prove the convergence of the nonlinear PDHG methods. We note that the domain inclusions in

(A3) and (A4) are more restrictive than those assumed in [47] and are necessary for the optimization

methods to work (see Fact 1.2.9).

Under assumptions (A1)-(A4) and an appropriate choice of stepsize parameters, initial points,

and intermediate points, the iteration scheme (2.10) is well-defined and satisfies a descent rule:

Lemma 2.2.1. Assume (A1)-(A4) hold, and assume the iteration scheme (2.10) takes as input

the stepsize parameters τ, σ > 0, initial points (x̄, ȳ∗) ∈ dom ∂g × dom ∂h∗, and intermediate

points (x̃, ỹ∗) ∈ X × Y∗. Then the iteration scheme (2.10) generates a unique output (x̂, ŷ∗) ∈

dom ∂g×dom ∂h∗, and for every (x,y∗) ∈ dom g×dom h∗ the output (x̂, ŷ∗) satisfies the descent

rule

L(x̂,y∗) − L(x, ŷ∗) ⩽
1

τ
(DϕX (x, x̄) −DϕX (x̂, x̄) −DϕX (x, x̂))

+
1

σ

(
DϕY∗ (y∗, ȳ∗) −DϕY∗ (ŷ∗, ȳ∗) −DϕY∗ (y∗, ŷ∗)

)
+ ⟨ỹ∗ − ŷ∗,A(x− x̃)⟩ − ⟨y∗ − ỹ∗,A(x̃− x̂)⟩ .

(2.11)

Proof. See Appendix 2.A.

2.3 The basic nonlinear primal-dual hybrid gradient method

The basic nonlinear PDHG method takes two stepsize parameters τ, σ > 0 and an initial pair of

points (x0,y
∗
0) ∈ dom ∂g × dom ∂h∗ to generate the iterates

xk+1 = arg min
x∈X

{
g(x) + ⟨y∗

k,Ax⟩ +
1

τ
DϕX (x,xk)

}
y∗
k+1 = arg max

y∗∈Y∗

{
−h∗(y∗) + ⟨y∗,A(2xk+1 − xk)⟩ −

1

σ
DϕY∗ (y∗,y∗

k)

}
.

(2.12)
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Under assumptions (A1)-(A4), Lemma 2.2.1 applies to method (2.12), and starting from the input

(x0,y
∗
0) the method (2.12) generates a unique output (x1,y

∗
1) ∈ dom ∂g × dom ∂h∗. A simple

induction argument using Lemma 2.2.1 then shows that (xk,y
∗
k) ∈ dom ∂g × dom ∂h∗ for every

k ∈ N. As such, method (2.12) is well-defined. In addition, under assumption (A5) and appropriate

conditions on the values of the stepsize parameters τ and σ, the nonlinear PDHG method (2.12)

satisfies the following properties:

Proposition 2.3.1. Assume (A1)-(A5) hold and assume τ, σ > 0 satisfy the strict inequality

τσ ∥A∥2op < 1. (2.13)

Let (x0,y
∗
0) be a pair of points contained in dom ∂g × dom ∂h∗, let (xs,y

∗
s) be a saddle point of

the Lagrangian (2.9), and let K ∈ N. Consider the sequence of iterates {(xk,y
∗
k)}Kk=1 generated by

the nonlinear PDHG method (2.12) from the initial points (x0,y
∗
0), define the averages

XK =
1

K

K∑
k=1

xk and Y ∗
K =

1

K

K∑
k=1

y∗
k,

and for (x,y∗) ∈ dom g × dom h∗, define the quantity

δk(x,y
∗) =

1

τ
DϕX (x,xk) +

1

σ
DϕY∗ (y∗,y∗

k) − ⟨y∗ − y∗
k,A(x− xk)⟩ . (2.14)

Then:

(a) For every (x,y∗) ∈ dom g × dom h∗ and nonnegative integer k, the output (xk+1,y
∗
k+1) of

the nonlinear PDHG method (2.12) satisfies the descent rule

L(xk+1,y
∗) − L(x,y∗

k+1) ⩽ δk(x,y
∗) − δk+1(x,y

∗). (2.15)
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(b) For every (x,y∗) ∈ dom g × dom h∗ and K ∈ N, we have the estimate

L(XK ,y
∗) − L(x,Y ∗

K) ⩽
1 +

√
τσ ∥A∥op
K

(
1

τ
DϕX (x,x0) +

1

σ
DϕY∗ (y∗,y∗

0)

)
−

1 −
√
τσ ∥A∥op
K

(
1

τ
DϕX (x,xK) +

1

σ
DϕY∗ (y∗,y∗

K)

)
,

(2.16)

and for (x,y∗) = (xs,y
∗
s), the global bound

1

τ
DϕX (xs,xK) +

1

σ
DϕY∗ (y∗

s,y
∗
K) ⩽

1 +
√
τσ ∥A∥op

1 −
√
τσ ∥A∥op

(
1

τ
DϕX (xs,x0) +

1

σ
DϕY∗ (y∗

s,y
∗
0)

)
.

(2.17)

(c) [Convergence properties] The sequences {(xk,y
∗
k)}

+∞
k=1 and {(XK ,Y

∗
K)}+∞

K=1 are bounded, and

the latter has a subsequence that converges weakly to a saddle point of the Lagrangian (2.9).

If, in addition, the spaces X and Y∗ are finite-dimensional, then the sequences {(xk,y
∗
k)}

+∞
k=1

and {(XK ,Y
∗
K)}+∞

K=1 both converge strongly to the same saddle point.

Proof. See Appendix 2.B.

2.4 Accelerated nonlinear primal-dual hybrid gradient methods

In this section, we describe accelerated nonlinear PDHG method (2.12) that are suitable when the

functions g and h∗ in the saddle-point problem (2.6) have additional structure beyond that stated

in assumptions (A1)-(A5). Specifically, we assume either one or both of these statements:

(A6) There is a positive number γg such that the function x 7→ g(x) − γgϕX (x) is convex.

(A7) There is a positive number γh∗ such that the function y∗ 7→ h∗(y∗) − γh∗ϕY∗(y∗) is convex.

Note that by Fact 1.2.5, assumption (A7) is equivalent to assuming that h is also continuously

differentiable everywhere on Y, with its gradient being uniformly Lipschitz continuous of parameter

1/gammah∗ .
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With assumptions (A1)-(A7), the descent rule (2.11) in Lemma 2.2.1 is improved: For every

(x,y∗) ∈ dom g × dom h∗, the output (x̂, ŷ∗) satisfies

L(x̂,y∗) − L(x, ŷ∗) ⩽
1

τ
(DϕX (x, x̄) −DϕX (x̂, x̄)) −

(
1 + γgτ

τ

)
DϕX (x, x̂)

+
1

σ

(
DϕY∗ (y∗, ȳ∗) −DϕY∗ (ŷ∗, ȳ∗)

)
−
(

1 + γh∗σ

σ

)
DϕY∗ (y∗, ŷ∗)

+ ⟨ỹ∗ − ŷ∗,A(x− x̃)⟩ − ⟨y∗ − ỹ∗,A(x̃− x̂)⟩ .

(2.18)

The proof of inequality (2.18) is nearly identical to the proof of inequality (2.11), with the only

difference that we use the stronger inequality (1.19) (see Fact 1.2.9(iii)) on each line of the iteration

scheme (2.10) to get

g(x̂) − g(x) ⩽
1

τ
(DϕX (x, x̄) −DϕX (x̂, x̄)) −

(
1 + γgτ

τ

)
DϕX (x, x̂) + ⟨A∗ỹ∗,x− x̂⟩ .

and

h∗(ŷ∗)−h∗(y∗) ⩽
1

σ

(
DϕY∗ (y∗, ȳ∗) −DϕY∗ (ŷ∗, ȳ∗))

)
−
(

1 + γh∗σ

σ

)
DϕY∗ (y∗, ŷ∗)−⟨y∗ − ŷ∗,Ax̃⟩ .

Inequality (2.18) then follows from these two inequalities and the same steps used to prove the

descent rule (2.11) in Lemma 2.2.1.

Remark 2.4.1. Assumptions (A1)-(A7) imply that g is γg-strongly convex over dom g ∩ dom ϕX

and h∗ is γh∗-strongly convex over dom h∗ ∩ ϕY∗. For example,

g(x) − γg
2

∥x∥2X = (g(x) − γgϕX (x)) + γg

(
ϕX (x) − 1

2
∥x∥2X

)

for every x ∈ dom g ∩ dom ϕX , and as the set dom g ∩ dom ϕX is convex and the right hand side

is the sum of two convex functions, the left hand side is also convex.

Remark 2.4.2. In light of Remark 2.4.1 and Fact 1.2.6, if assumptions (A1) and (A6) hold, then

the primal problem (2.7) has a unique solution. Likewise, if assumptions (A1) and (A7) hold, then

the dual problem (2.8) has a unique solution. Finally, if assumptions (A1) and (A6)-(A7) hold,

then the Lagrangian (2.9) has a unique saddle point.



33

The additional terms in (2.18) allow us to create accelerated methods with better convergence

rate than the O(1/K) rate for estimate (2.16). The first accelerated method, which we describe

in Section 2.4.1, has a sublinear O(1/K2) convergence rate and is applicable if assumption (A6)

hold. A variant of the first accelerated method, which we describe in Section 2.4.2, has a sublinear

O(1/K2) convergence rate and is applicable if assumption (A7) hold. The second accelerated

method, which we describe in Section 2.4.3, has a linear convergence rate and is applicable if both

assumptions (A6) and (A7) hold. We also present another variant of this method in Section 2.4.4.

2.4.1 Accelerated nonlinear PDHG methods for strongly convex problems

This accelerated nonlinear PDHG method requires statement (A6) to hold with γg > 0. It takes two

parameters θ0 ∈ [0, 1] and σ0 > 0, a set parameter τ0 = 1/(∥A∥2op σ0), an initial point x0 ∈ dom ∂g,

and the initial points y∗
−1 = y∗

0 ∈ dom ∂h∗ to generate the iterates

xk+1 = arg min
x∈X

{
g(x) +

〈
y∗
k + θk(y

∗
k − y∗

k−1),Ax
〉

+
1

τk
DϕX (x,xk)

}
,

y∗
k+1 = arg max

y∗∈Y∗

{
−h∗(y∗) + ⟨y∗,Axk+1⟩ −

1

σk
DϕY∗ (y∗,y∗

k)

}
,

(2.19)

where the parameters τk, σk, θk for k ∈ N satisfy the recurrence relations

θk+1 =
1√

1 + γgτk
, τk+1 = θk+1τk, and σk+1 = σk/θk+1. (2.20)

Under assumptions (A1)-(A4), Lemma 2.2.1 applies to method (2.19), and the method generates

points (xk,y
∗
k) that are contained in dom ∂g × dom ∂h∗. As such, method (2.19) is well-defined.

If, in addition, assumptions (A5)-(A6) hold, then this method satisfies the following properties:

Proposition 2.4.1. Assume (A1)-(A6) hold. Let θ0 ∈ [0, 1], σ0 > 0 and τ0 = 1/(∥A∥2op σ0),

let (x0,y
∗
0) ∈ dom ∂g × dom ∂h∗, let y∗

−1 = y∗
0, and let (xs,y

∗
s) denote a saddle point of the

Lagrangian (2.9). Consider the sequence of iterates {(xk,y
∗
k)}Kk=1 with K ∈ N generated by the

accelerated nonlinear PDHG method (2.19) and the recurrence relations (2.20) from the initial
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points (x0,y
∗
0) and y∗

−1 and initial parameters τ0, σ0 and θ0. Define the averages

TK =
K∑
k=1

σk−1

σ0
, XK =

1

TK

K∑
k=1

σk−1

σ0
xk and Y ∗

K =
1

TK

K∑
k=1

σk−1

σ0
y∗
k

and for (x,y∗) ∈ dom g × dom h∗, the quantity

δk(x,y
∗) =

1

τk
DϕX (x,xk) +

1

σk
DϕY∗ (y∗,y∗

k) +
1

σk
DϕY∗ (y∗

k,y
∗
k−1) + θk

〈
y∗
k − y∗

k−1,A(x− xk)
〉
.

(2.21)

Then:

(a) For every (x,y∗) ∈ dom g × dom h∗ and nonnegative integer k, the output (xk+1,y
∗
k+1) of

the accelerated nonlinear PDHG method (2.19) satisfies the descent rule

L(xk+1,y
∗) − L(x,y∗

k+1) ⩽ δk(x,y
∗) − δk+1(x,y

∗)/θk+1. (2.22)

(b) For every (x,y∗) ∈ dom g × dom h∗, we have the estimate

TK (L(XK ,y
∗) − L(x,Y ∗

K)) ⩽ δ0(x,y
∗) − σK

σ0
δK(x,y∗) (2.23)

and, for the choice of the saddle point (x,y∗) = (xs,y
∗
s), the global bound

γg
1 + γgτ0

DϕX (x,xK) +
1

σK
DϕY∗ (y∗,y∗

K) ⩽ δK(xs,y
∗
s) ⩽

σ0
σK

δ0(xs,ys). (2.24)

(c) The average quantity TK satisfies the formula

TK = ∥A∥2op (σ2K − σ20)/(γgσ0) (2.25)

and, with a = γg/(2 ∥A∥2op), the bounds

σ0
a+ σ0

K +
aσ0

2(a+ σ0)2
K2 ⩽ TK ⩽ K +

a

2σ0
K2. (2.26)
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(d) [Convergence properties] The sequence of iterates {(xk,y
∗
k)}

+∞
k=1 is bounded and the individual

sequence {xk}+∞
k=1 converges strongly to the unique solution of the primal problem (2.7). More-

over, the sequence of averages {(XK ,Y K)}+∞
K=1 is bounded, it has subsequence that converges

weakly to a saddle point of the Lagrangian (2.9), and the individual sequence {XK}+∞
K=1 con-

verges strongly to the unique solution of the primal problem (2.7). If, in addition, the space

Y∗ is finite-dimensional, then the individual sequences {y∗
k}

+∞
k=1 and {Y ∗

k}
+∞
k=1 each has a

subsequence that converges strongly to a solution y∗
s of the dual problem (2.8).

Proof. We divide the proof into five parts, first deriving an auxiliary result, and then proving in turn

the descent rule (2.22) (Proposition 2.4.1(a)), the estimate (2.23) and global bound (2.24) (Propo-

sition 2.4.1(b)), formula (2.25) and the bounds (2.26) (Proposition 2.4.1(c)), and the convergence

properties of the accelerated nonlinear PDHG method (2.19) (Proposition 2.4.1(d)).

Part 1. We first show that for every (x,y∗) ∈ dom g × dom h∗ and k ∈ N, the quantity δk(x,y
∗)

satisfies the lower bound

δk(x,y
∗) ⩾

γg
1 + γgτ0

DϕX (x,xk) +
1

σk
DϕY∗ (y∗,y∗

k). (2.27)

To do so, use Fact 1.2.1 with α = θk/(τk ∥A∥op) and assumption (A5) to get

∣∣〈y∗
k − y∗

k−1,A(x− xk)
〉∣∣ ⩽ θk

τk
DϕX (x,xk) +

τk ∥A∥2op
θk

DϕY∗ (y∗
k,y

∗
k−1).

By the second and third recurrence relations in (2.20), we have the identity

τkσk ∥A∥2op = 1. (2.28)

Use this identity in the previous inequality to find

∣∣〈y∗
k − y∗

k−1,A(x− xk)
〉∣∣ ⩽ θk

τk
DϕX (x,xk) +

1

σkθk
DϕY∗ (y∗

k,y
∗
k−1).
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Substitute in δk(x,y
∗) to get

δk(x,y
∗) ⩾

1

τk
DϕX (x,xk) +

1

σk
DϕY∗ (y∗,y∗

k) +
1

σk
DϕY∗ (y∗

k,y
∗
k−1)

− θk

(
θk
τk
DϕX (x,xk) +

1

σkθk
DϕY∗ (y∗

k,y
∗
k−1)

)
=

1 − θ2k
τk

DϕX (x,xk) +
1

σk
DϕY∗ (y∗,y∗

k).

The first and second recurrence relations in (2.20) imply

1 − θ2k
τk

=
1

τk

(
1 − 1

1 + γgτk−1

)
=

1

τk

(
γgτk−1

1 + γgτk−1

)
=

1

θk

(
γg

1 + γgτk−1

)
=

γg
θk + γgτk

⩾
γg

1 + γgτ0
.

Hence

δk(x,y
∗) ⩾

γg
1 + γgτ0

DϕX (x,xk) +
1

σk
DϕY∗ (y∗,y∗

k),

which proves the auxiliary result (2.27).

Part 2. Let (x,y∗) ∈ dom g × dom h∗. By assumption (A1)-(A6), Lemma 2.2.1 holds, and

we can apply the improved descent rule (2.18) to the (k + 1)th iterate given by the accelerated

nonlinear PDHG method (2.19) with the initial points (x̄, ȳ∗) = (xk,y
∗
k), intermediate points

(x̃, ỹ∗) = (xk+1,y
∗
k + θk(y

∗
k − y∗

k−1)), output points (x̂, ŷ∗) = (xk+1,y
∗
k+1), strong convexity

constants γg > 0 and γh∗ = 0, and parameters τ = τk, σ = σk and θ = θk to get

L(xk+1,y
∗) − L(x,y∗

k+1) ⩽
1

τk
(DϕX (x,xk) −DϕX (xk+1,xk) − (1 + γgτk)DϕX (x,xk+1))

+
1

σk

(
DϕY∗ (y∗,y∗

k) −DϕY∗ (y∗
k+1,y

∗
k) −DϕY∗ (y∗,y∗

k+1)
)

+
〈
y∗
k + θk(y

∗
k − y∗

k−1) − y∗
k+1,A(x− xk+1)

〉
.

(2.29)

We wish to bound the last line on the right hand side of (2.29) to eliminate the Bregman

divergence term DϕX (xk+1,xk). To do so, first distribute the last line on the right hand side

of (2.29) as

θk
〈
y∗
k − y∗

k−1,A(x− xk+1)
〉
−
〈
y∗
k+1 − y∗

k,A(x− xk+1)
〉
. (2.30)
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Write x− xk+1 = (x− xk) + (xk − xk+1) and substitute in (2.30) to get

θk
〈
y∗
k − y∗

k−1,A(x− xk)
〉
− θk

〈
y∗
k − y∗

k−1,A(xk+1 − xk)
〉

−
〈
y∗
k+1 − y∗

k,A(x− xk+1)
〉
.

(2.31)

Next, use Fact 1.2.1 with (x,y∗) = (xk+1,y
∗
k), (x′,y∗′) = (xk,y

∗
k−1) and α = 1/(θkτk ∥A∥op), and

assumption (A5), identity (2.28) derived in Part 1 to bound the second bilinear form in (2.31) as

follows: ∣∣〈y∗
k − y∗

k−1,A(xk+1 − xk)
〉∣∣ ⩽ 1

θkτk
DϕX (xk+1,xk) +

θk
σk
DϕY∗ (y∗

k,y
∗
k−1). (2.32)

Finally, use (2.30), (2.31), and (2.32) to eliminate the Bregman divergence term DϕX (xk+1,xk) on

the right hand side of the descent rule (2.29) and rearrange to get

L(xk+1,y
∗) − L(x,y∗

k+1) +

(
1 + γgτk

τk

)
DϕX (x,xk+1) +

1

σk
DϕY∗ (y∗,y∗

k+1)

+
1

σk
DϕY∗ (y∗

k+1,y
∗
k) +

〈
y∗
k+1 − y∗

k,A(x− xk+1)
〉

⩽
1

τk
DϕX (x,xk) +

1

σk
DϕY∗ (y∗,y∗

k)

+
θ2k
σk
DϕY∗ (y∗

k,y
∗
k−1) + θk

〈
y∗
k − y∗

k−1,A(x− xk)
〉

(2.33)

We now want to express both sides of inequality (2.33) in terms of δk(x,y
∗) and δk+1(x,y

∗),

starting from the left hand side. Note that the recurrence relations (2.20) imply

1 + γgτk
τk

=
1

θk+1τk+1
and

1

σk
=

1

θk+1σk+1
.

As such, the left hand side of (2.33) admits the lower bound

L(xk+1,y
∗) − L(x,y∗

k+1) + δk+1(x,y
∗)/θk+1. (2.34)

Since 0 ⩽ θk ⩽ 1, we have

θ2k
σk
DϕY∗ (y∗

k,y
∗
k−1) ⩽

1

σk
DϕY∗ (y∗

k,y
∗
k−1).
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Hence the right hand side of (2.33) is bounded from above by δk(x,y
∗). In summary, we find

L(xk+1,y
∗) − L(x,y∗

k+1) ⩽ δk(x,y
∗) − δk+1(x,y

∗)/θk+1.

This proves the descent rule (2.22).

Part 3. Use (2.22), the third recurrence relation in (2.20), and the averages TK , XK and Y ∗
K to

compute the weighted sum

TK (L(XK ,y
∗) − L(x,Y ∗

K)) ⩽
K∑
k=1

σk−1

σ0
(L(xk,y

∗) − L(x,y∗
k))

⩽
K∑
k=1

σk−1

σ0
(δk−1(x,y

∗) − δk(x,y
∗)/θk)

=
K∑
k=1

(
σk−1

σ0
δk−1(x,y

∗) − 1

θk

σk−1

σ0
δk(x,y

∗)

)

=

K∑
k=1

(
σk−1

σ0
δk−1(x,y

∗) − σk
σ0
δk(x,y

∗)

)
= δ0(x,y

∗) − σK
σ0
δK(x,y∗).

(2.35)

This proves the estimate (2.23). Finally, substitute the saddle point (xs,y
∗
s) for (x,y∗) in inequal-

ity (2.35) and use the saddle-point property L(xk,y
∗
s) − L(xs,y

∗
k) ⩾ 0 to get

δK(xs,y
∗
s) ⩽

σ0
σK

δ0(xs,ys).

The global bound (2.24) follows from this upper bound and the lower bound (2.27) in Part 1.

Part 4. Substitute the identity (2.28) in the third recurrence relation of (2.20) and take the square

to get the nonlinear recurrence relation

σ2k+1 = σ2k + γgσk/ ∥A∥2op . (2.36)
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Use this to express the average quantity TK as a telescoping sum:

TK =
K∑
k=1

σk
σ0

=
K∑
k=1

(
∥A∥2op

(
σ2k − σ2k−1

)
/γgσ0

)
= ∥A∥2op

(
σ2K − σ20

)
/(γgσ0).

This proves formula (2.25).

We now compute the bounds in (2.26), starting with the upper bound. Let a = γg/(2 ∥A∥2op),

and use this quantity in equation (2.36) to derive a simple upper bound on σK :

σ2K = σ2K−1 + 2aσK−1

⩽ σ2K−1 + 2aσK−1 + a2

= (σK−1 + a)2.

Take the square root to find

σK ⩽ σK−1 + a.

A simple calculation gives

σK ⩽ σ0 + aK.

Hence

TK =
σ2K − σ20

2aσ0
⩽

(σ0 + aK)2 − σ20
2aσ0

= K +
a

2σ0
K2.

which proves the upper bound in inequality (2.26).

The lower bound in inequality (2.26) is the same as derived in Chambolle and Pock [47, Section



40

5.2, Equation (41)], but here we give a different proof. Use (2.36) to derive a lower bound on σK :

σ2K = σ2K−1 + 2aσK−1

= σ2K−1 + 2aσK−1

(
σ0

a+ σ0
+

a

a+ σ0

)
= σ2K−1 +

2aσ0σK−1

a+ σ0
+

2a2σK−1

a+ σ0

⩾ σ2K−1 +
2aσ0σK−1

a+ σ0
+

2a2σK−1

(a+ σ0)

σ0
(a+ σ0)

⩾ σ2K−1 +
2aσ0σK−1

a+ σ0
+

2a2σ20
(a+ σ0)2

=

(
σK−1 +

aσ0
a+ σ0

)2

,

where on the fifth line we used that σk ⩾ σ0 for every nonnegative integer k, as per the third

recurrence relation (2.20). We have found

σK ⩾ σK−1 +
aσ0
a+ σ0

which implies, after a simple calculation,

σK ⩾ σ0 +
aσ0
a+ σ0

K.

Hence

TK =
σ2K − σ20

2aσ0
⩾

σ20
2aσ0

[(
1 +

a

a+ σ0
K

)2

− 1

]

=
σ0
2a

[
2a

a+ σ0
K +

a2

(a+ σ0)2
K2

]
=

σ0
a+ σ0

K +
aσ0

2(a+ σ0)2
K2,

which proves the lower bound in inequality (2.26).

Part 5. First, combine the auxiliary result (2.27) and global bound (2.24) to get the inequality.

γg
1 + γgτ0

DϕX (xs,xK) +
1

σk
DϕY∗ (y∗

s,y
∗
K) ⩽

1

τ0
DϕX (xs,x0) +

1

σ0
DϕY∗ (y∗

s,y
∗
0).
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As a consequence, we have that

0 ⩽
γg

1 + γgτ0
DϕX (xs,xK) ⩽

σ0
σK

(
1

τ0
DϕX (xs,x0) +

1

σ0
DϕY∗ (y∗

s,y
∗
0)

)
(2.37)

and

0 ⩽
1

σ0
DϕY∗ (y∗

s,y
∗
K) ⩽

1

τ0
DϕX (xs,x0) +

1

σ0
DϕY∗ (y∗

s,y
∗
0). (2.38)

These inequality immediately imply that the sequence of iterates {xK ,y∗
K}+∞

K=1 is bounded.

It follows from the definitions of the averages XK and Y ∗
K that the sequence of averages

{(XK ,Y
∗
K)}+∞

K=1 is also bounded.

Now, thanks to Fact 1.2.4 there is a subsequence {(XKl
,Y ∗

Kl
)}+∞
l=1 that converges weakly to

some point (X,Y ∗) ∈ X ×Y∗. We claim that (X,Y ∗) is a saddle point of the Lagrangian (2.9). To

see this, use inequality (2.23) with (x,y∗) ∈ dom g × dom h∗ and take the infimum limit l → +∞

to get

lim inf
l→+∞

L(XKl+1
,y∗) − L(x,Y ∗

Kl+1
) ⩽ lim inf

l→+∞

1

TKl+1

(
1

τ0
DϕX (x,x0) +

1

σ0
DϕY∗ (y∗,y∗

0)

)
= 0.

The lower semicontinuity property of the functions g and h∗ implies

0 ⩾ lim inf
l→+∞

(
L(XKl

,y∗) − L(x,Y ∗
Kl

)
)
⩾ L(X,y∗) − L(x,Y ∗),

from which we find

L(X,y∗) ⩽ L(x,Y ∗).

As the pair of points (x,y∗) ∈ X ×Y∗ was arbitrary, we conclude that (X,Y ∗) is a saddle point of

the Lagrangian (2.9). Moreover, we deduce from Remark 2.4.2 that X coincides with the unique

solution xs of the primal problem (2.7), i.e., X = xs.

Next, we show that the individual sequences {xk}+∞
k=1 and {XK}+∞

K=1 converge strongly to the

unique solution xs of the primal problem (2.7). The strong convergence of xk is evident from (2.37),
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the limit limK→+∞ σK = +∞ from (2.25) and (2.26), and assumption (A5):

0 ⩽ lim
K→+∞

1

2
∥xs − xK∥22 ⩽ lim

K→+∞
DϕX (xs,xK)

⩽ lim
K→+∞

(
1 + γgτ0
γg

)
σ0
σK

(
1

τ0
DϕX (xs,x0) +

1

σ0
DϕY∗ (y∗

s,y
∗
0)

)
= 0.

We further deduce from Fact 1.2.2 that the sequence {XK}+∞
K=1 converges strongly to the same

limit xs.

Suppose now that Y∗ is finite-dimensional. Since the sequence {(xk,y
∗
k)}

+∞
k=1 is bounded and

xk converges strongly to xs, there is some subsequence {(xkl ,y
∗
kl

)}+∞
k=1 that converges strongly to a

point (xs,y
∗
s) ∈ X ×Y∗. By Fact 1.2.2, the subsequence of averages {(Xkl ,Y

∗
kl

)}+∞
k=1 also strongly

converges to (xs,y
∗
s). A similar argument as the one described two paragraphs before shows then

that (xs,y
∗
s) is a saddle point of the Lagrangian (2.9), and moreover from Fact 1.2.7 we deduce

that y∗
s is a solution to the dual problem (2.8). This concludes the proof.

Remark 2.4.3 (Choice of the free parameter σ0). The accelerated nonlinear PDHG method (2.19)

converges at a rate determined by the average quantity TK , which depends on the stepsize parameter

σ0. One possible choice for σ0 is to choose it so as to maximize the coefficient multiplying K2 in

the lower bound (2.26) of TK . This coefficient is maximized for the choice of σ0 = γg/(2 ∥A∥2op).

2.4.2 Accelerated nonlinear PDHG methods for smooth convex problems

We present a variant of the first accelerated nonlinear PDHG method. It requires statement (A7)

to hold with γh∗ > 0, and it is similar to method (2.19); it takes two free parameters θ0 ∈ [0, 1] and

τ0 > 0, a set parameter σ0 = 1/(∥A∥2op τ0), an initial point y∗
0 ∈ dom ∂h∗, and the initial points
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x−1 = x0 ∈ dom ∂g to generate the iterates

y∗
k+1 = arg max

y∗∈Y∗

{
−h∗(y∗) + ⟨y∗,A(xk + θk(xk − xk−1))⟩ −

1

σk
DϕY∗ (y∗,y∗

k)

}
,

xk+1 = arg min
x∈X

{
g(x) +

〈
y∗
k+1,Ax

〉
+

1

τk
DϕX (x,xk)

}
,

(2.39)

where the parameters τk, σk, θk for k ∈ N satisfy the recurrence relations

θk+1 =
1√

1 + γh∗σk
, τk+1 = τk/θk+1, and σk+1 = θk+1σk. (2.40)

Under assumptions (A1)-(A4), Lemma 2.2.1 applies to method (2.39), and the method generates

points (xk,y
∗
k) that are contained in dom ∂g×dom ∂h∗. As such, method (2.39) is well-defined. If,

in addition, assumptions (A5) and (A7) hold, then this method satisfies the following properties:

Proposition 2.4.2. Assume (A1)-(A5) and (A7) hold. Let θ0 ∈ [0, 1], τ0 > 0 and σ0 =

1/(∥A∥2op τ0), let (x0,y
∗
0) ∈ dom ∂g × dom ∂h∗, let x∗

−1 = x∗
0, and let (xs,y

∗
s) denote a saddle

point of the Lagrangian (2.9). Consider the sequence of iterates {(xk,y
∗
k)}Kk=1 with K ∈ N gener-

ated by the accelerated nonlinear PDHG method (2.39) and the recurrence relations (2.40) from the

initial points (x0,y
∗
0) and x−1 and initial parameters τ0, σ0, and θ0, and define the averages

TK =

K∑
k=1

τk−1

τ0
, XK =

1

TK

K∑
k=1

τk−1

τ0
xk and Y ∗

K =
1

TK

K∑
k=1

τk−1

τ0
y∗
k

and for (x,y∗) ∈ dom g × dom h∗, the quantity

δk(x,y
∗) =

1

τk
DϕX (x,xk) +

1

σk
DϕY∗ (y∗,y∗

k) +
1

τk
DϕX (xk,xk−1) + θk ⟨y∗ − y∗

k,A(xk − xk−1)⟩ .

Then:

(a) For every (x,y∗) ∈ dom g × dom h∗ and nonnegative integer k, the output (xk+1,y
∗
k+1) of

the accelerated nonlinear PDHG method (2.39) satisfies the descent rule

L(xk+1,y
∗) − L(x,y∗

k+1) ⩽ δk(x,y
∗) − δk+1(x,y

∗)/θk+1.
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(b) For every (x,y∗) ∈ dom g × dom h∗, we have the estimate

TK (L(XK ,y
∗) − L(x,Y ∗

K)) ⩽ δ0(x,y
∗) − τK

τ0
δK(x,y∗)

and, for the choice of the saddle point (x,y∗) = (xs,y
∗
s), the global bound

1

τK
DϕX (xs,xK) +

γh∗

1 + γh∗σ0
DϕY∗ (y∗

s,y
∗
K) ⩽ δK(xs,y

∗
s) ⩽

τ0
τK
δ0(xs,ys).

(c) The average quantity TK satisfies the formula

TK = ∥A∥2op (τ2K − τ20 )/(γh∗τ0)

and, with a = γh∗/(2 ∥A∥2op), the bounds

τ0
a+ τ0

K +
aτ0

2(a+ τ0)2
K2 ⩽ TK ⩽ K +

a

2τ0
K2.

(d) [Convergence properties] The sequence of iterates {(xk,y
∗
k)}

+∞
k=1 is bounded and the individual

sequence {y∗
k}

+∞
k=1 converges strongly to the unique solution of the dual problem (2.8). More-

over, the sequence of averages {(XK ,Y K)}+∞
K=1 is bounded, it has subsequence that converges

weakly to a saddle point of the Lagrangian (2.9), and the individual sequence {Y ∗
K}+∞

K=1 con-

verges strongly to the unique solution of the dual problem (2.8). If, in addition, the space X

is finite-dimensional, then the individual sequences {xk}+∞
k=1 and {Xk}+∞

k=1 each has a subse-

quence that converges strongly to a solution xs of the primal problem (2.8).

Proof. The proof is essentially the same as for Proposition 2.4.1 and is omitted.
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2.4.3 Accelerated nonlinear PDHG method for smooth and strongly convex

problems I

The second accelerated nonlinear PDHG method requires statements (A6) and (A7) to hold with

γg > 0 and γh∗ > 0. It takes the parameters

θ = 1 − γgγh∗

2 ∥A∥2op

√1 +
4 ∥A∥2op
γgγh∗

− 1

 , τ =
1 − θ

γgθ
, and σ =

1 − θ

γh∗θ
, (2.41)

an initial point x0 ∈ dom ∂g, and the initial points y∗
−1 = y∗

0 ∈ dom ∂h∗ to generate the iterates

xk+1 = arg min
x∈X

{
g(x) +

〈
y∗
k + θ(y∗

k − y∗
k−1),Ax

〉
+

1

τ
DϕX (x,xk)

}
,

y∗
k+1 = arg max

y∗∈Y∗

{
−h∗(y∗) + ⟨y∗,Axk+1⟩ −

1

σ
DϕY∗ (y∗,y∗

k)

}
.

(2.42)

Under assumptions (A1)-(A4), Lemma 2.2.1 applies to method (2.42), and the method generates

points (xk,y
∗
k) that are contained in dom ∂g × dom ∂h∗. As such, method (2.42) is well-defined.

If, in addition, assumptions (A5)-(A7) hold, then this method satisfies the following properties:

Proposition 2.4.3. Assume (A1)-(A7) hold. Let (x0,y
∗
0) ∈ dom ∂g × dom ∂h∗, let y∗

−1 = y∗
0,

and let (xs,y
∗
s) denote the unique saddle point of the Lagrangian (2.9). Consider the sequence of

iterates {(xk,y
∗
k)}Kk=1 with K ∈ N generated by the accelerated nonlinear PDHG method (2.42)

from the initial points x0, y
∗
0 and y∗

−1, and the parameters θ, τ , and σ defined in (2.41). Define

the averages

TK =
K∑
k=1

1

θk−1
=

1 − θK

(1 − θ)θK−1
, XK =

1

TK

K∑
k=1

1

θk−1
xk and Y ∗

K =
1

TK

K∑
k=1

1

θk−1
y∗
k,

and for (x,y∗) ∈ dom g × dom h∗, the quantity

δk(x,y
∗) =

1

τ
DϕX (x,xk)+

1

σ
DϕY∗ (y∗,y∗

k)+
θ

σ
DϕY∗ (y∗

k,y
∗
k−1)+θ

〈
y∗
k − y∗

k−1,A(x− xk)
〉
. (2.43)

Then:
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(a) For every (x,y∗) ∈ dom g × dom h∗ and nonnegative integer k, the output (xk+1,y
∗
k+1) of

the accelerated nonlinear PDHG method (2.42) satisfies the descent rule

L(xk+1,y
∗) − L(x,y∗

k+1) ⩽ δk(x,y
∗) − δk+1(x,y

∗)/θ. (2.44)

(b) For every (x,y∗) ∈ dom g × dom h∗, we have the estimate

TK (L(XK ,y
∗) − L(x,Y ∗

K)) ⩽ δ0(x,y
∗) − 1

θK
δK(x,y∗) (2.45)

and, for the choice of the saddle point (x,y∗) = (xs,y
∗
s), the global bound

1

σ
DϕY∗ (y∗

s,y
∗
K) ⩽ δK(xs,y

∗
s) ⩽ θKδ0(xs,y

∗
s). (2.46)

(c) [Convergence properties] The sequences {(xk,y
∗
k)}

+∞
k=1 and {(XK ,Y K)}+∞

K=1 both converge

strongly to the unique saddle point (xs,y
∗
s) of the Lagrangian (2.9).

Proof. We divide the proof into four parts, first deriving an auxiliary result, and then proving in turn

the descent rule (2.44) (Proposition 2.4.3(a)), the estimate (2.45) and global bound (2.46) (Propo-

sition 2.4.3(b)), and the convergence properties of the accelerated nonlinear PDHG method (2.42)

(Proposition 2.4.3(c)).

Part 1. First, we show that for every (x,y∗) ∈ dom g× dom h∗ and k ∈ N, the quantity δk(x,y
∗)

satisfies the lower bound

δk(x,y
∗) ⩾

1

σ
DϕY∗ (y∗,y∗

k). (2.47)

To do so, use Fact 1.2.1 with α = 1/(τθ ∥A∥op) and use assumption (A5) to find

∣∣〈y∗
k − y∗

k−1,A(x− xk)
〉∣∣ ⩽ 1

τθ
DϕX (x,xk) + τθ ∥A∥2opDϕY∗ (y∗

k,y
∗
k−1).
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From the choice of parameters in (2.41), we have the identity

τσθ ∥A∥2op = 1. (2.48)

Use this identity in the previous inequality to find

∣∣〈y∗
k − y∗

k−1,A(x− xk)
〉∣∣ ⩽ 1

τθ
DϕX (x,xk) +

1

σ
DϕY∗ (y∗

k,y
∗
k−1). (2.49)

Substitute in δk(x,y
∗) to get

δk(x,y
∗) ⩾

1

τ
DϕX (x,xk) +

1

σ
DϕY∗ (y∗,y∗

k) +
θ

σ
DϕY∗ (y∗

k,y
∗
k−1)

− θ

(
1

τθ
DϕX (x,xk) +

1

σ
DϕY∗ (y∗

k,y
∗
k−1)

)
=

1

σ
DϕY∗ (y∗,y∗

k).

This proves the auxiliary result (2.47).

Part 2. Let (x,y∗) ∈ dom g × dom h∗. By assumptions (A1)-(A7), Lemma 2.2.1 holds, and

we can apply the improved descent rule (2.18) to the (k + 1)th iterate given by the accelerated

nonlinear PDHG method (2.42) with the initial points (x̄, ȳ∗) = (xk,y
∗
k), intermediate points

(x̃, ỹ∗) = (xk+1,y
∗
k + θ(y∗

k − y∗
k−1)), output points (x̂, ŷ∗) = (xk+1,y

∗
k+1), the strong convexity

constants γg > 0, γh∗ > 0, and the parameters τ , σ, and θ defined in (2.41):

L(xk+1,y
∗) − L(x,y∗

k+1) ⩽
1

τ
(DϕX (x,xk) −DϕX (xk+1,xk) − (1 + γgτ)DϕX (x,xk+1))

+
1

σ

(
DϕY∗ (y∗,y∗

k) −DϕY∗ (y∗
k+1,y

∗
k) − (1 + γh∗σ)DϕY∗ (y∗,y∗

k+1)
)

+
〈
y∗
k + θ(y∗

k − y∗
k−1) − y∗

k+1,A(x− xk+1)
〉
.

(2.50)

We wish to bound the last line on the right hand side of (2.50) to eliminate the Bregman

divergence term DϕX (xk+1,xk). To do so, first distribute the last line on the right hand side

of (2.50) as

θ
〈
y∗
k − y∗

k−1,A(x− xk+1)
〉
−
〈
y∗
k+1 − y∗

k,A(x− xk+1)
〉
. (2.51)
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Write x− xk+1 = (x− xk) + (xk − xk+1) and substitute in (2.51) to get

θ
〈
y∗
k − y∗

k−1,A(x− xk)
〉
− θ

〈
y∗
k − y∗

k−1,A(xk+1 − xk)
〉

−
〈
y∗
k+1 − y∗

k,A(x− xk+1)
〉
.

(2.52)

Next, use inequality (2.49) with x = xk+1 derived in Part 1 to bound the second bilinear form

in (2.52) as follows:

∣∣〈y∗
k − y∗

k−1,A(xk+1 − xk)
〉∣∣ ⩽ 1

τθ
DϕX (xk+1,xk) +

1

σ
DϕY∗ (y∗

k,y
∗
k−1) (2.53)

Finally, use (2.51), (2.52), and (2.53) to eliminate the Bregman divergence term DϕX (xk+1,xk) on

the right hand side of the descent rule (2.50):

L(xk+1,y
∗) − L(x,y∗

k+1) +

(
1 + γgτ

τ

)
DϕX (x,xk+1) +

(
1 + γh∗σ

σ

)
DϕY∗ (y∗,y∗

k+1)

+
1

σ
DϕY∗ (y∗

k+1,y
∗
k) +

〈
y∗
k+1 − y∗

k,A(x− xk+1)
〉

⩽
1

τ
DϕX (x,xk) +

1

σ
DϕY∗ (y∗,y∗

k)

+
θ

σ
DϕY∗ (y∗

k,y
∗
k−1) + θ

〈
y∗
k − y∗

k−1,A(x− xk)
〉

(2.54)

We now want to express both sides of inequality (2.54) in terms of δk(x,y
∗) and δk+1(x,y

∗),

starting from the left hand side. Note that the choice of parameters in (2.41) implies

1 + γgτ = 1/θ and 1 + γh∗σ = 1/θ.

As such, the left hand side of (2.54) is equal to

L(xk+1,y
∗) − L(x,y∗

k+1) + δk+1(x,y
∗)/θ,

and the right hand side of (2.54) is equal to δk(x,y
∗). Put together, we find

L(xk+1,y
∗) − L(x,y∗

k+1) ⩽ δk(x,y
∗) − δk+1(x,y

∗)/θ. (2.55)
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This proves the descent rule (2.44).

Part 3. Use (2.55) and the averages TK , XK and Y ∗
K to compute the sum

TKL(XK ,y
∗) − L(x,Y ∗

K) =
K∑
k=1

1

θk−1
(L(xk,y

∗) − L(x,y∗
k))

⩽
K∑
k=1

1

θk−1
(δk−1(x,y

∗) − δk(x,y
∗)/θ)

=
K∑
k=1

(
δk−1(x,y

∗)/θk−1 − δk(x,y
∗)/θk

)
= δ0(x,y

∗) − δK(x,y∗)/θK .

(2.56)

This proves the estimate (2.45). Finally, substitute the saddle point (xs,y
∗
s) for (x,y∗) in inequal-

ity (2.56) and use the saddle-point property L(xk,y
∗
s) − L(xs,y

∗
k) ⩾ 0 to get

δK(xs,y
∗
s) ⩽ θKδ0(xs,y

∗
s).

The global bound (2.46) follows from this upper bound and the lower bound (2.47) derived in Part

1.

Part 4. The global bound (2.46), assumption (A5), and Fact 1.2.8(viii) immediately imply that

the sequence of iterates {y∗
k}

+∞
k=1 converges strongly to ys. It follows from this and Fact 1.2.2 that

the sequence of averages {Y ∗
K}+∞

K=1 also converges strongly to y∗
s.

Now, consider inequality (2.56) with (x,y∗) = (xs,y
∗
s) written in full:

1

τ
DϕX (xs,xk) +

1

σ
DϕY∗ (y∗

s,y
∗
k) +

θ

σ
DϕY∗ (y∗

k,y
∗
k−1) + θ

〈
y∗
k − y∗

k−1,A(xs − xk)
〉

⩽ θK
(

1

τ
DϕX (xs,x0) +

1

σ
DϕY∗ (y∗

s,y
∗
0)

)
.

(2.57)

We wish to bound the bilinear form on the left hand side to obtain a bound on xk. To do so, use
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Fact 1.2.1 with α = 1/(2τθ ∥A∥op) and identity (2.48) to obtain the bound

∣∣〈y∗
k − y∗

k−1,A(xs − xk)
〉∣∣ ⩽ 1

4τθ
∥xs − xk∥2X +

1

σ

∥∥y∗
k − y∗

k−1

∥∥2
Y∗ .

Substitute in (2.57) to get

1

τ
DϕX (xs,xk) +

1

σ
DϕY∗ (y∗

s,y
∗
k) +

θ

σ
DϕY∗ (y∗

k,y
∗
k−1) −

θ

σ

∥∥y∗
k − y∗

k−1

∥∥2
Y∗ −

1

4τ
∥xs − xk∥2X

⩽ θK
(

1

τ
DϕX (xs,x0) +

1

σ
DϕY∗ (y∗

s,y
∗
0)

)
.

Finally, use the inequalities DϕY∗ (y∗
s,y

∗
k) ⩾ 0, DϕY∗ (y∗

k,y
∗
k−1) ⩾ 0, and DϕX (xs,xk) ⩾

1
2 ∥xs − xk∥2X (thanks to assumption (A5) and Fact 1.2.8(viii) with m = 1) to obtain

1

4τ
∥xs − xk∥2X ⩽

θ

σ

∥∥y∗
k − y∗

k−1

∥∥2
Y∗ + θK

(
1

τ
DϕX (xs,x0) +

1

σ
DϕY∗ (y∗

s,y
∗
0)

)
.

Taking the limit k → +∞ yields limk→+∞ xk = xs. It follows from this and Fact 1.2.2 that the

sequence of averages {XK}+∞
K=1 also converges strongly to xs. This concludes the proof.

2.4.4 Accelerated nonlinear PDHG method for smooth and strongly convex

problems II

We present a variant of the accelerated nonlinear PDHG method (2.42). It requires statements

(A6) and (A7) to hold with γg > 0 and γh∗ > 0 and it takes the parameters

θ = 1 − γgγh∗

2 ∥A∥2op

√1 +
4 ∥A∥2op
γgγh∗

− 1

 , τ =
1 − θ

γgθ
, and σ =

1 − θ

γh∗θ
, (2.58)

the initial points x−1 = x0 ∈ dom ∂g and an initial point y∗
0 ∈ dom ∂h∗ to generate the iterates

y∗
k+1 = arg max

y∗∈Y∗

{
−h∗(y∗) + ⟨y∗,A(xk + θ(xk − xk−1))⟩ −

1

σ
DϕY∗ (y∗,y∗

k)

}
xk+1 = arg min

x∈X

{
g(x) +

〈
y∗
k+1,Ax

〉
+

1

τ
DϕX (x,xk)

}
.

(2.59)
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method (2.59) and (2.42) differ only in that we update y∗ first. This change nonetheless yields

different global bounds and convergence estimates. Under assumptions (A1)-(A4), Lemma 2.2.1

applies to method (2.59), and the method generates points (xk,y
∗
k) that are contained in dom ∂g×

dom ∂h∗. As such, method (2.59) is well-defined. If, in addition, assumptions (A5)-(A7) hold, then

this method satisfies the following properties:

Proposition 2.4.4. Assume (A1)-(A7) hold. Let (x0,y
∗
0) ∈ dom ∂g × dom ∂h∗, let x−1 = x0,

and let (xs,y
∗
s) denote the unique saddle point of the Lagrangian (2.9). Consider the sequence of

iterates {(xk,y
∗
k)}Kk=1 with K ∈ N generated by the accelerated nonlinear PDHG method (2.59)

from the initial points x0, y
∗
0 and x∗

−1, and the parameters θ, τ , and σ defined in (2.41). Define

the averages

TK =
K∑
k=1

1

θk−1
=

1 − θK

(1 − θ)θK−1
, XK =

1

TK

K∑
k=1

1

θk−1
xk and Y ∗

K =
1

TK

K∑
k=1

1

θk−1
y∗
k,

and for (x,y∗) ∈ dom g × dom h∗, the quantity

δk(x,y
∗) =

1

τ
DϕX (x,xk) +

1

σ
DϕY∗ (y∗,y∗

k) +
θ

σ
DϕX (x∗

k,x
∗
k−1) + θ ⟨y∗ − y∗

k,A(xk − xk−1)⟩ .

Then:

(a) For every (x,y∗) ∈ dom g × dom h∗ and nonnegative integer k, the output (xk+1,y
∗
k+1) of

the accelerated nonlinear PDHG method (2.42) satisfies the descent rule

L(xk+1,y
∗) − L(x,y∗

k+1) ⩽ δk(x,y
∗) − δk+1(x,y

∗)/θ.

(b) For every (x,y∗) ∈ dom g × dom h∗, we have the estimate

TK (L(XK ,y
∗) − L(x,Y ∗

K)) ⩽ δ0(x,y
∗) − 1

θK
δK(x,y∗)

and, for the choice of the saddle point (x,y∗) = (xs,y
∗
s), the global bound

1

τ
DϕX (xs,xK) ⩽ δK(xs,y

∗
s) ⩽ θKδ0(xs,y

∗
s).
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(c) [Convergence properties] The sequences {(xk,y
∗
k)}

+∞
k=1 and {(XK ,Y K)}+∞

K=1 both converge

strongly to the unique saddle point (xs,y
∗
s) of the Lagrangian (2.9).

Proof. The proof is essentially the same as for Proposition 2.4.3 and is omitted.

2.5 Connections between supervised machine learning algorithms

and Hamilton–Jacobi PDEs

This section presents some novel connections between a broad class of supervised machine learning

algorithms and first-order Hamilton–Jacobi partial differential equations. It is meant to be illus-

trative and is not exhaustive. In addition, we will only consider classical solutions of first-order HJ

PDEs with initial data.

Our starting point are the primal and dual problems (2.7) defined on the real vector spaces

X = Rn and Y = Rm. We present two approaches for connecting supervised machine learning

algorithms with classical solutions to first-order HJ PDEs with initial data. In the first approach,

we will express the primal problem (2.7) in such a way that it will correspond to the Lax–Oleinik

representation formula of the solution to an appropriate first-order HJ PDE. In the second ap-

proach, we will express the primal problem (2.7) in such a way that it will correspond to the Hopf

representation formula of the solution to an appropriate first-order HJ PDE. The first approach will

require us to impose strong conditions on the function h in the primal problem, while the second

approach will require us to impose strong conditions on the function g in the primal problem. These

approaches will lead to connections to constrained-type problems in machine learning, regularized

maximum entropy estimation problems, and Maximum-likelihood type estimators of generalized

linear models in statistics.
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First approach: strong assumptions on the initial data

We start by imposing certain conditions on the functions g and h as well as the matrix A in the

primal problem (2.7). First, for any t > 0 and x′ ∈ Rn we set

g(x) = tH∗
(
x′ − x

t

)

for some supercoercive function H∗ defined on Rn. Its convex conjugate is denoted by H and is

called the Hamiltonian. The proper, lower semicontinuous, convex, and supercoercive properties

of H∗ are equivalent to requiring the Hamiltonian H to be a convex function defined on Rn [215,

Theorem 11.8]. Next, we suppose that h is convex, uniformly Lipschitz continuous function on Rm,

and twice continuously differentiable on Rm with uniformly bounded second partial derivatives.

Finally, we assume that the matrix A has full row rank, that is, A : Rn → Rm is surjective. We

also define the function J : Rn → R through h by J(x) = h(Ax).

Now, let S : Rn × [0,+∞) → R denote the value of the primal problem (2.7) parametrized in

terms of x′ and t. Under the assumptions above, S(x′, t) can be expressed as follows:

S(x′, t) = inf
x∈Rn

{g(x) + h(Ax)}

= inf
x∈Rn

{
tH∗

(
x′ − x

t

)
+ J(x)

}
.

(2.60)

Moreover, this function is the classical solution to the first-order HJ PDE [16, Proposition 4.1]


∂S

∂t
(x′, t) +H

(
∇x′S(x′, t)

)
= 0, x′ ∈ Rn, t ∈ [0,+∞)

S(x′, 0) = J(x′), x′ ∈ Rn.
(2.61)

The Hamiltonian and initial data of the HJ PDE are the functions H and J . The second line

in (2.60) is the Lax–Oleinik representation formula of the solution to the HJ PDE (2.61). The
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solution S(x′, t) can also be represented using the dual problem (2.8). We have

S(x′, t) = sup
y∗∈Rm

{−g∗(−A∗y∗) − h∗(y∗)}

= sup
y∗∈Rm

{〈
A∗y∗,x′〉− tH(A∗y∗) − h∗(y∗)

}
.

(2.62)

The second equality in (2.62) is the Hopf representation formula of the solution to the HJ

PDE (2.61), although written in a slightly unconventional form. It can be written in conventional

form using the convex conjugate of the function J [137, Page 56, Theorem 2.2.1]:

J∗(x∗) = inf
y∗∈Rm

A∗y∗=x∗

h∗(y∗). (2.63)

Since the matrix A has full row rank, its transpose A∗ has full column rank. The mapping

A∗ : Rm → Rn is therefore injective, and hence one may replace the supremum taken over y∗ ∈ Rm

in (2.62) with the supremum taken over x∗ ∈ Rn under the constraint that A∗y∗ = x∗. That is to

say, we can write

S(x′, t) = sup
x∗∈Rn

{〈
x∗,x′〉− tH(x∗) − J∗(x∗)

}
,

which is the Hopf representation formula of the solution to the HJ PDE (2.62).

Examples of supervised machine learning algorithms. Different choices of Hamiltonians

and initial data yield different supervised machine learning algorithms. Here, the Hamiltonian H

plays the role of the convex function determining the constraints or plays the role of the regular-

ization term, the initial data J plays the role of the regression model or loss function, the matrix

A encodes the data for the problem at hand, and the parameter t > 0 determines the constraint

or the relative importance between the Hamiltonian and loss function in the optimization problem.

For example, the choice

H(x) = ∥x∥∞ and J(x) = h(Ax) =
1

m

m∑
i=1

log
(

1 + e−[Ax]i
)
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with x′ = 0 and appropriate matrix A yields the ℓ1-constrained logistic regression problem (2.1)

considered in the introduction. The same Hamiltonian with initial data

J(x) = h(Ax) =
1

2m
∥Ax− b∥22

with x′ = 0, b ∈ Rm and appropriate matrix A yields ℓ1-constrained least squared regression, which

is also known as the constrained form of the Lasso in the machine learning literature [234]. The

same initial data with quadratic Hamiltonian H(x) = 1
2 ∥x∥

2
2 and with x′ = 0 yield ℓ22-regularized

logistic and linear regression, respectively.

Second approach: strong assumptions on the Hamiltonian

We start by imposing certain conditions on the functions g and h as well as the matrix A in the

primal problem (2.7). First, for any t > 0 we set

g(x) = tH(x)

for some strictly convex and differentiable function H on Rn. This function is, as before, called the

Hamiltonian. Next, we suppose that

h(y) = f(y) − ⟨b,y⟩

for some b ∈ Rm and f ∈ Γ0(Rm). We also assume that the matrix A has full row rank, that

is, A : Rn → Rm is surjective. These conditions ensure that the function J∗ : Rn → R ∪ {+∞}

defined by J∗(x) = f(Ax) is itself a proper, lower semicontinuous and convex function [137, Page

56, Theorem 2.2.1]. Finally, we assume that either a) the Hamiltonian H is supercoercive or that

b) H∗ is differentiable at any point where a subgradient exists, H is bounded from below by a

constant, and the function f in h is coercive.

Now, let p = A∗b, let J denote the convex conjugate of J∗, and let S : Rn × [0,+∞) → R
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denote the negative value of the primal problem (2.7) parametrized in terms of p and t > 0. Under

the assumptions above, S(p, t) can be expressed as

S(p, t) = − inf
x∈Rn

{g(x) + h(Ax)}

= − inf
x∈Rn

{tH(x) + f(Ax) − ⟨b,Ax⟩}

= sup
x∈Rn

{⟨b,Ax⟩ − tH(x) − f(Ax)}

= sup
x∈Rn

{⟨p,x⟩ − tH(x) − J∗(x)} .

(2.64)

Moreover, this function is the classical solution to the first-order HJ PDE [64, Lemma 2.1 and

Theorem 2.6] 
∂S

∂t
(p, t) +H (∇pS(p, t)) = 0, p ∈ Rn, t ∈ [0,+∞),

S(p, 0) = J(p), p ∈ Rn,
(2.65)

The Hamiltonian and initial data of the HJ PDE are the functions H and J . The fourth line

in (2.64) is the Hopf representation formula of the solution to the HJ PDE (2.65). The solution

S(p, t) can also be represented using the negative value of the dual problem (2.8). Using the identity

h∗(y∗) = sup
y∈Rm

{⟨y∗,y⟩ − f(y) + ⟨b,y⟩}

h∗(y∗) = f∗(b + y∗),

we have

S(p, t) = − sup
y∗∈Rm

{−g∗(−A∗y∗) − h∗(y∗)}

= inf
y∗∈Rm

{g∗(−A∗y∗) + h∗(y∗)}

= inf
y∗∈Rm

{
tH∗

(
p−A∗y∗

t

)
+ f∗(y∗)

}
.

(2.66)

The third equality in (2.66) is the Lax–Oleinik representation formula of the solution to the HJ

PDE (2.65), although written in a slightly unconventional form. It can be written in conventional

form using the convex conjugate of the function J [137, Theorem 2.2.1]:

J(x∗) = inf
y∗∈Rm

A∗y∗=x∗

f∗(y∗). (2.67)
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Since the matrix A has full row rank, its transpose A∗ has full column rank. The mapping

A∗ : Rm → Rn is therefore injective, and hence one may replace the infimum taken over y∗ ∈ Rm

in (2.66) with the infimum taken over x∗ ∈ Rn under the constraint that A∗y∗ = x∗. That is to

say, we can write

S(p, t) = inf
x∗∈Rn

{
tH∗

(
p− x∗

t

)
+ J(x∗)

}
,

which is the Lax–Oleinik representation formula of the solution to the HJ PDE (2.66).

Examples of supervised machine learning algorithms. Different choices of Hamiltonians

and initial data yield different supervised machine learning algorithms. Here, the Hamiltonian H

in the function g plays the role of a regularization term, the function h plays the role of the loss

function and defines the form of the initial data J in the HJ PDE, the matrix A encodes the data for

the problem at hand, and the parameter t > 0 determines the constraint or the relative importance

between the Hamiltonian and loss function in the optimization problem. As a first example, the

choice

H(x) =
1

2
∥x∥22 and h(Ax) = log

(
1

m

m∑
i=1

e⟨x,Φ(i)⟩

)

with appropriate values p in (2.64) and {Φ(j)}mi=1 ⊂ Rn leads to ℓ22-regularized maximum en-

tropy estimation with uniform prior distribution. Regularized maximum entropy estimation will be

covered in detail in Section 3.3. As a second, and more detailed example, we consider ”Maximum-

likelihood type“ estimators arising from generalized linear models in statistics [185, 246]. The

problem is detailed below.

Suppose we receive m samples {ui, bi}mi=1 ⊂ Rn×I, where bi is some output or label from some

space I. The samples are drawn independently and identically from an unknown distribution P. In

addition, we assume that P belongs to an indexed family of probability distributions {Px, x ∈ Rn}.

Our goal is to use the m samples {ui, bi}mi=1 to estimate or approximate the unknown parameter

xunknown ∈ Rn.

One possible approach for estimating the parameter xu is to construct a ”maximum likelihood-

type“ estimator, or M -estimator for short [185, 246]. These estimators consists of the sum of a
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loss function and a regularizer term. The loss function L : Rn × (Rn × I) → R measures the fit of

a parameter x ∈ Rn to the m samples while the regularizer H : Rn → R enforces a certain type of

structure expected in the parameter x, e.g., sparsity. More precisely, M-estimators are the solutions

to the minimization problem

xM = arg min
x∈Rn

{L(x, {ui, bi}mi=1) + tH(x)} ,

whenever they exist. An M -estimator to the problem above, if it exists, may not be unique without

assuming additional assumptions on the loss function L and the regularizer H. The parameter t > 0

weighs the relative importance between the loss function and the regularizer.

Suppose now that the conditional distribution of the response b ∈ I given the predictor variable

u ∈ Rn is modeled as an exponential family. That is,

Px(b | u) = C(b)eb⟨u,x⟩−ψ(⟨u,x⟩)

for some constant C(b) that depends only on the response b. The function ψ : R → R is the

log-partition function underlying the exponential family. The associated loss function L to this

conditional distribution is the scaled negative log-likelihood

L(x, {ui, bi}mi=1) = − 1

m
log(

m∏
i=1

Px(bi | ui))

=
1

m

m∑
i=1

ψ(⟨ui,x⟩) −

〈
1

m

m∑
i=1

biui,x

〉
.

The corresponding M -estimator is then

xM = arg min
x∈Rn

{
1

m

m∑
i=1

ψ(⟨ui,x⟩) −

〈
1

m

m∑
i=1

biui,x

〉
+ tH(x)

}

for some appropriate regularizer term H and t > 0. As an example, the M -estimator with

H(x) =
1

2
∥x∥22 and ψ(z) =

z2

2
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corresponds to ℓ22-regularized linear regression. The same function H with ψ(z) = log(1 + ez) and

ψ(z) = ez correspond to ℓ22-regularized logistic and Poisson regression.

The connections to HJ PDEs can now be made explicitly. Let b ∈ Rm denote the m-dimensional

vector with entries (b1/m, . . . , bm/m) and let A denote the m × n matrix whose rows are the

predictor variables uk. In this case, one may express the loss function L as

L(x, {ui, bi}mi=1) =
1

m

m∑
i=1

ψ([Ax]i) − ⟨b,Ax⟩ .

In addition, let f : Rm → R denote the function given by f(y) = 1
m

∑m
i=1 ψ([y]i). Then the first

term in the loss function is f(Ax). With this notation, the M -estimator can be expressed as

xM = arg min
x∈Rn

{f(Ax) − ⟨b,Ax⟩ + tH(x)}

= arg max
x∈Rm

{⟨b,Ax⟩ − tH(x) − f(Ax)} .

This is exactly in the same form as the Hopf representation formula (2.64) (third line), except that

we take the arg max instead of the supremum.

Hence under appropriate conditions on the regularizer H, the samples {ui, bi}mi=1 and the log-

partition function ψ in the exponential family, theM -estimator corresponds to the unique minimizer

associated to the Hopf representation formula of the solution to an appropriate first-order HJ PDE.

Specifically, the value function that the M -estimator minimizes is, as a function of p and t, the

solution

S(p, t) = sup
x∈Rn

{⟨p,x⟩ − tH(x) − J(x)}

to the HJ PDE (2.65) with initial condition given by the convex conjugate J of

J∗(x) = f(Ax) =
1

m

m∑
i=1

ψ([Ax]i)

evaluated at the point

p = A∗b =
1

m

m∑
i=1

biui.
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The M -estimator xM , as a function of p and t, also admits the following characterization [64,

Proposition 3.1]:

xM (p, t) = p− t∇H(∇p(S(p, t))).

The conditions needed for the M -estimator to be connected to the solution of an HJ PDE are

satisfied by several Hamiltonians H and log-partition functions ψ. For example, the choice

H(x) =
1

2
∥x∥22 and ψ(z) =

z2

2

satisfy these conditions, and the M -estimator corresponds to ℓ22-regularized linear regression. For

the same Hamiltonian and choice ψ(z) = log(1 + ez) and ψ(z) = ez, the conditions are satisfied

and the M -estimators correspond to ℓ22-regularized logistic and Poisson regression.

2.6 Discussion

This chapter introduced new accelerated nonlinear primal-dual hybrid gradient (PDHG) optimiza-

tion methods for solving large-scale convex optimization problems with saddle-point structure. We

proved rigorous convergence results, including results for strongly convex or smooth problems posed

on infinite-dimensional reflexive Banach spaces. It also presented some connections between clas-

sical solutions to first-order Hamilton–Jacobi partial differential equations and some supervised

machine learning algorithms.

The introduction presented an example with ℓ1-constrained logistic regression to illustrate how

the new accelerated nonlinear PDHG methods are advantageous; because they use Bregman proxi-

mal operators to be flexible and because they can achieve an optimal convergence rate with stepsize

parameters that are simple and efficient to compute. For this example, and several other examples

discussed in the following chapter, the stepsize parameters can be computed on the order of O(mn)

operations, where m and n denote the dimensions to the dual and primal problems at hand. In

contrast, most first-order optimization methods, including the linear PDHG method, require on
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the order of O(min (m2n,mn2)) operations to compute all the parameters required to achieve an

optimal convergence rate. This gain turns out to be considerable in practice: In Section (3.2.4)

of Chapter 3, we will present some numerical experiments in which the nonlinear PDHG method

for ℓ1-logistic regression (2.3) converges 5 to 10 times faster than the linear PDHG method (2.2).

Chapter 3 will also explore applications to maximum entropy estimation problems in detail, as well

as zero-sum matrix games with entropy regularization.



Appendix

2.A Proof of Lemma 2.2.1

We divide the proof into two parts, first proving that the output (x̂, ŷ∗) is contained in the set

dom ∂g × dom ∂h∗ and then deriving the descent rule (2.11).

Part 1. Consider the functions

f = g + ⟨A∗ỹ∗, ·⟩ and ϕ = ϕX .

By assumptions (A1)-(A3), the function ϕ is essentially smooth and essentially strictly convex,

we have that dom f ∩ int(dom ϕ) ̸= ∅, and at least one of g and ϕ is supercoercive. If g is

supercoercive, then an elementary calculation shows that the function f is also supercoercive, and

therefore bounded from below by Fact 1.2.3. Hence we are guaranteed that f is bounded from below

or ϕ is supercoercive. In either case, we can invoke Fact 1.2.9(i) to conclude that the minimization

problem

arg min
x∈X

{
g(x) + ⟨A∗ỹ∗,x⟩ +

1

τ
DϕX (x, x̄)

}
has a unique solution x̂ that is contained in the set dom ∂g ∩ dom ∂ϕX . A similar argument using



63

assumptions (A1)-(A2) and (A4) shows that the minimization problem

arg min
y∗∈Y∗

{
h∗(y∗) − ⟨y∗,Ax̃⟩ +

1

σ
DϕY∗ (y∗, ȳ∗)

}

has a unique solution ŷ∗ that is contained in the set dom ∂h∗ ∩ dom ∂ϕY∗ .

Part 2. To derive the descent rule (2.11), we apply inequality (1.18) to each minimization problem

in the iteration scheme (2.10). Note that inequality (1.18) can be used here because we showed in

Part 1 that the conditions of Fact 1.2.9 are satisfied by each minimization problem in (2.10).

First, use inequality (1.18) with the functions

f = g + ⟨A∗ỹ∗, ·⟩ and ϕ = ϕX ,

the parameter t = τ , the element x′ = x̄, and the proximal point prox(tf,Dϕ)(x′) = x̂ to get

g(x) + ⟨A∗ỹ∗,x⟩ +
1

τ
DϕX (x, x̄) ⩾ g(x̂) + ⟨A∗ỹ∗, x̂⟩ +

1

τ
(DϕX (x̂, x̄) +DϕX (x, x̂)) .

Rearrange this inequality in terms of the difference g(x̂) − g(x) to get

g(x̂) − g(x) ⩽
1

τ
(DϕX (x, x̄) −DϕX (x̂, x̄) −DϕX (x, x̂)) + ⟨A∗ỹ∗,x− x̂⟩ . (2.68)

A similar application of inequality (1.18) to the second line of the iteration scheme (2.10) gives

h∗(ŷ∗) − h∗(y∗) ⩽
1

σ

(
DϕY∗ (y∗, ȳ∗) −DϕY∗ (ŷ∗, ȳ∗) −DϕY∗ (y∗, ŷ∗)

)
− ⟨y∗ − ŷ∗,Ax̃⟩ . (2.69)

Second, add the difference of bilinear forms

⟨y∗,Ax̂⟩ − ⟨ŷ∗,Ax⟩
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to both sides of inequality (2.69) and rearrange to get

(⟨y∗,Ax̂⟩ − h∗(y∗)) − (⟨ŷ∗,Ax⟩ − h∗(ŷ∗)) =
1

σ

(
DϕY∗ (y∗, ȳ∗) −DϕY∗ (ŷ∗, ȳ∗) −DϕY∗ (y∗, ŷ∗)

)
+ ⟨y∗,Ax̂⟩ − ⟨ŷ∗,Ax⟩ − ⟨y∗ − ŷ∗,Ax̃⟩

=
1

σ

(
DϕY∗ (y∗, ȳ∗) −DϕY∗ (ŷ∗, ȳ∗) −DϕY∗ (y∗, ŷ∗)

)
+ ⟨y∗,A(x̂− x̃)⟩ − ⟨ŷ∗,A(x− x̃)⟩ .

(2.70)

Next, we combine inequalities (2.68) and (2.70). Add the left hand sides of inequalities (2.68)

and (2.70) and use the definition (2.9) of the Lagrangian function L(·, ·) to get

(g(x̂) + ⟨y∗,Ax̂⟩ − h∗(y∗)) − (g(x) + ⟨ŷ∗,Ax⟩ − h∗(ŷ∗)) = L(x̂,y∗) − L(x, ŷ∗). (2.71)

Thanks to (2.71), the sum of inequalities (2.68) and (2.70) give

L(x̂,y∗) − L(x, ŷ∗) ⩽
1

τ
(DϕX (x, x̄) −DϕX (x̂, x̄) −DϕX (x, x̂))

+
1

σ

(
DϕY∗ (y∗, ȳ∗) −DϕY∗ (ŷ∗, ȳ∗) −DϕY∗ (y∗, ŷ∗)

)
+ ⟨A∗ỹ∗,x− x̂⟩ + ⟨y∗,A(x̂− x̃)⟩ − ⟨ŷ∗,A(x− x̃)⟩ .

(2.72)

Now, write

⟨A∗ỹ∗,x− x̂⟩ = ⟨ỹ∗,A(x− x̂)⟩

= ⟨ỹ∗,A(x− x̂ + x̃− x̃)⟩

= ⟨ỹ∗,A(x− x̃)⟩ − ⟨ỹ∗,A(x̂− x̃)⟩

and use this to express the last line on the right hand side of inequality (2.72) as

⟨A∗ỹ∗,x− x̂⟩ + ⟨y∗,A(x̂− x̃)⟩ − ⟨ŷ∗,A(x− x̃)⟩ = ⟨ỹ∗,A(x− x̃)⟩ − ⟨ỹ∗,A(x̂− x̃)⟩

+ ⟨y∗,A(x̂− x̃)⟩ − ⟨ŷ∗,A(x− x̃)⟩

= ⟨ỹ∗ − ŷ∗,A(x− x̃)⟩ − ⟨y∗ − ỹ∗,A(x̃− x̂)⟩ .
(2.73)
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Finally, combine inequalities (2.72) and (2.73) to find

L(x̂,y∗) − L(x, ŷ∗) ⩽
1

τ
(DϕX (x, x̄) −DϕX (x̂, x̄) −DϕX (x, x̂))

+
1

σ

(
DϕY∗ (y∗, ȳ∗) −DϕY∗ (ŷ∗, ȳ∗) −DϕY∗ (y∗, ŷ∗)

)
+ ⟨ỹ∗ − ŷ∗,A(x− x̃)⟩ − ⟨y∗ − ỹ∗,A(x̃− x̂)⟩ .

which is the desired result.

2.B Proof of Proposition 2.3.1

We divide the proofs into four parts, first deriving an auxiliary result, and then proving in turn the

descent rule (2.15) (Proposition 2.3.1(a)), the estimate (2.16) and the global bound (2.17) (Propo-

sition 2.3.1(b)), and the convergence properties of the nonlinear PDHG method (2.12) (Proposi-

tion 2.3.1(c)).

Part 1. We first show that for every (x,y∗) ∈ dom g × dom h∗ and nonnegative integer k, the

quantity δk(x,y
∗) satisfies the bounds

0 ⩽ (1 −
√
τσ ∥A∥op)

(
1

τ
DϕX (x,xk) +

1

σ
DϕY∗ (y∗,y∗

k)

)
⩽ δk(x,y

∗) ⩽ (1 +
√
τσ ∥A∥op)

(
1

τ
DϕX (x,xk) +

1

σ
DϕY∗ (y∗,y∗

k)

)
.

(2.74)

To derive this, use fact 1.2.1 with the choice of α =
√
σ/τ and (x′,y∗′) = (xk,y

∗
k) to get

|⟨y∗ − y∗
k,A(x− xk⟩| ⩽ ∥A∥op

( √
σ

2
√
τ
∥x− xk∥2X +

√
τ

2
√
σ
∥y∗ − y∗

k∥
2
Y∗

)
=

√
τσ ∥A∥op

(
1

2τ
∥x− xk∥2X +

1

2σ
∥y∗ − y∗

k∥
2
Y∗

)
⩽

√
τσ ∥A∥op

(
1

τ
DϕX (x,xk) +

1

σ
DϕY∗ (y∗,y∗

k)

)
,

(2.75)

where in the last line we used assumption (A5) and Fact 1.2.8(viii) with m = 1. Inequality (2.74)

then follows from equation (2.14) and inequalities (2.75) and (2.13).
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Part 2. Let (x,y∗) ∈ dom g × dom h∗. By assumption (A1)-(A4), Lemma 2.2.1 holds, and

we can apply the descent rule (2.11) to the (k + 1)th iterate given by (2.12) with initial points

(x̄, ȳ∗) = (xk,y
∗
k) and intermediate points (x̃, ỹ∗) = (2xk+1 − xk,y

∗
k) to get

L(xk+1,y
∗) − L(x,y∗

k+1) ⩽
1

τ
(DϕX (x,xk) −DϕX (xk+1,xk) −DϕX (x,xk+1))

+
1

σ

(
DϕY∗ (y∗,y∗

k) −DϕY∗ (y∗
k+1,y

∗
k) −DϕY∗ (y∗,y∗

k+1)
)

+
〈
y∗
k − y∗

k+1,A(x− (2xk+1 − xk))
〉

− ⟨y∗ − y∗
k,A((2xk+1 − xk) − xk+1)⟩ .

(2.76)

To proceed, we want to rewrite the last two lines of (2.76) to simplify the analysis. First, write the

penultimate line on the right hand side of (2.76) as

〈
y∗
k − y∗

k+1,A(x− (2xk+1 − xk))
〉

=
〈
y∗
k − y∗

k+1,A(x− xk+1) −A(xk+1 − xk)
〉

=
〈
y∗
k − y∗

k+1,A(x− xk+1)
〉

+
〈
y∗
k+1 − y∗

k,A(xk+1 − xk)
〉

=
〈
y∗ − y∗

k+1,A(x− xk+1)
〉

− ⟨y∗ − y∗
k,A(x− xk+1)⟩

+
〈
y∗
k+1 − y∗

k,A(xk+1 − xk)
〉

=
〈
y∗ − y∗

k+1,A(x− xk+1)
〉

+ ⟨y∗ − y∗
k,A(xk+1 − xk)⟩

− ⟨y∗ − y∗
k,A(x− xk)⟩

+
〈
y∗
k+1 − y∗

k,A(xk+1 − xk)
〉
,

(2.77)

The bilinear form on the last line of (2.76) simplifies to

⟨y∗ − y∗
k,A((2xk+1 − xk) − xk+1)⟩ = ⟨y∗ − y∗

k,A(xk+1 − xk)⟩ . (2.78)

Combine equations (2.14), (2.77) and (2.78) together to write inequality (2.76) as

L(xk+1,y
∗) − L(x,y∗

k+1) ⩽ δk(x,y
∗) − δk+1(x,y

∗) − δk+1(xk,y
∗
k).
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Thanks to inequality (2.74),

−δk+1(xk,y
∗
k) ⩽ 0,

and hence

L(xk+1,y
∗) − L(x,y∗

k+1) ⩽ δk(x,y
∗) − δk+1(x,y

∗).

This proves the descent rule (2.15).

Part 3. Sum inequality (2.15) from k = 1 to K on both sides to obtain

K∑
k=1

L(xk,y
∗) − L(x,y∗

k) ⩽ δ0(x,y
∗) − δK(x,y∗). (2.79)

Use the averages

XK =
1

K

K∑
k=1

xk and Y ∗
K =

1

K

K∑
k=1

y∗
k,

the convexity and concavity in the first and second arguments of the Lagrangian (2.9), respectively,

and inequality (2.79) to bound the difference of Lagrangians L(XK ,y
∗) − L(x,Y ∗

K) as follows:

L(XK ,y
∗) − L(x,Y ∗

K) ⩽
1

K

K∑
k=1

(L(xk,y
∗) − L(x,y∗

k))

⩽
1

K
(δ0(x,y

∗) − δK(x,y∗)) .

(2.80)

Finally, use the lower and upper bounds (2.74) in (2.80) to get

L(XK ,y
∗) − L(x,Y ∗

K) ⩽
1 +

√
τσ ∥A∥op
K

(
1

τ
DϕX (x,x0) +

1

σ
DϕY∗ (y∗,y∗

0)

)
−

1 −
√
τσ ∥A∥op
K

(
1

τ
DϕX (x,xK) +

1

σ
DϕY∗ (y∗,y∗

K)

)
.

This proves the estimate (2.16).

Now, let (x,y∗) = (xs,y
∗
s) in estimate (2.16) and use the saddle point property

L(XK ,y
∗
s) − L(xs,Y

∗
K) ⩾ 0
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and rearrange to get

(1 −
√
τσ ∥A∥op)

(
1

τ
DϕX (xs,xK) +

1

σ
DϕY∗ (y∗

s,y
∗
K)

)
⩽ (1 +

√
τσ ∥A∥op)

(
1

τ
DϕX (xs,x0) +

1

σ
DϕY∗ (y∗

s,y
∗
0)

)
.

Since τσ ∥A∥2op < 1, the number (1 −
√
τσ ∥A∥op) is strictly positive and we can divide both sides

of the previous inequality by (1 −
√
τσ ∥A∥op) to get

1

τ
DϕX (xs,xK) +

1

σ
DϕY∗ (y∗

s,y
∗
K) ⩽

1 +
√
τσ ∥A∥op

1 −
√
τσ ∥A∥op

(
1

τ
DϕX (xs,x0) +

1

σ
DϕY∗ (y∗

s,y
∗
0)

)
.

This proves inequality (2.17).

Part 4. First, note that the global bound (2.17) implies that the sequence of iterates {(xk,y
∗
k)}

+∞
k=1

is bounded. It follows immediately from the definitions of the averages XK and Y ∗
K that the

sequence of averages {(XK ,Y
∗
K)}+∞

K=1 is also bounded.

From Fact 1.2.4, there is a subsequence {(XKl
,Y ∗

Kl
)}+∞
l=1 that converges weakly to some point

(X,Y ∗) ∈ X × Y∗. We claim that (X,Y ∗) is a saddle point of the Lagrangian (2.9). To see this,

use inequality (2.16) with (x,y∗) ∈ dom g × dom h∗ and take the infimum limit l → +∞ to get

lim inf
l→+∞

[
L(XKl

,y∗) − L(x,Y ∗
Kl

)
]
⩽ lim inf

l→+∞

[
1 +

√
τσ ∥A∥op
Kl

(
1

τ
DϕX (x,x0) +

1

σ
DϕY∗ (y∗,y∗

0)

)]

= 0.

The lower semicontinuity property of the functions g and h∗ implies

0 ⩾ lim inf
l→+∞

(
L(XKl

,y∗) − L(x,Y ∗
Kl

)
)
⩾ L(X,y∗) − L(x,Y ∗),

from which we find

L(X,y∗) ⩽ L(x,Y ∗).

As the pair of points (x,y∗) ∈ X × Y∗ was arbitrary, we conclude that (X,Y ∗) is a saddle point
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of the Lagrangian (2.9).

Assume now that the spaces X and Y∗ are finite-dimensional. Since the sequence of iterates

{(xk,y
∗
k)}

+∞
k=1 is bounded, by Fact 1.2.4 there is a subsequence that converges strongly to some

point (xc,y
∗
c). Note that (xc,y

∗
c) is a fixed point of the nonlinear PDHG method (2.12), and

therefore we can invoke Lemma 2.2.1 to conclude that (xc,y
∗
c) ∈ dom ∂g × dom ∂h∗.

We claim that (xc,y
∗
c) is a saddle point of the Lagrangian (2.9). To see this, consider the

descent rule (2.15) with arbitrary (x,y∗) and the subsequence {(xkl ,y
∗
kl

)}+∞
l=1 :

L(xkl ,y
∗) − L(x,y∗

kl
) ⩽ δkl(x,y

∗) − δkl+1
(x,y∗).

By the strong convergence of the subsequence {(xkl ,y
∗
kl

)}+∞
l=1 to (xc,y

∗
c) and Fact 1.2.8(vii), we

have the limits

lim
l→+∞

DϕX (x,xkl) = DϕX (x,xc) and lim
l→+∞

DϕY∗ (y∗,y∗
kl

) = DϕY∗ (y∗,y∗
c).

Hence

lim
l→+∞

δkl(x,y
∗) =

1

τ
DϕX (x,xc) +

1

σ
DϕY∗ (y∗,y∗

c) − ⟨y∗ − y∗
c ,A(x− xc)⟩ ,

and we conclude, from the completeness property of the real numbers, that

lim inf
l→+∞

δkl(x,y
∗) − δkl+1

(x,y∗) = 0.

We therefore deduce the infimum limit

lim inf
l→+∞

L(xkl ,y
∗) − L(x,y∗

kl
) ⩽ 0.

The lower semicontinuity property of the functions g and h∗ implies

0 ⩾ lim inf
l→+∞

(
L(xkl ,y

∗) − L(x,y∗
kl

)
)
⩾ L(xc,y

∗) − L(x,y∗
c),
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from which we find

L(x,y∗
c) ⩽ L(xc,y

∗).

As the pair of points (x,y∗) ∈ X ×Y∗ was arbitrary, we conclude that (xc,y
∗
c) is a saddle point of

the Lagrangian (2.9).

It remains to prove that the sequence of iterates {(xk,yk)}
+∞
k=1 converges strongly to the saddle

point (xc,y
∗
c). To do so, consider the descent rule (2.15) with the choice of saddle point (x,y∗) =

(xc,y
∗
c). From the saddle-point property L(xk,y

∗
c) − L(xc,y

∗
k) ⩾ 0 and inequality (2.74), we have

0 ⩽ δk(xc,y
∗
c) ⩽ δk−1(xc,y

∗
c).

The sequence of real numbers {δk(xc,y∗
c)}+∞

k=1 is non-increasing in l, and as such, it has a limit.

By Lemma 2.2.1, Fact 1.2.8(vi), and the strong convergence of the subsequence {(xkl ,y
∗
kl

)}+∞
l=1 to

(xc,y
∗
c), we have

lim
l→+∞

DϕX (xc,xkl) = 0, lim
l→+∞

DϕY∗ (y∗
c ,y

∗
kl

) = 0, and lim
l→+∞

〈
y∗
c − y∗

kl
,A(xc − xkl)

〉
= 0.

We deduce the limit

lim
k→+∞

δk(xc,y
∗
c) = 0.

Now, from this limit and the lower bound (2.74) with (x,y) = (xc,y
∗
c), we have

0 ⩽ lim
k→+∞

(1 −
√
τσ ∥A∥op)

(
1

τ
DϕX (xc,xk) +

1

σ
DϕY∗ (y∗

c ,y
∗
k)

)
⩽ lim

k→+∞
δk(xc,y

∗
c) = 0.

Since (1 −
√
τσ ∥A∥op) > 0 and assumption (A5) holds, we deduce the limits

0 ⩽ lim
k→+∞

1

2
∥xc − xk∥2X ⩽ lim

k→+∞
DϕX (xc,xk) = 0

and

0 ⩽ lim
k→+∞

1

2
∥y∗

c − y∗
k∥

2
Y∗ ⩽ lim

k→+∞
DϕY∗ (y∗

c ,y
∗
k) = 0.

This proves the strong convergence of the sequence of iterates {(xk,y
∗
k)}

+∞
k=1 to the saddle point
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(xc,y
∗
c). Finally, we deduce from Fact 1.2.2 that the sequence of averages {(XK ,Y

∗
K)}+∞

K=1 con-

verges strongly to the same limit (xc,y
∗
c). This concludes the proof.



Chapter Three

Variational methods for machine learning algorithms

and connections to Hamilton–Jacobi PDEs II:

Applications
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3.1 Introduction

This chapter applies the accelerated nonlinear PDHG methods developed in the previous chapter

to sparse logistic regression, regularized maximum entropy estimation, and entropy-regularized

matrix games. We discuss each problem in detail and provide an accelerated nonlinear PDHG

optimization method to solve it efficiently. Finally, we present numerical experiments to illustrate

that the accelerated nonlinear primal-dual hybrid gradient methods are considerably faster than

competing methods.

In all problems, the real reflexive Banach spaces X and Y are taken to be finite dimensional

Banach spaces with norms ∥·∥X and ∥·∥Y chosen suitably for each example. In each forthcoming

example, we will choose the norms ∥·∥X and ∥·∥Y and Bregman functions ϕX and ϕY∗ to obtain

an explicit accelerated nonlinear PDHG method for which the stepsize parameters and updates

are simple and efficient to compute. To see how this works, consider the case where X = Rn

and Y = Rm. Table (3.1.1) below illustrates that with these spaces, certain combinations of

norms make it possible to compute the induced operator norm in O(mn) operations, down from

O(min(m2n,mn2)) complexity with the classical choice ∥·∥X = ∥·∥Y = ∥·∥2. In addition, we

can choose the Bregman functions ϕX and ϕY∗ in conjunction with these norms to ensure that

assumptions (A1)–(A5) from the previous chapter hold. This is our strategy. For certain choices

of norms adapted to the problem at hand, we will obtain an accelerated nonlinear PDHG method

that is both explicit and significantly more efficient compared to other competing methods.

Codomain
(Rm, ∥·∥1) (Rm, ∥·∥2) (Rm, ∥·∥∞)

Domain

(Rn, ∥·∥1)
Max. ℓ1 norm of Max. ℓ2 norm of Max. ℓ∞ norm of

a column (∼ O(mn)) a column (∼ O(mn)) a column (∼ O(mn))

(Rn, ∥·∥2) NP-hard
Largest singular value Max. ℓ2 norm of

(∼ O(min (m2n,mn2))) a row (∼ O(mn))

(Rn, ∥·∥∞) NP-hard NP-hard
Max. ℓ1 norm of
a row (∼ O(mn))

Table 3.1.1: Table of some operator norms of A with their associated computational complexity.
Table extracted from [239, Section 4.3.1].
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3.2 Sparse logistic regression

Logistic regression is a widely used statistical model to describe the relationship between a binary

response variable and features in data sets [142]. It is often used in machine learning to identify

important features [93, 259]. This task, variable selection, typically amounts to fitting a logistic

regression model regularized by an ℓ1 penalty. Variable selection is frequently applied to problems

in medicine [11, 37, 123, 195, 210, 252, 260], natural language processing [26, 174, 118, 208, 230],

economics [170, 232, 257, 258], and social science [1, 153, 183], among others.

Since modern big data sets can contain hundred of thousands to billions of features, variable

selection methods require efficient and robust optimization algorithms to scale well [171]. State-

of-the-art algorithms for variable selection methods, however, were not traditionally designed to

handle big data sets; they either lack scalable parallelism or scale poorly in size [57, 161] or are

prone to produce unreliable numerical results [34, 167, 255, 256]. These shortcomings in terms of

efficiency and robustness make variable selection methods on big data sets essentially impossible

without access to adequate and costly computational resources [77, 224].

This section proposes an accelerated nonlinear PDHG method designed to overcome the short-

comings described above for variable selection via ℓ1-constrained logistic regression. This method,

as we will describe soon, provably computes a solution to ℓ1-constrained logistic regression in

O(md/
√
ϵ) operations, where ϵ ∈ (0, 1) denotes the tolerance and m and d denote the number of

samples and features present in the logistic regression problem. This result improves on the known

complexity bound of O(min(m2d,md2)/
√
ϵ) for first-order optimization methods such as the linear

PDHG method or forward-backward splitting methods. This gain turns out to be considerable

in practice: for instance, in Section 3.2.4 we present some numerical experiments in which the

accelerated nonlinear PDHG method converges 5 to 10 times faster than its linear counterpart, an

order of magnitude speed-up.
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3.2.1 Description of the problem

Suppose we receive m independent samples {ui, bi}mi=1, each comprising a d-dimensional vector of

features ui and a response variable bi ∈ {−1,+1}. The goal of variable selection is to identify

which of the d features best describe the m response variables. A common approach to do so is to

fit a logistic regression model constrained by an ℓ1 norm:

inf
v∈Rd

f(v;λ) = inf
v∈Rd

∥v∥1⩽λ

1

m

m∑
i=1

log
(

1 + e−bi⟨ui,v⟩
)

(3.1)

where λ > 0 is a tuning parameter. The ℓ1-constrained logistic regression problem is often rewritten

in non-constrained form as

inf
v∈Rd

1

m

m∑
i=1

log
(

1 + e−bi⟨ui,v⟩
)

+ t ∥v∥1 (3.2)

where t > 0 and there exists a one-to-one correspondence between λ and t such that the solution is

the same for each problem. We shall focus in this section on the constrained-form of sparse logistic

regression, that is, on problem (3.1).

The constraint on the ℓ1 norm regularizes the logistic model in two ways. First, it ensures

that problem (3.1) has at least one solution [92, Page 35, Proposition 1.2]. Second, it promotes

solutions to have a number of entries that are identically zero [109, 93, 259]. The non-zero entries

are identified as the important features, and the zero entries are discarded. The number of non-zero

entries itself depends on the value of the tuning parameter λ.

In most applications, the appropriate value of λ proves challenging to estimate. To determine

it, variable selection methods first compute a sequence of minimums v∗(λ) of problem (3.1) from a

chosen sequence of values of the parameter λ and then choose the parameter that gives the preferred

minimum [34, 112]. Variable selection methods differ in how they choose the sequence of parameters

λ and how they repeatedly compute global minimums of problem (3.1), but the procedure is

generally the same. The sequence of parameters thus computed is called a regularization path [112].
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Unfortunately, computing a regularization path to problem (3.1) can be prohibitively expensive

for big data sets. To see why, fix λ > 0 and let vϵ(λ) ∈ Rn with ϵ > 0 denote an ϵ-approximate

solution to a global minimum v∗(λ) in (3.1), that is, the objective function in (3.1) satisfies

f(vϵ(λ);λ) − f(v∗(λ);λ) < ϵ.

Then the best achievable convergence rate for computing vϵ(λ) in the Nesterov class of optimal

first-order methods is sublinear, that is, O(1/
√
ϵ) in the number of iterations [187]. While optimal,

this convergence rate is difficult to achieve in practice. Indeed, letting B denote the m× d matrix

whose rows are the elements −biui, one requires a precise estimate of the largest singular value of the

matrix B to achieve an optimal convergence rate. This quantity, however, is essentially impossible

to compute for large matrices due to its prohibitive computational cost of O(min (m2d,md2))

operations [130]. This issue generally makes solving problem (3.1) difficult and laborious. As

computing a regularization path entails repeatedly solving problem (3.1) for different values of λ,

this process can become particularly time consuming and resource intensive for big data sets.

3.2.2 State-of-the-art optimization methods

The issue of solving sparse logistic regression and constructing regularization paths has driven

much research in the development of robust and efficient methods to minimize costs and maximize

performance. Most optimization methods developed in this vein focus on the equivalent non-

constrained form (3.2) of sparse logistic regression. The state-of-the-art is based on coordinate

descent algorithms [111, 112, 131, 227, 228, 235, 251, 256]. These algorithms are implemented, for

example, in the popular glmnet software package [131], which is available in the Python, MATLAB,

and R programming languages. Other widely used variable selection methods include those based

on the least angle regression algorithm and its variants [91, 134, 161, 236, 263], and those based

on the forward-backward splitting algorithm and its variants [23, 48, 74, 225, 226]. Here, we focus

on these algorithms, but before doing so we wish to stress that many more algorithms have been

developed for sparse logistic regression; see [27, 93, 163, 243, 259] for recent surveys and comparisons
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of different methods and models.

Coordinate descent algorithms are considered the state of the art for computing regularization

paths because they are scalable, with steps in the algorithms generally having an asymptotic space

complexity of at most O(md) operations. Some coordinate descent algorithms, such as the one

implemented in the popular glmnet software [131], also implement selection rules to exploit the

sparsity of the matrix B and a priori knowledge of the sparsity of the solution. Despite these

advantages, coordinate descent algorithms for constructing regularization paths generally are non-

parallelizable and generally lack robustness and good convergence properties. For example, the

glmnet implementation offers no option for parallel computing. The implementation also depends

on the sparsity of the matrix B and a priori knowledge of the sparsity of the solution to converge

fast [263]. It is also known to be slowed down when the features are highly correlated [111]. It

would be desirable to have a fast algorithm for when the matrix B is dense and for when the

features are highly correlated, as these occur often in practice. Another issue is that the glmnet

implementation approximates the logarithm term in sparse logistic regression with a quadratic in

order to solve the problem efficiently. Without costly step-size optimization, which glmnet avoids

to improve performance, the glmnet implementation may not converge [112, 161]. Case in point,

Yuan et al. [255] provides two numerical experiments in which glmnet does not converge for the

non-constrained problem (3.2). Although some coordinate descent algorithms recently proposed

in [41] and in [102] can provably solve the logistic regression problem (3.2), in the first case, the

convergence rate is strictly less than the achievable rate, and in the second case, the method fails

to construct meaningful regularization paths to problem (3.2), in addition to having large memory

requirements.

The least angle regression algorithm is another popular tool for computing regularization

paths. This algorithm, however, scales poorly with the size of data sets because the entire se-

quence of steps for computing regularization paths has an asymptotic space complexity of at most

O(min (m2n+m3,mn2 + n3)) operations [91]. It also lacks robustness because, under certain con-

ditions, it fails to compute meaningful regularization paths [34, 167]. Case in point, Bringmann

et al. [34] provides an example for which the least angle regression algorithm fails to converge.
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The forward-backward splitting algorithm and its variants are widely used because they are

robust and can provably compute ϵ-approximate solutions of (3.1) and (3.2) in at most O(1/
√
ϵ)

iterations. To achieve this convergence rate, the stepsize parameter in the algorithm needs to be

fine-tuned using a precise estimate of the largest singular value of the matrix B. As mentioned

before, however, computing this estimate is essentially impossible for large matrices due to its

prohibitive computational cost, which has an asymptotic computational complexity of at most

O(min (m2d,md2)) operations. Line search methods and other heuristics are often employed to

bypass this problem, but they come at the cost of slowing down the convergence of the forward-

backward splitting algorithm. Another approach is to compute a crude estimate of the largest

singular value of the matrix B, but doing so dramatically reduces the speed of convergence of the

algorithm. This problem makes regularization path construction methods based on the forward-

backward splitting algorithm and its variants generally inefficient and impractical for big data

sets.

In summary, state-of-the-art variable selection methods for sparse logistic regression and com-

puting regularization paths to problems (3.1) and (3.2) either scale poorly in size or are prone

to produce unreliable numerical results. These shortcomings in terms of efficiency and robustness

make it challenging to perform variable selection on big data sets without access to adequate and

costly computational resources. We shall present here an efficient and robust accelerated nonlinear

PDHG optimization that addresses these shortcomings.

3.2.3 Derivation of the accelerated nonlinear PDHG method

To derive an appropriate accelerated nonlinear PDHG method for ℓ1-constrained logistic regression,

we will express problem (3.1) as an minimization problem over the 2d-dimensional unit simplex

∆2d. We can do so because every polytope, including the ℓ1-ball, can be represented as a convex

hull of its vertices in barycentric coordinates [128, 145]. Here this means for every v inside the



79

ℓ1-ball of radius λ, there exists a point x in ∆2d for which

v = λ(Id×d | −Id×d)x, (3.3)

where (Id×d | −Id×d) denotes the horizontal concatenation of the identity matrices Id×d and −Id×d.

We now apply the change of variables (3.3) to problem (3.1). Let B denote the m × d matrix

B whose rows are the elements −biui, let A = λ(B | −B), and let n = 2d. Then problem (3.1)

becomes equivalent to

inf
x∈∆n

1

m

m∑
i=1

log
(

1 + e[Ax]i
)
, (3.4)

where ∆n denotes the n-dimensional unit simplex. This is the primal problem of interest. Its

associated convex-concave saddle-point problem is

inf
x∈∆n

sup
y∗∈Rm

{⟨y∗,Ax⟩ − ψ(y∗)} (3.5)

where ψ : [0, 1/m]m → R denotes the average negative sum of m binary entropy terms,

ψ(y∗) =


1

m

m∑
i=1

m[y∗]i log (m[y∗]i) + (1 −m[y∗]i) log (1 −m[y∗]i) ify∗ ∈ [0, 1/m]m,

+∞, otherwise.

(3.6)

The dual problem is

sup
y∗∈Rm

{vecmax(−A∗y∗) − ψ(y∗)} (3.7)

where vecmax(y) = max ([y]1, . . . , [y]m) for y ∈ Rm. Due to the strong concavity of the

dual problem (3.7), the convex-concave saddle-point problem (3.5) has at least one saddle point

(xs,y
∗
s) ∈ ∆n×Rm, where xs is a global solution to the primal problem (3.4) and y∗

s is the unique

solution to the dual problem (3.7). They satisfy the optimality conditions

xs ∈ ∂vecmax(−A∗y∗
s) and [y∗

s]i =
1

m+me−[Axs]i
for i ∈ {1, . . . ,m}. (3.8)

The solution vs of the original problem (3.1) follows from xs and the change of variables for-
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mula (3.3). In addition, the first optimality condition in (3.8) can be used to identify the zero

entries of xs as follows [215]: Let J(−A∗y∗
s) denote the set of indices j ∈ {1, . . . , n} with

vecmax(−A∗y∗
s) = [−A∗y∗

s]j . Then [xs]j = 0 whenever j ̸∈ J(−A∗y∗
s).

Accelerated nonlinear PDHG method

We propose to solve the ℓ1-constrained logistic regression problem (3.1) through (3.4) and (3.3) using

the accelerated nonlinear PDHG method (2.39) with the following choice of norms and Bregman

functions:

∥·∥X = ∥·∥1 , ∥·∥Y∗ = ∥·∥2 , ϕX = Hn, and ϕY∗ =
1

4m
ψ,

where Hn : ∆n → (−∞, 0] denotes the negative entropy function,

Hn(x) =
n∑
j=1

[x]j log([x]j).

The negative entropy function induces the Bregman divergence DHn : ∆n× int ∆n → [0,+∞) given

by

DHn(x, x̄) =
n∑
j=1

[x]j log ([x]j/[x̄]j) .

This Bregman divergence is the so-called Kullback–Leibler divergence or relative entropy. The

Bregman function ϕY∗ is, up to a factor of 1/4m, the average negative sum of m binary entropy

terms (3.6). It induces the Bregman divergence Dψ/4m : [0, 1/m]m× (0, 1/m)m → [0,+∞) given by

Dψ/4m(y∗, ȳ∗) =
1

4m2

m∑
i=1

m[y∗]i log

(
[y∗]i
[ȳ∗]i

)
+ (1 −m[y∗]i) log

(
1 −m[y∗]i
1 −m[ȳ∗]i

)
.

With these choices, assumptions (A1)-(A5) and (A7) hold with γh∗ = 4m. In particular, assumption

(A5) holds because Hn is 1-strongly convex with respect to the ℓ1 norm over the unit simplex ∆n.

This fact is a direct consequence of a fundamental result in information theory known as Pinsker’s

inequality [22, 63, 152, 158, 203]. Moreover, the induced operator norm is the maximum ℓ2 norm
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of the columns of A, i.e.,

∥A∥op = ∥A∥1,2 = sup
∥x∥1=1

∥Ax∥2 = max
j∈{1,...,n}

√√√√ m∑
i=1

A2
ij .

For this method, we set the initial stepsize parameters to be θ0 = 0, τ0 > 0 and σ0 = 1/(∥A∥21,2 τ0).

Given x−1 = x0 ∈ int ∆n and y∗
0 ∈ (0, 1/m)m, the corresponding accelerated nonlinear PDHG

method for problem (3.4) consists of the iterations

y∗
k+1 = arg max

y∗∈Rm

{
−ψ(y∗) + ⟨y∗,A(xk + θk[xk − xk−1])⟩ −

1

σk
Dψ/4m(y∗,y∗

k)

}
,

xk+1 = arg min
x∈∆n

{〈
A∗y∗

k+1,x
〉

+
1

τk
DHn(x,xk)

}
θk+1 = 1/

√
1 + 4mσk, τk+1 = τk/θk+1, and σk+1 = θk+1σk.

The updates y∗
k+1 and xk+1 can be both computed explicitly. For the first update, define the

auxiliary variable

[wk]i = log (m[y∗
k]i/(1 −m[y∗

k]i)) for i ∈ {1, . . .m}.

Then we can update y∗
k+1 in two steps:

wk+1 = (4mσkxk + 4mσkθk (xk − xk−1) + wk) /(1 + 4mσk)

and

[y∗
k+1]i =

1

m+me−[wk+1]i
for i ∈ {1, . . . ,m} .

For the second update, a straightforward calculation gives

[xk+1]j =
[xk]je

−τk[A∗y∗
k+1]j∑m

j=1[xk]je
−τk[A∗y∗

k+1]j
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for j ∈ {1, . . . , n}. Hence the iterations are given by

wk+1 = (4mσkxk + 4mσkθk (xk − xk−1) + wk) /(1 + 4mσk)

[y∗
k+1]i = [y∗

k+1]i =
1

m+me−[wk+1]i
for i ∈ {1, . . . ,m}

[xk+1]j =
[xk]je

−τk[A∗y∗
k+1]j∑m

j=1[xk]je
−τk[A∗y∗

k+1]j
for j ∈ {1, . . . , n}

θk+1 = 1/
√

1 + 4mσk, τk+1 = τk/θk+1, and σk+1 = θk+1σk.

(3.9)

All parameter calculations and updates can be performed in O(mn) operations. According to

Proposition 2.4.2 and the optimality conditions (3.5), we have the strong limits

lim
k→+∞

y∗
k = y∗

s and lim
k→+∞

[y∗
k]i =

1

m+me−[Axs]i
for i ∈ {1, . . . ,m}.

The convergence is O(1/k2) in the number of iterations k, which is the best possible achievable

rate of convergence for this problem in the Nesterov class of optimal first-order methods [188]. In

particular, this means that for a given λ > 0 and ϵ > 0, the nonlinear PDHG method provably

computes an ϵ-approximate solution to a global minimum v∗(λ) of (3.1) in O(mn/
√
ϵ) operations.

3.2.4 Numerical experiments

We present here some numerical experiments to compare the running times of the accelerated

nonlinear PDHG methods proposed for sparse logistic regression to other commonly-used first-

order optimization methods. These methods include the accelerated linear PDHG method [46, 47]

and the forward-backward splitting method [23, 48]. These methods are described below and were

implemented in MATLAB. All numerical experiments were performed on a single core Intel(R)

Core(TM) i7-10750H CPU @ 2.60 GHz.
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Data generation and optimization methods

We consider the setting where the m vectors of features (u1, . . . ,um) are independent and the true

solution is sparse. Specifically, we draw m independent samples (u1, . . . ,um) from a d-dimensional

Gaussian distribution with zero mean and unit variance. Letting v ∈ Rn denote the true solution

to be estimated, we set 1% of the coefficients of v to be equal to 10 and the other coefficients to

be zero. Finally, letting ξ denote d-dimensional Gaussian distribution with zero mean and unit

variance, we define the response model as

[b]i =


+1 if ⟨ui,v⟩ + [ξ]i ⩾ 0,

−1 otherwise.

This setting allows us to process dense, large-scale data sets with sparsity structure. We choose the

number of samples to be smaller than then number of features, with m = 10000, and d = 10000,

25000, 50000, 75000, 100000, 125000 and 150000. We set the tuning parameter to be λ = 1.

We perform simulations using the accelerated nonlinear PDHG method (3.9), the accelerated lin-

ear PDHG method (2.2) described in the introduction, and the forward-backward splitting method

as applied to problem (3.1). The initial values, parameters and numerical criteria for convergence

of each method are described below.

Accelerated nonlinear PDHG method (3.9). We set [y∗
0]i = 1/2m for each i ∈ {1, . . . ,m},

we set [x−1]j = [x0]j = 1/n for each j ∈ {1, . . . , n}, and we set τ0 = 2m/ ∥A∥21,2, σ0 = 1/2m

and θ0 = 0. We compute the time required for convergence in the dual variable y∗
k and also the

time required for convergence in the average dual variable Y ∗ as defined in Proposition 2.4.3. The

iterations were stopped once
∥∥y∗

k+1 − y∗
k

∥∥
2
⩽ 10−4

∥∥y∗
k+1

∥∥
2

and
∥∥Y ∗

K+1 − Y ∗
K

∥∥
2
⩽ 10−4

∥∥Y ∗
K+1

∥∥
2
.

Accelerated PDHG method (2.2). We set [y∗
0]i = 1/2m for each i ∈ {1, . . . ,m}, we set

[v−1]j = [v0]j = 1/d for each j ∈ {1, . . . , n}, and we set τ0 = 4m/2 ∥A∥22,2, σ0 = 1/2m and θ0 = 0.

We evaluate the update in wk+1 using the forward-backward splitting method and we evaluate
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the update vk+1 using the ℓ1-ball projection algorithm described in Condat [60]. We compute the

time required for convergence in the dual variable y∗
k and also the time required for convergence

in the average dual variable Y ∗ as defined in Proposition 2.4.3. The iterations were stopped once∥∥y∗
k+1 − y∗

k

∥∥
2
⩽ 10−4

∥∥y∗
k+1

∥∥
2

and
∥∥Y ∗

K+1 − Y ∗
K

∥∥
2
⩽ 10−4

∥∥Y ∗
K+1

∥∥
2
.

Forward-backward splitting method. We compute the iterates

wk = vk + βk(vk − vk−1),

vk+1 = arg min
∥v∥1⩽λ

{
v −

[
wk − τB∗/(m+me−Bwk)

]}
,

tk+1 =
1 +

√
1 + 4t2k

2
and βk+1 =

(tk − 1)

tk+1
,

where τ = 4m/ ∥B∥22,2, q = λτ/(1 + λτ), [v−1]j = [v0]j = 1/d for j ∈ {1, . . . , d} and t0 = β0 = 0.

We evaluate the update vk+1 using the ℓ1-ball projection algorithm described in Condat [60]. We

compute the time required for convergence in the variable vk. The iterations were stopped once

∥vk+1 − vk∥1 ⩽ 10−4 ∥vk+1∥1.

Numerical results. Table 3.2.1 shows the time results for the forward-backward splitting, linear

PDHG and nonlinear PDHG methods. For the linear and nonlinear PDHG methods, we also show

the time results for convergence with the regular and ergodic sequences as described before. We

observe that the nonlinear PDHG method is considerably faster than both the forward-backward

splitting and linear PDHG methods; the nonlinear PDHG method achieves a speedup of about 4

to 6.

3.3 Regularized maximum entropy estimation problems

Maximum entropy (Maxent) models are widely-used statistical models for estimating probability

distributions from data. These models use the maximum entropy principle [146] to construct
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Number of features d
10000 25000 50000 75000 100000 125000 150000

Methods Timings (s)

Forward-backward splitting 40.55 114.82 269.25 437.52 725.81 839.24 1281.77
Linear PDHG (Reg.) 40.56 111.60 254.41 408.79 670.57 739.37 1122.36
Linear PDHG (Erg.) 46.96 126.51 284.25 447.06 717.33 810.46 1180.35

Nonlinear PDHG (Reg.) 9.72 26.23 58.60 87.67 112.95 177.50 203.10
Nonlinear PDHG (Erg.) 13.52 32.47 64.71 93.97 125.65 190.25 193.36

Table 3.2.1: Time results (in seconds) for solving the ℓ1-restricted logistic regression problem (3.1)
with the forward-backward and linear PDHG methods and time results for solving the equivalent
problem (3.4) with the nonlinear PDHG method.

probability distributions that reproduce key statistics of data sets as closely as possible. Historically

applied to problems in physics [146], engineering [149, 129, 25] and statistics [247], Maxent models

are now frequently applied to problems in natural language processing [26, 55, 76, 172, 211, 240],

social science [132, 159, 184], neuroscience [122, 238, 218] and ecological modeling [87, 88, 94, 148,

180, 200, 201, 202, 223, 222], among others.

Large-scale Maxent models require estimating probability distributions from massive data sets

comprising hundred of thousands to billions of features [171]. Due to this enormous number, large-

scale Maxent models need efficient and robust algorithms to perform well. However, state-of-the-

art algorithms for Maxent models were not originally designed to handle massive data sets. These

algorithms either rely on technical devices that may yield unreliable numerical results [105], or

lack scalable parallelism or scale poorly in size [73, 76] or depend on assumptions (e.g., smoothness

properties) that are not satisfied by many Maxent models in practice [172]. These limitations make

it practically impossible to construct large-scale Maxent models for applications without adequate

and costly computational resources [77, 233].

Further exacerbating this issue is that machine learning applications, in general, strongly rely on

increases in computing power to manage growing data sets and improve performance [80]. Without

more efficient and robust algorithms to minimize monetary and energy costs, this progress will

quickly become economically and environmentally unsustainable as computational requirements

become a severe constraint [233]. This constraint on computational requirements, in particular,

has been recently identified as a crucial challenge to overcome for Maxent models used in climate
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change ecological studies in order to create realistic environmental predictors within a reasonable

amount of run time [223, 222].

This sections proposes accelerated nonlinear PDHG methods designed to overcome the short-

comings of present state-of-the-art methods used for constructing large-scale Maxent models. These

methods, as we will describe soon, provably compute solutions to a broad class of Maxent models,

including models with ℓ1 and ℓ22 penalties, with computations requiring on the order of O(mn/
√
ϵ) or

O(mn log(1/ϵ)) operations (the order depending on strong convexity assumptions), where ϵ ∈ (0, 1)

denotes the tolerance, m denote the number of features in the Maxent model, and n denote the

dimensionality of the Maxent model. This result improves on the known complexity bound of

O(min(m2n,mn2)/
√
ϵ) and O(min(m2n,mn2)/ log(1/ϵ)) for first-order optimization methods such

as the linear PDHG or forward-backward splitting methods. These gains turn out to be consid-

erable in practice: for instance, in Section 3.3.4 we present some numerical experiments in which

an accelerated nonlinear PDHG method tailored to ℓ22-regularized maximum entropy estimation

converges 3-4 times faster than the classical accelerated linear PDHG method.

3.3.1 Description of the problem

Suppose we receive l independent and identically distributed samples {v1, ..., vl} ⊂ I from an

unknown distribution D. We assume throughout this section that the input space I is discrete

with n elements, and without loss of generality I = {1, . . . , n}. In addition, suppose we are given

some prior probability distribution pprior on I that encapsulates some prior knowledge about the

samples or unknown distribution. Finally, suppose we have access to a set of features from the

samples via a bounded feature map Φ : I → Rm, with supj∈{1,...,n} ∥Φ(j)∥2 ⩽ r for some r > 0.

Then, how do we estimate the unknown distribution D from the prior distribution pprior, the samples

{v1, ..., vl} and the feature map Φ?

The maximum entropy principle offers a way to answer this question. It states that the distri-

bution that best estimates the unknown distribution D is the one that remains as close as possible

to the prior probability pprior while matching the features {Φ(v1), . . . ,Φ(vl)} exactly or as closely
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as possible, in some suitable sense. We measure closeness of a probability distribution p ∈ ∆n,

where ∆n denote the n-dimensional probability simplex, to the prior probability pprior ∈ ∆n using

the Kullback–Leibler divergence:

DHn(p, pprior) =
n∑
j=1

p(j) log

(
p(j)

pprior(j)

)
. (3.10)

The symbol Hn stands for the negative entropy function with respect to the probability simplex

∆n. We measure how the average of the features induced by a probability distribution p match

the empirical average of the features {Φ(v1), . . . ,Φ(vl)} as follows. Let D̂ denote the empirical

distribution induced by samples {v1, ..., vl}, that is,

D̂(j) =
1

l
|{1 ⩽ i ⩽ l | vi = j}| . (3.11)

Let Ep[Φ] denote the average induced by the probability distribution p and let ED̂[Φ] denote the

empirical average induced by the samples {v1, ..., vl}, that is,

Ep[Φ] =
n∑
j=1

p(j)Φ(j).

and

ED̂[Φ] =
n∑
j=1

D̂(j)Φ(j).

Formally, we measure how the averages Ep[Φ] and ED̂[Φ] are close to each other via an arbitrary

proper, lower-semicontinuous and convex function H∗ : Rm → R ∪ {+∞}. Maxent models seek to

minimize the sum

inf
p∈∆n

f(p; t) = inf
p∈∆n

{
DHn(p, pprior) + tH∗

(
ED̂[Φ] − Ep[Φ]

t

)}
(3.12)

where t > 0 is a free parameter that is typically either chosen by the user or estimated using

cross-validation with testing data. The function H∗ is also typically assumed to be finite at 0,

meaning that the probability distribution p = D̂ is a feasible point of the optimization problem.

Following the ecological modeling literature, we will call H∗ the potential function of the Maxent
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model (3.12).

Dual formulation

The generalized Maxent problem (3.12) admits a dual problem that corresponds to regularized

maximum a posteriori estimation [6]. To derive the dual problem, we first write the second term

on the right hand side of (3.12) in terms of its convex conjugate:

tH∗
(
ED̂[Φ] − Ep[Φ]

t

)
= sup

w∈Rm

{〈
w,ED̂[Φ] − Ep[Φ]

〉
− tH(w)

}
,

where we abused the notation to write the convex conjugate of H∗ as H. We can now express

problem (3.12) in saddle-point form as

inf
p∈∆n

sup
w∈Rm

{〈
w,ED̂[Φ] − Ep[Φ]

〉
− tH(w) +DHn(p, pprior)

}
. (3.13)

Assuming that the potential function H∗ is proper, lower semicontinuous, convex and finite at 0,

the infimum and supremum can be swapped [92, Page 61, Statement (4.1)]. In that case, we can

use the convex conjugate formula

inf
p∈∆n

{DHn(p, pprior) − ⟨w,Ep[Φ]⟩} = − log

 n∑
j=1

pprior(j)e
⟨w,Φ(j)⟩


to obtain the dual problem of (3.12):

sup
w∈Rm

〈w,ED̂[Φ]
〉
− tH(w) − log

 n∑
j=1

pprior(j)e
⟨w,Φ(j)⟩

 . (3.14)

The dual problem (3.14) is a regularized maximum likelihood estimation problem over the family

of Gibbs distributions [6, 181].
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Examples of Maxent models

Different Maxent models vary in the choice of the prior distribution pprior, the potential function

H∗, and the free parameter t. In most models used in practice, the prior distribution is the uniform

distribution and the free parameter is either pre-selected or trained over testing data. The choice

of the potential function depends on the application. We give here three examples of potential

functions. The first example is the indicator function

u 7→ H∗(u) =


0, if u = 0,

+∞ otherwise.

This potential function yields the classical maximum entropy estimation problem

inf
p∈∆n

DHn(p, pprior) such that ED̂[Φ] = Ep[Φ]. (3.15)

The second example is the conjugate of the ℓ1-norm, which is the characteristic set of the unit

ball defined with respect to the ℓ1 norm:

u 7→ H∗(u) = ∥u∥∗1 = {v ∈ Rm | |uj − vj | ⩽ 1 for j ∈ {1, . . . ,m}} .

This potential function yields the ℓ1-regularized maximum entropy estimation problem

min
p∈∆n

{
DHn(p, pprior) + t

∥∥∥∥ED̂[Φ] − Ep[Φ]

t

∥∥∥∥∗
1

}
. (3.16)

This Maxent model allows the average Ep[Φ] to be close to the empirical average ED̂[Φ] without

having to be equal to it. This model has been extensively studied and is frequently applied to prob-

lems in natural language processing and ecological modeling [240, 88, 61, 181]. The corresponding

dual problem is

sup
w∈Rm

〈w,ED̂[Φ]
〉
− t ∥w∥1 − log

 n∑
j=1

pprior(j)e
⟨w,Φ(j)⟩

 . (3.17)
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The third example is the quadratic u 7→ H∗(u) = 1
2 ∥u∥

2
2. This potential function yields the

ℓ22-regularized maximum entropy estimation problem

min
p∈∆n

{
DHn(p, pprior) +

1

2t

∥∥ED̂[Φ] − Ep[Φ]
∥∥2
2

}
. (3.18)

This Maxent model, like the ℓ1-regularized Maxent model (3.16), has been extensively studied and

applied to problems in natural language processing and ecological modeling [55, 160, 88, 181]. The

corresponding dual problem is

sup
w∈Rm

〈w,ED̂[Φ]
〉
− t

2
∥w∥22 − log

 n∑
j=1

pprior(j)e
⟨w,Φ(j)⟩

 . (3.19)

Challenges in computing large-scale Maxent models

Estimating a probability distribution from the Maxent model (3.12) can be prohibitively expensive

for big data sets. To see why, fix t > 0 and suppose that the Maxent model (3.12) has a global

solution ps(t). Let pϵ(t) ∈ ∆n with ϵ > 0 denote an ϵ-approximate solution to the global solution

ps(t), that is, the objective function f in (3.12) satisfies

f(pϵ(t); t) − f(ps(t); t) < ϵ.

Then for a strongly convex potential function H∗, the best achievable rate of convergence for

computing pϵ(t) in the Nesterov class of optimal first-order methods is linear, O(log(1/ϵ)), in the

number of iterations [187]. Without strong convexity, the optimal rate convergence is sublinear,

O(1/
√
ϵ), in the number of iterations. While optimal, these rates of convergence can only be

achieved if a precise estimate of the largest singular value of the linear operator A : ∆n → Rm

defined by

Ap =

n∑
j=1

p(j)Φ(j) = Ep[Φ] (3.20)

is available.
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Unfortunately, this quantity is essentially impossible to compute for large matrices due to its

prohibitive computational cost of O(min (m2n,mn2)) operations [130]. This issue generally makes

solving the Maxent model (3.12) difficult and laborious. Even worse, in some applications the

appropriate value of the free parameter t in (3.12) is difficult to guess and must be selected by

repeatedly solving (3.12) from a large pool of values of t, a process that can become particularly

time consuming and resource intensive for big data sets.

3.3.2 State-of-the-art optimization methods

Estimating probability distributions from large-scale Maxent models has driven much research in

the development of robust and efficient algorithms to minimize computational costs and maximum

model performance. The current state of the art is based on a technical device called infinitely

weighted logistic regression (IWLR) [105, 202], a technical device that makes it possible to fit Max-

ent models using coordinate descent algorithms [111, 112, 131]. The IWLR method is implemented,

for instance, in the Maxent package available in the R programming language [202], and it is widely

used by the ecological modeling community. Other popular methods for solving Maxent models

include those based on limited-memory BFGS algorithms [172, 7] and first-order optimization al-

gorithms such as forward-backward splitting [23, 48, 74]. We focus here on these methods, but we

wish to mention that many more algorithms have been developed to estimate probability densities

from the general Maxent model (3.12) (see, e.g., [86, 172, 173, 181] for surveys and comparisons of

different algorithms).

The IWLR method is considered the state of the art because it makes it possible to fit the

Maxent model (3.12) as if it were a logistic regression model. This technical device makes it

possible to fit Maxent models using coordinate descent algorithms [111, 112, 131]. Coordinate

descent algorithms have been popular for fitting logistic regression models because they are generally

scalable, with steps in the algorithms having at worse an asymptotic space complexity of O(mn)

operations. However, despite these advantages, IWLR is an approximate technical device that

may yield unreliable numerical results and that largely depends on coordinate descent algorithms
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to perform well. Coordinate descent algorithms themselves are generally non-parallelizable and

may lack robustness and good convergence properties. The coordinate descent implementation

in the popular glmnet software package, for instance, depends on the sparsity of the matrix A

to converge quickly [263]. It would be desirable to have a fast optimization method for when the

matrix A is dense, as this often occurs in practice. Another issue is that the glmnet implementation

approximates the logarithm term in logistic regression models with a quadratic term to fit them

efficiently. Without costly step-size optimization, which glmnet avoids to improve performance, the

glmnet implementation may not converge [112, 161]. Case in point, Yuan et al. [255] provides two

numerical experiments in which glmnet does not converge.

The limited-memory BFGS is an iterative algorithm that uses an estimate of the inverse Hessian

matrix to solve sufficiently smooth optimization problems. This algorithm, in particular, has been

called the algorithm of choice for solving the ℓ22-regularized Maxent model (3.18) [172, 7]. It

has been proposed as a faster alternative to iterative scaling methods [73, 76] for constructing

Maxent models as well. The limited-memory BFGS method requires some degree of smoothness

and differentiability to work, which may not be present in a given Maxent model, but some variants

of this method do not require differentiability of the objective function [7]. The main disadvantage

of the limited-memory BFGS method is that it requires to be initialized somewhat close to the

true solution to converge quickly. Without this, it may converge slowly and fail to be competitive

compared to other methods, such as coordinate descent, or fail outright to converge [254].

The forward-backward splitting algorithm and its variants are widely used because they are ro-

bust and can provably compute ϵ-approximate solutions of (3.12) (under appropriate conditions on

the potential function H∗) with an optimal rate of convergence. To achieve this convergence rate,

however, the step size parameter in the algorithm needs to be fine-tuned using a precise estimate

of the largest singular value of the matrix of features A (3.20). As mentioned before, however,

computing this estimate is essentially impossible for large matrices due to its prohibitive compu-

tational cost, which has an asymptotic computational complexity of at most O(min (m2n,mn2))

operations. Line search methods and other heuristics are often employed to bypass this problem,

but they slow down the convergence of the forward-backward splitting algorithm. Another ap-
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proach is to compute a crude estimate of the largest singular value of the matrix A, but doing so

significantly reduces the speed of convergence. This problem makes the forward-backward splitting

algorithm generally inefficient and impractical to estimate probability densities from large-scale

Maxent models.

In summary, state-of-the-art and other widely used algorithms for estimating probability den-

sities from Maxent models either scale poorly in size or may fail to converge or may be prone

to produce unreliable numerical results. These shortcomings in terms of efficiency and robust-

ness make it challenging to use large-scale Maxent models without access to adequate and costly

computational resources. We shall present here efficient and robust accelerated nonlinear PDHG

optimization methods that address these shortcomings.

3.3.3 Derivation of the accelerated nonlinear PDHG method

We present here accelerated nonlinear PDHG methods for solving the generalized maximum entropy

estimation problem (3.12). In terms of the abstract primal and dual problems (2.7) and (2.8) from

Chapter 2, we set the real reflexive Banach spaces to be X = (Rn, ∥·∥1), Y = (Rm, ∥·∥2), we set the

functions g and h as

p 7→ g(p) =


DHn(p, pprior) if p ∈ ∆n,

+∞ otherwise,

and

u 7→ h(u) = tH∗
(
ED̂[Φ] − u

t

)
for arbitrary t > 0. We assume that H∗ is a proper, lower semicontinuous, convex function that is

finite at 0. This ensures that assumption (A1) from Chapter 2 holds for any t > 0 [92, Page 61,

Statement (4.1)][136, Propositions 2.2.1 and 2.2.2]. For the Bregman functions ϕX and ϕY∗ , we set

p 7→ ϕX (p) =

n∑
j=1

p(j) log p(j)
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and

w 7→ ϕY∗(w) =
1

2
∥w∥22 .

Implicit in the choice of ϕY∗ is that the linear proximal operator

inf
w∈Rm

{
1

2
∥w − ŵ∥22 + tH(w)

}

can be computed explicitly or can be quickly evaluated numerically. Depending on the form of the

potential function H∗, it may be more advantageous to use a different Bregman function, potentially

with a different norm on Rm. Nonetheless, for simplicity and the forthcoming numerical experiments

we fix ϕY∗ to be a quadratic.

With these choices, assumptions (A1)–(A6) from Chapter 2 hold with γg = 1. Indeed, as-

sumption (A6) holds because the Bregman function ϕX naturally induces the Kullback–Leibler

divergence as its Bregman divergence and because the Kullback–Leibler divergence is 1-strongly

convex with respect to the ℓ1 norm over the unit simplex ∆n. As mentioned in Section 3.2, this

fact is a direct consequence of a fundamental result in information theory known as Pinsker’s in-

equality [22, 63, 152, 158, 203]. Moreover, the induced operator norm is the maximum ℓ2 norm of

the columns of A, i.e.,

∥A∥op = ∥A∥1,2 = sup
∥p∥1=1

∥Ap∥2 = max
j∈{1,...,n}

∥Φ(j)∥2 .

Note that the induced operator norm is always bounded because the map Φ defining the features

is bounded with respect to the input space I. It can also be computed in optimal Θ(mn) time.

This is unlike in most first-order optimization methods, such as the forward-backward splitting

algorithm, where instead the equivalent operator norm is the largest singular value of A, which takes

O(min(m2n,mn2)) operations to compute. This point is crucial : the smaller computational cost

makes it efficient to compute the operator norm and all subsequent parameters of the accelerated

nonlinear PDHG method, which is needed to achieve an optimal rate of convergence.

From there, the choice of accelerated nonlinear PDHG method depends on whether the potential
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function H∗ is strongly smooth or not. We describe below the appropriate method for each case.

Accelerated nonlinear PDHG method for non-strongly smooth potential function H∗

For this case, we solve the regularized Maxent problem (3.12) using the accelerated nonlinear

PDHG method (2.19) with γg = 1. We set the initial stepsize parameters to be θ0 = 0, σ0 > 0 and

τ0 = 1/(∥A∥21,2 σ0), and we pick an initial probability distribution p0 ∈ int ∆n and initial values

w−1 = w0 ∈ Rm. The corresponding accelerated nonlinear PDHG method for (3.12) consists of

the iterations

pk+1 = arg min
p∈∆n

{
DHn(p, pprior) +

〈
wk + θk(wk −wk−1),ED̂[Φ] − Ep[Φ]

〉
+

1

τk
DHn(p, pk)

}
wk+1 = arg max

w∈Rm

{
−tH(w) +

〈
w,ED̂[Φ] − Ep(k+1) [Φ]

〉
− 1

2σk
∥w −wk∥22

}
θk+1 = 1/

√
1 + τk, τk+1 = θk+1τk, σk+1 = σk/θk+1,

where we omit the dependence of the probability distribution p on j ∈ {1, . . . , n}.

The update pk+1 can be computed explicitly. First, let

zk = wk + θk(wk −wk−1)

and introduce a Lagrangian variable ξ to express the first update as

pk+1 = arg min
p∈(0,+∞)n

ξ∈R

DHn(p, pprior) − ⟨zk,Ep[Φ]⟩ +
1

τk
DHn(p, pk) − ξ

1 −
n∑
j=1

p(j)

 .

Taking the gradient with respect to p and setting it to zero gives the optimality condition

log (pk+1/pprior) + 1 − ⟨zk,Φ⟩ +
1

τk
[log (pk+1/pk) + 1] + ξ = 0
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We can rearrange this as

(1 + τk) log(pk+1) = τk log(pprior) + log(pk) − τk(1 + ξ − ⟨zk,Φ⟩) − 1.

Solving for pk+1 yields

pk+1 = p
τk/(1+τk)
prior p

1/(1+τk)
k e−τk(1+ξ−⟨zk,Φ⟩)/(1+τk)−1/1+τk .

Since the probabilities sum to one, we must have, for every j ∈ {1, . . . , n},

pk+1(j) =
pprior(j)

τk/(1+τk)pk(j)
1/(1+τk)eτk⟨zk,Φ(j)⟩/(1+τk)∑n

j=1 pprior(j)
τk/(1+τk)pk(j)1/(1+τk)eτk⟨zk,Φ(j)⟩/(1+τk)

.

For the second update wk+1, we can express it as the proximal mapping

wk+1 = arg min
w∈Rm

{
1

2

∥∥∥w −
(
wk + σk

[
ED̂[Φ] − Ep(k+1) [Φ]

])∥∥∥2
2

+ tσkH(w)

}

Hence the iterations are given by

zk = wk + θk(wk −wk−1),

pk+1(j) =
pprior(j)

τk/(1+τk)pk(j)
1/(1+τk)eτk⟨zk,Φ(j)⟩/(1+τk)∑n

j=1 pprior(j)
τk/(1+τk)pk(j)1/(1+τk)eτk⟨zk,Φ(j)⟩/(1+τk)

for j ∈ {1, . . . , n},

wk+1 = arg min
w∈Rm

{
1

2

∥∥∥w −
(
wk + σk

[
ED̂[Φ] − Ep(k+1) [Φ]

])∥∥∥2
2

+ tσkH(w)

}
,

θk+1 = 1/
√

1 + τk, τk+1 = θk+1τk, σk+1 = σk/θk+1.

(3.21)

The iterations in (3.21) simplify for the choice of initial probability p0 = pprior. Let

ẑk = τk (ẑk−1 + (wk + θk[wk −wk−1])) /(1 + τk)

with ẑ−1 = 0. Then we have

pk+1(j) =
pprior(j)e

⟨ẑk,Φ(j)⟩∑n
j=1 pprior(j)e

⟨ẑk,Φ(j)⟩ for j ∈ {1, . . . , n}. (3.22)
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To show this, we induct on k. For the update p1, a short calculation gives

p1(j) =
pprior(j)e

⟨τ0w0/(1+τ0),Φ(j)⟩∑n
j=1 pprior(j)e

⟨ẑ0,Φ(j)⟩ =
pprior(j)e

⟨ẑ0,Φ(j)⟩∑n
j=1 pprior(j)e

⟨ẑ0,Φ(j)⟩ for j ∈ {1, . . . , n}.

Suppose that this holds for k ∈ N, namely

pk(j) =
pprior(j)e

⟨ẑk−1,Φ(j)⟩∑n
j=1 pprior(j)e

⟨ẑk−1,Φ(j)⟩ for j ∈ {1, . . . , n}.

The next update is then proportional to

pk+1(j) ∝ pprior(j)e
τk⟨(ẑk−1+(wk+θk[wk−wk−1]))/(1+τk),Φ(j)⟩ for j ∈ {1, . . . , n}.

The term on the left hand side of the inner product is the term ẑk. Since the probabilities sum to

one, the update for the probabilities is then precisely (3.22). Hence, for the choice of p0 = pprior

the iterations for this generalized Maxent problem are given by

ẑk = τk (ẑk−1 + (wk + θk[wk −wk−1])) /(1 + τk),

pk+1(j) =
pprior(j)e

⟨ẑk,Φ(j)⟩∑n
j=1 pprior(j)e

⟨ẑk,Φ(j)⟩ for j ∈ {1, . . . , n},

wk+1 = arg min
w∈Rm

{
1

2

∥∥∥w −
(
wk + σk

[
ED̂[Φ] − Ep(k+1) [Φ]

])∥∥∥2
2

+ tσkH(w)

}
,

θk+1 = 1/
√

1 + τk, τk+1 = θk+1τk, σk+1 = σk/θk+1.

(3.23)

where ẑ−1 = 0. All parameters calculations and updates can be performed in O(mn) operations.

The convergence is O(1/k2) in the number of iterations k, which is the best possible achievable rate

of convergence for this problem in the Nesterov class of optimal first-order methods [187]. In partic-

ular, this means that for a given t > 0 and ϵ > 0, this nonlinear PDHG method provably computes

an ϵ-approximation solution to a global minimum pϵ(t) of the regularized Maxent problem (3.12)

in O(mn/
√
ϵ) operations.
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Accelerated nonlinear PDHG method for strongly smooth potential function H∗

For this case, we solve the regularized Maxent problem (3.12) using the accelerated nonlinear PDHG

method (2.42) with γg = 1 and γh∗ > 0. We set the initial stepsize parameters to be

θ = 1 − γgγh∗

2 ∥A∥21,2

√1 +
4 ∥A∥21,2
γgγh∗

− 1

 , τ =
1 − θ

γgθ
, and σ =

1 − θ

γh∗θ
,

and we pick an initial probability distribution p0 ∈ int ∆n and initial values w−1 = w0 ∈ Rm. The

corresponding accelerated nonlinear PDHG method for (3.12) can be derived as in the non-strongly

smooth case. It consists of the iterations

zk = wk + θ(wk −wk−1),

pk+1 =
pprior(j)

τ/(1+τ)pk(j)
1/(1+τ)eτ⟨zk,Φ(j)⟩/(1+τ)∑n

j=1 pprior(j)
τ/(1+τ)pk(j)1/(1+τ)eτ⟨zk,Φ(j)⟩/(1+τ) ,

wk+1 = arg min
w∈Rm

{
1

2

∥∥∥w −
(
wk + σ

[
ED̂[Φ] − Ep(k+1) [Φ]

])∥∥∥2
2

+ tσH(w)

}
.

(3.24)

As before, the iterations in (3.24) simplify for the choice of initial probability p0 = pprior. In

this case, we have

ẑk = τ (ẑk−1 + (wk + θ[wk −wk−1])) /(1 + τ),

pk+1(j) =
pprior(j)e

⟨ẑk,Φ(j)⟩∑n
j=1 pprior(j)e

⟨ẑk,Φ(j)⟩ for j ∈ {1, . . . , n},

wk+1 = arg min
w∈Rm

{
1

2

∥∥∥w −
(
wk + σ

[
ED̂[Φ] − Ep(k+1) [Φ]

])∥∥∥2
2

+ tσH(w)

} (3.25)

where ẑ−1 = 0. All parameters calculations and updates can be performed in O(mn) operations.

The convergence is O(θk) in the number of iterations k, which is the best possible achievable rate of

convergence for this problem in the Nesterov class of optimal first-order methods [187]. In particu-

lar, this means that for a given t > 0 and ϵ > 0, this nonlinear PDHG method provably computes

an ϵ-approximation solution to a global minimum pϵ(t) of the regularized Maxent problem (3.12)

in O(mn log(1/ϵ)) operations.
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3.3.4 Numerical experiments

We present some numerical experiments to compare the running times of the accelerated nonlinear

PDHG methods proposed for regularized maximum entropy estimation to the accelerated linear

PDHG method [46, 47]. We consider here regularized Maxent for which the potential function is

a quadratic. All methods are described below and were implemented in MATLAB. All numerical

experiments were performed on a Laptop with single core Intel(R) Core(TM) i7-10750H CPU @

2.60 GHz.

Data generation and optimization methods

We generate l = 200, 000 independent and identically distributed outcomes from a binomial distri-

bution with parameters (n − 1) and p = 0.5. These outcomes are used to construct an empirical

distribution D̂ (see (3.11)) with support in {1, . . . , n}. For the feature maps Φ(j), we generate

n independent and identically distributed m-dimensional Gaussian vectors with zero mean and

normalized so that ∥Φ(j)∥2 = 1 for every j ∈ {1, . . . , n}. We select the prior probability pprior to

be uniform, that is, pprior(j) = 1/n for each j ∈ {1, . . . , n}. We set the regularization parameter

t = 0.0025 and we choose the dimensionality n to be smaller than the number of features m, with

n = 1000 and m = 100000, 250000, 500000, 750000, 1000000, 1250000 and 1500000.

We perform simulations using the accelerated nonlinear PDHG method (3.25) with H = 1
2 ∥·∥

2
2

and its accelerated linear PDHG method counterpart. The initial values, parameters, and numerical

criteria for convergence of each method are described below.

Accelerated nonlinear PDHG method (3.25) with H = 1
2 ∥·∥

2
2. We set p0(j) = pprior(j) =

1/n for each j ∈ {1, . . . , n}, we set w−1 = w0 = 0 ∈ Rm. For the parameters, we set

θ = 1 − t

2 ∥A∥21,2


√

1 +
4 ∥A∥21,2

t
− 1

 , τ =
1 − θ

tθ
, and σ =

1 − θ

θ
,
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The third update in (3.25), with H = 1
2 ∥·∥

2
2, can be expressed analytically as follows:

wk+1 =
(
wk + σ

[
ED̂[Φ] − Ep(k+1) [Φ]

])
/(1 + tσ). (3.26)

We compute the time required for convergence in the primal variable pk+1 and also the time required

for convergence with the ergodic average

PK =
1

TK

K∑
k=1

1

θk−1
pk with TK =

K∑
k=1

1

θk−1
=

1 − θK

(1 − θ)θK−1

as defined in Proposition 2.4.3 (with Xk substituted for Pk). The iterations were stopped once

∥pk+1 − pk∥1 ⩽ 10−4 and ∥Pk+1 − Pk∥1 ⩽ 10−4.

Accelerated linear PDHG method. We compute the iterates

pk+1 = arg min
p∈∆n

{
DHn(p, pprior) +

〈
wk + θ(wk −wk−1),ED̂[Φ] − Ep[Φ]

〉
+

1

2τ
∥p− pk∥22

}
,

wk+1 = arg max
w∈Rm

{
− t

2
∥w∥22 +

〈
w,ED̂[Φ] − Ep(k+1) [Φ]

〉
− 1

2σ
∥w −wk∥22

}
.

To compute these iterates, we apply Moreau’s identity (3.26) in the first update and use for-

mula (3.26) to express these updates as

xk = pk + τA∗(wk + θ[wk −wk−1])

pk+1 = xk − arg min
x∈Rn

1

2
∥x− xk∥22 + τ log

 n∑
j=1

pprior(j)e
[x]j/τ


wk+1 =

(
wk + σ

[
ED̂[Φ] − Ep(k+1) [Φ]

])
/(1 + tσ).

We use the forward-backward splitting method [48, Algorithm 5] to compute the second line.

Here we use the same initial values as for the accelerated nonlinear PDHG method, and for the

parameters we set

θ = 1 − 1

2 ∥A∥22,2

(√
1 + 4 ∥A∥22,2 − 1

)
, τ =

1 − θ

θ
, and σ =

1 − θ

θ
.
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We compute the time required for convergence in the primal variable pk+1 and also the time required

for convergence with the ergodic average

PK =
1

TK

K∑
k=1

1

θk−1
pk with TK =

K∑
k=1

1

θk−1
=

1 − θK

(1 − θ)θK−1

as defined in Proposition 2.4.3 (with Xk substituted for Pk). The iterations were stopped once

∥pk+1 − pk∥1 ⩽ 10−4 and ∥Pk+1 − Pk∥1 ⩽ 10−4.

Numerical results Table 3.3.1 shows the time results for the accelerated linear and nonlinear

PDHG methods. For both methods, we show the time results for convergence with the regular and

ergodic sequences as described before. We observe that the nonlinear PDHG method is considerably

faster than its linear counterpart; the nonlinear PDHG method achieves a speedup of about 3-4.

Numbers of features m
100000 250000 500000 750000 1000000 1250000 1500000

Methods Timings (s)

Linear PDHG (Reg.) 28.23 72.95 156.8 262.65 332.73 486.16 620.72
Linear PDHG (Erg.) 32.91 84.81 179.18 295.90 374.72 539.58 700.94

Nonlinear PDHG (Reg.) 10.86 28.85 62.76 93.39 129.37 185.14 217.86
Nonlinear PDHG (Erg.) 11.64 30.67 61.50 96.89 124.48 170.06 210.15

Table 3.3.1: Time results (in seconds) for solving ℓ22-regularized maximum entropy estimation with
the linear and nonlinear PDHG methods.

3.4 Zero-sum matrix games with entropy regularization

3.4.1 Description of the problem

Two-player zero-sum matrix games are a class of saddle-point optimization problems that model

one of the basic forms of constrained competitive games [42]. We focus here on zero-sum matrix

games with entropy regularization, the latter which models the imperfect knowledge of the payoff

matrix A by the two players [179]. Let ∆m and ∆n denote the unit simplices on Rm and Rn, and

let A denote an m × n matrix, called the payoff matrix. Zero-sum matrix games with entropy
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regularization are formulated as follow:

min
x∈∆n

max
y∗∈∆m

{λHn(x) + ⟨y∗,Ax⟩ − λHm(y∗)} , (3.27)

where λ > 0 and Hn(x) =
∑n

j=1[x]j log([x]j) and Hm(y∗) =
∑m

i=1[y
∗]i log([y∗]i) denote the nega-

tive entropies of the probability distributions x and y∗.

The primal and dual problems associated to the entropy regularized zero-sum matrix game (3.27)

are given by

min
x∈∆n

{
λHn(x) + λ log

(
m∑
i=1

e[Ax]i/λ

)}
(3.28)

and

max
y∗∈∆n

−λ log

 n∑
j=1

e−[A∗y∗]j/λ

− λHm(y∗)

 (3.29)

Due to the strong convexity of the primal problem (3.28) and strong concavity of the dual prob-

lem (3.29), the saddle-point problem (3.27) has a unique saddle point (xs,y
∗
s) ∈ Rn × Rm, which

are also the unique solutions to the primal and dual problems above. They satisfy the optimality

conditions

− [A∗y∗
s]j = λ(1 + log([xs]j)) and [y∗

s]i =
e[Axs]i/λ∑m
i=1 e

[Axs]i/λ
. (3.30)

Accelerated nonlinear PDHG method

We propose to solve the zero-sum matrix game with entropy regularization (3.27) using the accel-

erated PDHG method (2.59) with the following choice of norms and Bregman functions:

∥·∥X = ∥·∥1 , ∥·∥Y = ∥·∥∞ =⇒ ∥·∥Y∗ = ∥·∥1 , ϕX = Hn, and ϕY∗ = Hm.

The Bregman divergences induced by ϕX and ϕY∗ are the Kullback–Leibler divergences

DHn(x, x̄) =

n∑
j=1

[x]j log ([x]j/[x̄]j) and DHm(y∗, ȳ∗) =

m∑
i=1

[y∗]i log ([y∗]i/[ȳ
∗]i)
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where x ∈ ∆n, x̄ ∈ int ∆n, y ∈ ∆m and ȳ∗ ∈ int ∆m. With these choices, assumptions (A1)-(A7)

hold with the strong convexity parameters γg = γh∗ = λ. In particular, assumption (A5) holds

because both Hn and Hm are 1-strongly convex with respect to the l1 norm over their respective

unit simplices, due to Pinsker’s inequality [22, 63, 152, 158, 203]. Moreover, the induced operator

norm is the entry of the payoff matrix A with largest magnitude:

∥A∥op = ∥A∥1,∞ = sup
∥x∥1=1

∥Ax∥∞ = max
i∈{1,...,m}
j∈{1,...,n}

|Aij |.

The stepsize parameters θ, τ , and σ are accordingly

θ = 1 − λ2

2 ∥A∥21,∞


√

1 +
4 ∥A∥21,∞

λ2
− 1

 and τ = σ =
1 − θ

λθ
.

Given y∗
0 ∈ Rm and x∗

−1 = x∗
0 ∈ Rn, the corresponding accelerated nonlinear PDHG method for

the matrix game (3.27) consists of the iterations

yk+1 = arg max
y∗∈∆m

{
−λHm(y∗) + ⟨y∗,A(xk − θ(xk − xk−1))⟩ −

1

σ
DHm(y∗,y∗

k)

}
,

xk+1 = arg min
x∈∆n

{
λHn(x) +

〈
y∗
k+1,Ax

〉
+

1

τ
DHn(x,xk)

}
.

The updates xk+1 and y∗
k+1 can be both computed explicitly. A straightforward calculation

gives the updates

[y∗
k+1]i =

(
[y∗
k]ie

−τ [A(xk−θ(xk−xk−1))]i
)1/(1+λσ)∑m

i=1

(
[y∗
k]ie

−τ [A(xk−θ(xk−xk−1))]i
)1/(1+λσ)

[xk+1]j =

(
[x∗
k]je

−τ [A∗y∗
k+1]j

)1/(1+λτ)
∑n

j=1

(
[x∗
k]je

−τ [A∗y∗
k+1]j

)1/(1+λτ)
(3.31)

for i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}. All parameter calculations and updates can be performed in

O(mn) operations. According to Proposition 2.4.4 and the optimality conditions (3.30), we have

the strong limits

lim
k→+∞

xk = xs, lim
k→+∞

y∗
k = y∗

s,
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lim
k→+∞

−[A∗y∗
s]j = λ(1 + log([xs]j)), and lim

k→+∞
[y∗
k]i =

e([Axs]i/λ)∑m
i=1 e

([Axs]i/λ)
.

3.4.2 Numerical experiments

We present here some numerical experiments to compare the running times of the accelerated non-

linear PDHG methods proposed entropy-regularized zero-sum matrix games to other commonly-

used first-order optimization methods. These methods include the accelerated linear PDHG

method [46, 47] and state-of-the-art Predictive Update (PU) and Optimistic Multiplicative Weights

Update (OMWU) methods from Cen et al. [42]. These methods are described below and were imple-

mented in MATLAB. All numerical experiments were performed on a single core Intel(R) Core(TM)

i7-10750H CPU @ 2.60 GHz.

Data generation and optimization methods

Following the methodology described in [42, Section 2.3], we generate each entry of the payoff

matrix A from the uniform distribution on [−1, 1] and we set λ = 0.1. Here, we set m = n, with

n = 10000, 15000, 20000, 25000, 30000, 35000 and 40000.

We perform simulations using the accelerated nonlinear PDHG method (3.31), the accelerated

linear PDHG method, and the Predictive Update (PU) and Optimistic Multiplicative Weights

Update (OMWU) methods from Cen et al. [42]. The initial values, parameters and numerical

criteria for convergence of each method are described below.

Accelerated nonlinear PDHG method (3.31). We generate the entries of the initial vectors

y∗
0 and [x−1]j = [x0]j for j ∈ {1, . . . , n} uniformly at random in (0, 1/m) and (0, 1/n), respectively,
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and normalized their entries so that
∑m

i=1[y
∗
0]i = 1 and

∑n
j=1[x0]j = 1. For the parameters, we set

θ = 1 − λ2

2 ∥A∥21,∞


√

1 +
4 ∥A∥21,∞

λ2
− 1

 and τ = σ =
1 − θ

λθ
.

We compute the time required for convergence in the dual variable y∗
k and also the time required

for convergence in the average dual variable Y ∗ as defined in Proposition 2.4.4. The iterations were

stopped once
∥∥y∗

k+1 − y∗
k

∥∥
2
⩽ 10−4

∥∥y∗
k+1

∥∥
2

and
∥∥Y ∗

K+1 − Y ∗
K

∥∥
2
⩽ 10−4

∥∥Y ∗
K+1

∥∥
2
.

Accelerated linear PDHG method. We compute the iterates

y∗
k+1 = arg max

y∗∈∆m

{
−λHm(y∗) + ⟨y∗,A(xk + θ(xk − xk−1))⟩ −

1

2σ
∥y∗ − y∗

k∥
2
2

}
,

xk+1 = arg min
x∈∆n

{
λHn(x) +

〈
y∗
k+1,Ax

〉
+

1

2τ
∥x− xk∥22

}
.

To compute these iterates, we use Moreau’s identity [182] to express them as follows:

vk = y∗
k + σA(xk + θ[xk − xk−1]),

y∗
k+1 = vk − arg min

z∈Rm

{
1

2
∥z − vk∥22 + λσ log

(
m∑
i=1

e[z]i/λσ

)}
,

wk = xk − τA∗y∗
k+1,

xk+1 = wk − arg min
z∈Rn

{
1

2
∥z −wk∥22 + λτ log

(
m∑
i=1

e[z]i/λτ

)}
.

We use the forward-backward splitting method [48, Algorithm 5] to compute the second and fourth

line. Here we use the same initial values as for the accelerated nonlinear PDHG method (3.31),

and for the parameters we set

θ = 1 − λ2

2 ∥A∥22,2


√

1 +
4 ∥A∥22,2
λ2

− 1

 and τ = σ =
1 − θ

λθ
.

We compute the time required for convergence in the dual variable y∗
k and also the time required

for convergence in the average dual variable Y ∗ as defined in Proposition 2.4.4. The iterations were
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stopped once
∥∥y∗

k+1 − y∗
k

∥∥
2
⩽ 10−4

∥∥y∗
k+1

∥∥
2

and
∥∥Y ∗

K+1 − Y ∗
K

∥∥
2
⩽ 10−4

∥∥Y ∗
K+1

∥∥
2
.

Predictive Update and Optimistic Multiplicative Weights Update methods. For the

PU and OMWU, we use Algorithms 1 and 2 as described in [42] with the learning rates

ηPU =
1

2 + ∥A∥1,∞
and ηOMWU = min

{
1

2 + 2 ∥A∥1,∞
,

1

4 ∥A∥1,∞

}
.

Numerical results. Table 3.4.1 shows the time results for the PU, OMWU, and linear and

nonlinear PDHG methods. For the linear and nonlinear PDHG methods, we also show the time

results for convergence with the regular and ergodic sequences as described before. We observe

that the nonlinear PDHG method is considerable faster than both the linear PDHG method and

the state-of-the-art methods PU and OMWU for solving the entropy regularized zero-sum matrix

game (3.27); the nonlinear PDHG method achieves a speedup of 5 to 11 compared to linear PDHG

method and a speedup of 3 to 5 compared to the state-of-the-art methods PU and OMWU.

Numbers m = n
10000 15000 20000 25000 30000 35000 40000

Methods Timings (s)

PU 34.16 55.01 88.48 137.14 197.66 289.49 353.61
OMWU 44.89 81.67 142.53 221.23 318.65 493.73 568.94

Linear PDHG (Reg.) 42.47 100.65 218.26 366.52 601.11 938.18 1094.25
Linear PDHG (Erg.) 44.43 104.61 225.52 379.71 608.78 949.36 1114.24

Nonlinear PDHG (Reg.) 8.56 15.88 24.68 38.40 55.13 82.52 103.50
Nonlinear PDHG (Erg.) 12.02 19.05 31.45 48.70 70.27 105.26 129.28

Table 3.4.1: Time results (in seconds) for solving the entropy regularized zero-sum matrix
game (3.27) with the PU, OMWU, and linear and nonlinear PDHG methods.

3.5 Discussion

This chapter presented practical implementations of accelerated nonlinear PDHG methods

for sparse logistic regression, regularized maximum entropy estimation problems and entropy-

regularized zero-sum matrix games. The accelerated nonlinear PDHG methods are particularly
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useful to solve such problems because they involve a logistic regression model or are defined on the

unit simplex or both. For these problems, one may choose to use a Bregman divergence defined

in terms of the average negative sum of binary entropy terms or the relative entropy to arrive

at a straightforward and efficient optimization method. Numerical experiments showed that the

nonlinear PDHG methods are considerably faster than competing methods.

The new nonlinear PDHG methods are advantageous because they can achieve an optimal

convergence rate with stepsize parameters that are simple and efficient to compute. They can be

typically computed on the order of O(mn) operations where m and n denote the dimensions to the

dual and primal problems at hand. In contrast, most first-order optimization methods, including

the linear PDHG method, require on the order of O(min (m2n,mn2)) operations to compute all

the parameters required to achieve an optimal convergence rate. This gain in efficiency can be

considerable: in our numerical experiments for ℓ1-constrained logistic regression, ℓ22-constrained

regularized maximum entropy estimation, and zero-sum matrix games with entropy regularization,

we were able to get a speedup of 3 to 10 compared to other competing optimization methods.

We expect the accelerated nonlinear PDHG methods described in this work to provide efficient

methods for solving large-scale supervised machine learning. In particular, these applications to

strongly convex and smooth problems defined on the unit simplex, such as ν-support vector ma-

chines with squared loss, boosting and structured prediction problems in machine learning, will be

pursued in future work. It would be interesting to extend the accelerated nonlinear PDHG methods

described here to the stochastic case for problems that are separable in the dual variable, and to

the non-convex case to deal with large-scale non-convex problems, such as those arising in deep

learning. These extensions will be pursued in future work as well.



Chapter Four

Bayesian methods for imaging science and connections

to Hamilton–Jacobi PDEs
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4.1 Introduction

Overview

Image denoising problems aim to remove noise from noisy images while accounting for underlying

uncertainties. Among several proposed approaches for denoising images, two fundamental ones

are variational and Bayesian methods. Variational methods formulate image denoising problems as

optimization problems. These problems typically minimize the weighted sum of a data fidelity term

and a regularization term, where the former embeds properties of the noise corrupting the noisy

image and the latter embeds properties of the image to denoise. The solution to such a problem

then gives an estimate that hopefully accounts well for the data fidelity term and the regularization

term [48, 64]. Bayesian methods formulate image denoising problems in a probabilistic framework

that combines observed data through a likelihood function which models the noise corrupting the

unknown image and prior knowledge through a prior distribution which models known properties of

the unknown image to generate a posterior distribution. An appropriate decision rule then selects

a meaningful estimate of the actual image from the posterior distribution that hopefully accounts

well for both the prior knowledge and observed data [78, 229, 231, 237, 244]. This decision rule

is usually chosen to minimize the posterior expected value of some loss function and is called a

Bayes estimator. A standard example is the posterior mean estimator, the mean of the posterior

distribution [150, pages 344-345], which minimizes the mean squared error and, more generally,

Bregman loss functions [12].

In a Bayesian setting, variational and Bayesian methods for denoising images use maximum a

posterior (MAP) estimators and posterior mean (PM) estimators. Variational methods are well-

understood theoretically; for instance, it is known that a broad class of MAP estimators correspond

to solutions of first-order Hamilton–Jacobi partial differential equations (HJ PDEs) [64, 68]. The

image denoising properties of these MAP estimators, in particular, follow readily from the prop-

erties of the solutions to these HJ PDEs. Bayesian methods, in contrast, are less well-understood

theoretically. This chapter aims to partially fill this gap. Specifically, we present novel theoretical
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connections between viscous HJ PDEs and a broad class of Bayesian PM estimators and use these

connections to clarify certain image denoising properties of this class of Bayesian PM estimators.

The work presented in this chapter focuses on the class of finite-dimensional image denoising

problems

x = utrue + η, (4.1)

where x ∈ Rn is the observed image, utrue ∈ Rn is the true image and η is independent identically

distributed Gaussian noise. These problems are well-known to be ill-posed in general, and varia-

tional and Bayesian approaches are popular methods to find meaningful solutions to these ill-posed

problems [9, 78, 249]. Concretely, these methods compute the MAP estimate

uMAP (x, t) := arg min
u∈Rn

{
1

2t
∥x− u∥22 + J(u)

}
(4.2)

and the MAP estimate

uPM (x, t, ϵ) :=

∫
Rn ue

−( 1
2t
∥x−u∥22+J(u))/ϵ du∫

Rn e
−( 1

2t
∥x−u∥22+J(u))/ϵ du

. (4.3)

The functions

u 7→ 1

2t
∥x− u∥22 and J : Rn → R ∪ {+∞}

in (4.2) are, respectively, the (quadratic) data fidelity and regularization terms associated to the

variational method. The functions

u 7→ e−( 1
2t
∥x−u∥22+J(u))/ϵ and u 7→ e−J(u)/ϵ

in (4.3) are, respectively, the (Gaussian) likelihood function and generalized prior distribution

associated to the Bayesian method. The parameter t > 0 controls the relative importance of the

data fidelity term over the regularization term, and the parameter ϵ controls the shape of the

posterior distribution in (4.3), where small values of ϵ favor configurations close to the mode, which

is the MAP estimate, of the posterior distribution.
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To motivate the work presented here, let us illustrate the MAP and PM estimates and their

denoising capabilities with an example. We consider an anisotropic version of the Rudin–Osher–

Fatemi (ROF) image denoising model, which consists of an anisotropic total variation (TV) regu-

larization term with quadratic data fidelity term [30, 45, 216]. We define anisotropic TV as follows

TV(u) =
∑

i,j∈{1,...n}

wij |[u]i − [u]j |,

where wij ⩾ 0 and the value of an image u at the pixel i is denoted by yi ∈ R. For this example,

we assume that a digital image is defined on a two-dimensional regular grid and only consider the

4-nearest neighbors interactions for defining TV (i.e., wij = wji = 1
2 if i and j are neighbors, and

wij = wji = 0 otherwise, see [70] for instance). Let x denote an observed noisy image and t and ϵ

be parameters as previously defined. Then the associated anisotropic ROF problem [216] is

min
u∈Rn

{
1

2t
∥x− u∥22 + TV(u)

}
. (4.4)

The MAP and PM estimates to the ROF problem (4.4) are given, respectively, by Equations (4.2)

and (4.3) with J(u) = TV(u), i.e.,

uMAP (x, t) = arg min
u∈Rn

{
1

2t
∥x− u∥22 + TV(u)

}
(4.5)

and

uPM (x, t, ϵ) =

∫
Rn ue

−( 1
2t
∥x−u∥22+TV(u))/ϵ du∫

Rn e
−( 1

2t
∥x−u∥22+TV(u))/ϵ du

. (4.6)

We note here that the PM estimate (4.6) with total variation prior and its denoising properties

were investigated in [168, 169].

Figure 4.1.1(a) depicts the image Barbara, which we corrupt with Gaussian noise (zero mean

with standard deviation σ = 10) in Figure 4.1.1(b). We let x denote this corrupted image, and we

choose the parameters t = 16 and ϵ = 6.25 in the MAP and PM estimates. The MAP estimate

can be computed up to the machine precision using maximum-flow based algorithms [44, 70, 139],

and the PM estimate can be approximated using Markov Chain Monte Carlo methods. Here, we
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approximated the PM estimate (4.6) using the variable-at-a-time Metropolis–Hastings algorithm

with random scan detailed in [168, Page 42, Algorithm 2]. Specifically, for the parameters of

algorithm 2 in [168], we used, in the terminology of their algorithm, the parameters σ = 10 and

λ = 32 (corresponding here to the choice of t = 16 and ϵ = 6.25 in (4.6)), we chose the initial point

of the algorithm to be the MAP estimate uMAP (x, t), and finally, we set the internal parameters

of algorithm 2 in [168] as follows: α = 17.32 (this values yields an acceptance rate in the algorithm

close to the optimal value 0.234 suggested in [213]), 20,000 for the maximum number of iterations,

and n for the subsampling rate.

The MAP and PM estimates associated to the ROF model with these parameters produce the

denoised images illustrated in Figures 4.1.1(c) and (d). Figures 4.1.2(a)-(d) zoom-in on the face of

Barbara in Figures 4.1.1 The denoised image of Barbara with the MAP estimate exhibits staircasing

effects [51, 81, 89] that can be observed in Figure 4.1.2(c), whereas the denoised image of Barbara

with the posterior mean estimate does not. In either case, the denoised images result in a lost of

texture, as can be seen by comparing Figure 4.1.2(a) with (c) and (d).

Variational methods are popular in practice because they are well-understood and often lead

to optimization problems that can be solved efficiently using robust numerical optimization meth-

ods [48]. Such problems include, for example, total variation minimization or ℓ1-norm based mini-

mization [30, 38, 45, 64, 68, 82, 216]. In particular, MAP estimates from variational methods are

also significantly faster to compute than PM estimates because the latter require complex stochastic

methods to compute. However, reconstructed images from variational methods with non-smooth

and convex regularization terms often have undesirable and visually unpleasant staircasing effects

due to the singularities of the non-smooth regularization terms [51, 81, 89, 190, 168, 250]. This is

illustrated for example in Figure 1(c), which contains regions where the pixel values are equal and

lead to staircasing effects. In contrast, posterior mean estimates with quadratic fidelity term and

total variation regularization terms have been shown to avoid staircasing effects [168, 169]. This is

illustrated for example in Figure 4.1.1 and 4.1.2(d), where the denoised image with posterior mean

estimate does not contain visibly substantial regions where the pixel values are equal.
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(a) (b)

(c) (d)

Figure 4.1.1: The anisotropic ROF model endowed with 4-nearest neighbors is applied to the test
image “Barbara”. The original image is shown in (a). The image is corrupted by Gaussian noise
(zero mean with standard deviation σ = 10) and is shown in (b). The corresponding minimizer
uMAP (x, t) given by (4.4) and posterior mean estimate uPM (x, t, ϵ) given by (4.6) with parameters
t = 16 and ϵ = 6.25 are illustrated in (c) and (d), respectively.

Related work

Several papers have proposed novel connections between MAP and Bayesian estimators, including

PM estimators. First, [168, 169] showed that the class of Bayesian posterior mean estimates (4.3)

with TV regularization term J can be expressed as minimizers to optimization problems involving

a quadratic fidelity term and a smooth convex regularization term, i.e., there exists a smooth

regularization term freg : Rn → R such that

uPM (x, t, ϵ) = arg min
u∈Rn

{
1

2
∥x− u∥22 + freg(u)

}
. (4.7)
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(a) (b)

(c) (d)

Figure 4.1.2: The anisotropic ROF model endowed with 4-nearest neighbors is applied to the test
image “Barbara”. Images (a)-(d) are zoomed-in versions of the images illustrated in Figure 4.1.1.

This result was later extended to general priors [124], general Gaussian data fidelity terms [125], and

to some non-quadratic data fidelity terms [126, 127]. To our knowledge, there is no representation

formula for this smooth regularization term available in the literature.

Second, [35] showed that the MAP estimate (4.2) corresponds to a Bayes estimator when the

regularization term J is convex and uniformly Lipschitz continuous on Rn, that is, the MAP

estimate (4.2) minimizes the posterior expected value of an appropriate loss function. This was

later extended by [36] to some log-concave posterior distributions with non-quadratic fidelity term,

and later studied from the point of view of differential geometry in [196] and also derived for

posterior distributions that are strongly log-concave and at least three times differentiable.

In addition to these results, it is known that under certain assumptions on the regularization
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term J , the value of the minimization problem

S0(x, t) := min
u∈Rn

{
1

2t
∥x− u∥22 + J(u)

}
(4.8)

whose minimizer is the MAP estimate (4.2), satisfies the first-order HJ PDE


∂S0
∂t

(x, t) +
1

2
∥∇xS0(x, t)∥22 = 0 in Rn × (0,+∞),

S0(x, 0) = J(x) in Rn.
(4.9)

The properties of the minimizer uMAP (x, t) follow from the properties of the solution to this HJ

equation [64, 68]. In particular, the MAP estimate satisfies the representation formula uPM (x, t) =

x− t∇xS0(x, t).

We note that the results of [64, 68] considers only connections between a class of first-order HJ

PDEs and MAP estimators. To our knowledge, connections between posterior estimators and HJ

PDEs are not available in the literature.

Contributions

This chapter proposes novel theoretical connections between solutions to HJ PDEs and a broad

class of Bayesian methods and posterior mean estimators. These connections are described in

Proposition 4.2.1 and 4.2.2 for viscous HJ PDEs and first-order HJ PDEs, respectively. We show in

Proposition 4.2.1 that the posterior mean estimate (4.3) is described by the solution to a viscous HJ

with initial data corresponding to the convex regularization term J , which we characterize in detail

in terms of the data x and parameters t and ϵ. In particular, the posterior mean estimate (4.3)

satisfies the representation formula uPM (x, t, ϵ) = x − t∇xSϵ(x, t). Next, we use the connections

between viscous HJ PDEs and posterior mean estimates established in Proposition 4.2.1 to show

in Proposition 4.2.2 that the posterior mean estimate uPM (x, t, ϵ) can be expressed through the

gradient of the solution to a first-order HJ PDE with twice continuously differentiable convex initial
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data Rn ∋ x 7→ K∗
ϵ (x, t) − 1

2∥x∥
2
2, where

Kϵ(x, t) = tϵ ln

(
1

(2πtϵ)n/2

∫
dom J

e(
1
t
⟨x,u⟩− 1

2t
∥u∥22−J(u))/ϵ du

)

and x 7→ K∗
ϵ (x, t) is the convex conjugate of the function x 7→ Kϵ(x, t). In other words, we show

uPM (x, t, ϵ) = arg min
u∈Rn

{
1

2
∥x− u∥22 +

(
K∗
ϵ (u, t) − 1

2
∥u∥22

)}
.

This formula gives the representation of the convex regularization term, enabling one to express

the posterior mean estimate as the minimizer of a convex variational problem, and in fact in

terms of the solution to a first-order HJ PDE. This thereby extends the results of [168, 124],

who showed existence of this regularization term when the data fidelity term is quadratic, but

not its representation. The second-order continuous differentiability of this regularization term, in

particular, implies that the posterior mean estimate uPM (x, t, ϵ) avoids image denoising staircasing

effects as a consequence of the results derived in [189, Theorem 3].

We also present several topological properties of posterior mean estimators in Proposition 4.3.1

and we use these in conjunction with the connections between HJ PDEs and posterior mean es-

timators to derive representation and monotonicity properties of posterior mean estimators in

Propositions 4.3.2 and 4.3.3, respectively. These properties are then used to derive an optimal

upper bound on the mean squared error EJ
[
∥u− uPM (x, t, ϵ)∥22

]
, an estimate of the squared dif-

ference between the MAP and posterior mean estimates, monotone and non-expansive properties

of the posterior mean estimate, and the behavior of the posterior mean estimate uPM (x, t, ϵ) in

the limit t → 0 (Proposition 4.3.4). In addition, we use the connections between both MAP and

posterior mean estimates and HJ PDEs to characterize the MAP estimate (4.2) in the context

of Bayesian estimation theory, and specifically in Proposition 4.3.5 to show that the MAP esti-

mate (4.2) corresponds to the Bayes estimator of the Bayesian risk (4.37) whenever J is convex on

Rn and bounded from below. When J is defined only on a strict subset of Rn, we further show

that the Bayesian risk (4.37) has a corresponding Bayes estimator that is described in terms of

the solution to both the first-order HJ PDE (1.2.14) and the viscous HJ PDE (4.2.1). Finally, we

present in 4.4 some extensions of these results to a class of posterior mean estimators whose priors
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are sums of log-concave priors, that is, to posterior mean estimators of mixture distributions.

Organization

Section 4.2 establishes theoretical connections between a broad class of Bayesian posterior mean

estimators and HJ PDEs. The mathematical set-up is described in Subsection 4.2.1, the con-

nections of posterior mean estimators to viscous HJ PDEs are described in Subsection 4.2.2 and

the connections of posterior mean estimators to first-order HJ PDEs are described in Subsec-

tion 4.2.3. Section 4.3 uses establishes various properties of posterior mean estimators using the

aforementioned connections to HJ PDEs. Specifically, we present topological, representation, and

monotonicity properties of posterior mean estimators in Subsection 4.3.1, an optimal upper bound

on the mean squared error EJ
[
∥u− uPM (x, t, ϵ)∥22

]
, an estimate of the squared difference between

the MAP and posterior mean estimates, monotone and non-expansive properties of the posterior

mean estimate, and the behavior of the posterior mean estimate uPM (x, t, ϵ) in the limit t→ 0 in

Subsection 4.3.2. Finally, we establish properties of MAP and posterior mean estimators in terms

of Bayesian risks involving Bregman divergences in Subsection 4.3.3.

4.2 Connections between Bayesian posterior mean estimators and

Hamilton–Jacobi partial differential equations

4.2.1 Set-up

To establish connections between Bayesian posterior mean estimators and Hamilton–Jacobi equa-

tions, we will assume that the regularization term J in the variational imaging model (4.8) satisfies

the following assumptions:

(A1) J ∈ Γ0(Rn),



118

(A2) int (dom J) ̸= ∅,

(A3) infu∈Rn J(u) ∈ R, and without loss of generality, infu∈Rn J(u) = 0.

Assumption (A1) ensures that the minimal value of the convex imaging problem (4.8) and its

minimizer (4.2) are well-defined and enjoy several properties (see Section 1.2, Proposition 1.2.14).

Assumption (A2) ensures that for every x ∈ Rn, t > 0, and ϵ > 0, the posterior distribution

Rn ∋ u 7→ e−( 1
2t
∥x−u∥22+J(u))/ϵ∫

Rn e
−( 1

2t
∥x−u∥22+J(u))/ϵ du

(4.10)

and its associated partition function

Rn × (0,+∞) × (0,+∞) ∋ (x, t, ϵ) 7→ ZJ(x, t, ϵ) =

∫
Rn

e−( 1
2t
∥x−u∥22+J(u))/ϵ du (4.11)

are well-defined, and finally, assumption (A3) guarantees that the partition function (4.11) is also

bounded from above independently of x ∈ Rn. We will denote the posterior expectation (with

respect to the posterior distribution (4.10)) of a measurable function f : Ω 7→ R with Ω ⊂ dom f

integrable on the set dom f ∩ dom J by

EJ [f(u)] =
1

ZJ(x, t, ϵ)

∫
Ω∩ dom J

f(u)e−( 1
2t
∥x−u∥22+J(u))/ϵ du. (4.12)

Posterior expectations of vector quantities are defined similarly component-wise. Posterior expec-

tations generally depends on (x, t, ϵ) but we will omit writing this dependence explicitly.

4.2.2 Connections to viscous Hamilton–Jacobi partial differential equations

The next proposition establishes connections between viscous HJ PDEs with initial data J satisfying

assumptions (A1)-(A3) and both the partition function (4.11) and the Bayesian posterior mean

estimate (4.3). These connections mirror those between the first-order HJ PDE (1.22) with initial

data J satisfying assumption (A1) and both the convex minimization problem (4.8) and the MAP

estimate (4.2). The connections between viscous HJ PDEs and Bayesian posterior mean estimators
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will be leveraged later to describe several properties of posterior mean estimators in terms of the

observed image x and parameters t and ϵ, and in particular in Section 4.2.3 to show that the

posterior mean estimate (4.3) can be expressed as the minimizer associated to the solution to a

first-order HJ PDE (Proposition 4.2.2) with at least twice continuously differentiable and convex

regularization term.

Proposition 4.2.1 (The viscous Hamilton–Jacobi equation with initial data in Γ0(Rn)). Suppose

the function J satisfies assumptions (A1)-(A3). Then the following statements hold.

(i) (Cole–Hopf transformation, [97, Section 4.4.1]) For every ϵ > 0, the function Sϵ : Rn ×

[0,+∞) → [0,+∞) defined by

Sϵ(x, t) := −ϵ ln

(
1

(2πtϵ)n/2
ZJ(x, t, ϵ)

)
= −ϵ ln

(
1

(2πtϵ)n/2

∫
Rn

e−( 1
2t
∥x−u∥22+J(u))/ϵ du

)
(4.13)

is the unique smooth solution to the viscous HJ PDE with initial data


∂Sϵ
∂t

(x, t) +
1

2
∥∇xSϵ(x, t)∥22 =

ϵ

2
∇2

xSϵ(x, t) in Rn × (0,+∞),

Sϵ(x, 0) = J(x) in Rn.
(4.14)

In addition, the domain of integration in (4.2.1) can be taken to be dom J or, up to a set of

Lebesgue measure zero, int (dom J) or dom (∂J). Furthermore, for every x ∈ dom J and

ϵ > 0, except possibly at the boundary points x ∈ (dom J) \ int (dom J) if such points exist,

the pointwise limit Sϵ(x, t) as t→ 0 exists and satisfies

lim
t→0
t>0

Sϵ(x, t) = J(x).

(ii) (Convexity and monotonicity properties).

(a) The function Rn × (0,+∞) ∋ (x, t) 7→ Sϵ(x, t) − nϵ
2 ln t is jointly convex.

(b) The function (0,+∞) ∋ t 7→ Sϵ(x, t) − nϵ
2 ln t is strictly monotone decreasing.

(c) The function (0,+∞) ∋ ϵ 7→ Sϵ(x, t) − nϵ
2 ln ϵ is strictly monotone decreasing.

(d) The function Rn ∋ x 7→ 1
2 ∥x∥

2
2 − tSϵ(x, t) is strictly convex.
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(iii) (Connections to the posterior mean and mean squared error) The posterior mean estimate

uPM (x, t, ϵ) and the mean squared error EJ
[
∥u− uPM (x, t, ϵ)∥22

]
satisfy the formulas

uPM (x, t, ϵ) = x− t∇xSϵ(x, t) (4.15)

and

EJ
[
∥u− uPM (x, t, ϵ)∥22

]
= tϵ∇x · uPM (x, t, ϵ)

= ntϵ− t2ϵ∇2
xSϵ(x, t).

(4.16)

Moreover, x 7→ uPM (x, t, ϵ) is a bijective function.

(iv) (Vanishing ϵ → 0 limit) Let S0 : Rn × (0,+∞) → R denote the continuously differentiable

and convex solution to the first-order HJ PDE (1.22) with initial data J . For every x ∈ Rn

and t > 0, the following limit holds:

lim
ϵ→0
ϵ>0

−ϵ ln

(
1

(2πtϵ)n/2

∫
Rn

e−( 1
2t
∥x−u∥22+J(u))/ϵ du

)
= inf

u∈Rn

{
1

2t
∥x− u∥22 + J(u)

}
, (4.17)

that is,

lim
ϵ→0
ϵ>0

Sϵ(x, t) = S0(x, t),

and the limit converges uniformly over every compact set of Rn×(0,+∞) in (x, t). In addition,

the gradient ∇xSϵ(x, t), the partial derivative ∂Sϵ(x,t)
∂t , and the Laplacian ϵ

2∇
2
xSϵ(x, t) satisfy

the limits

lim
ϵ→0
ϵ>0

∇xSϵ(x, t) = ∇xS0(x, t), lim
ϵ→0
ϵ>0

∂Sϵ
∂t

(x, t) =
∂S0
∂t

(x, t),

and

lim
ϵ→0
ϵ>0

ϵ

2
∇2

xSϵ(x, t) = 0,

where each limit converges uniformly over every compact set of Rn × (0,+∞) in (x, t). As a

consequence, for every x ∈ Rn and t > 0, the pointwise limit of uPM (x, t, ϵ) as ϵ → 0 exists

and satisfy

lim
ϵ→0
ϵ>0

uPM (x, t, ϵ) = uMAP (x, t),
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and the limit converges uniformly over every compact set of Rn × (0,+∞) in (x, t).

Proof. See Appendix 4.A for the proof.

To illustrate certain aspects of Proposition 4.2.1 and properties of posterior mean estimates, we

give here two analytical examples.

Example 1 (Tikhonov–Phillips regularization). Let J(x) = m
2 ∥x∥22 with m > 0, and consider the

solution S0(x, t) and Sϵ(x, t) to the first-order PDE (1.22) and viscous HJ PDE (4.14) with initial

data J , respectively.

The solution S0(x, t) is given by the Lax–Oleinik formula (Proposition 1.2.14, Equation (1.24))

S0(x, t) = inf
u∈Rn

{
1

2t
∥x− u∥22 +

m

2
∥u∥22

}
=

m ∥x∥22
2(1 +mt)

.

This minimization problem is a special case of Tikhonov–Phillips regularization (also known as

ridge regression in statistics), a method for regularizing ill-posed problems in inverse problems and

statistics using a quadratic regularization term [199, 237]. The corresponding minimizer can be

computed using the gradient ∇xS0(x, t) via equation (1.25) in Proposition 4.2.1:

uMAP (x, t) = x− t∇xS0(x, t) = x− mtx

1 +mt
=

x

1 +mt
.

The solution Sϵ(x, t) is given by the integral

Sϵ(x, t) = −ϵ ln

(
1

(2πtϵ)n/2

∫
Rn

e−( 1
2t
∥x−u∥22+

m
2
∥u∥22)/ϵ du

)
=

m ∥x∥2

2(1 +mt)
+
nϵ

2
ln (1 +mt) .

The posterior mean estimate uPM (x, t, ϵ) can be computed using the representation formula (4.15)
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in Proposition 4.2.1(iii) by calculating the gradient ∇xSϵ(x, t):

uPM (x, t, ϵ) = x− t∇xSϵ(x, t) = x− mtx

1 +mt
=

x

1 +mt
.

The mean squared error EJ
[
∥u− uPM (x, t, ϵ)∥22

]
can be computed using the representation for-

mula (4.16) in Proposition 4.2.1(iii) by calculating the divergence of uPM (x, t, ϵ):

EJ
[
∥u− uPM (x, t, ϵ)∥22

]
= tϵ∇x · uPM (x, t, ϵ) =

ntϵ

1 +mt
. (4.18)

Comparing the solutions S0(x, t) and Sϵ(x, t), we see that limϵ→0
ϵ>0

Sϵ(x, t) = S0(x, t) for every

x ∈ Rn and t > 0, in accordance to the result established in Proposition 4.2.1(iv). Note also that

while (x, t) 7→ S0(x, t) is jointly convex, its viscous counterpart (x, t) 7→ Sϵ(x, t) is not. Indeed,

t 7→ Sϵ(x, t) is not convex, and it is convex only after subtracting nϵ
2 ln t from Sϵ(x, t).

Example 2 (Soft thresholding). Let J(x) =
∑n

i=1 λi |xi|, where λi > 0 for each i ∈ {1, . . . , n}, and

consider the solutions S0(x, t) and Sϵ(x, t) to the first-order (1.22) and viscous HJ PDEs (4.14)

with initial data J , respectively.

The solution S0(x, t) is given by the Lax–Oleinik formula

S0(x, t) = inf
u∈Rn

{
1

2t
∥x− u∥22 +

n∑
i=1

λi |yi|

}

=
n∑
i=1

(
inf
yi∈R

{
1

2t
(xi − yi)

2 + λi |yi|
})

,

where xi and yi denote the ith component of the vectors x and u, respectively. In the context of

imaging, this minimization problem corresponds to denoising an image with the weighted sum of

a quadratic fidelity term and a weighted l1-norm as the regularization term. This term is widely

used in imaging to encourage sparsity of an image, and it has received considerable interest due to

its connection with compressed sensing reconstruction [38, 82]. The solution to this minimization

problem corresponds to a soft thresholding applied component-wise to the vector x [74, 104, 164].
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The soft thresholding operator is defined for any real number a and positive real number α as

R× (0,+∞) ∋ (a, α) 7→ T (a, α) =


a− α if a > α,

0 if a ∈ [−α, α],

a+ α if a < −α.

(4.19)

The minimizer in the Lax–Oleinik formula of S0(x, t) is then given component-wise for i ∈

{1, . . . , n} by

(uMAP (x, t))i = T (xi, tλi),

so that

S0(x, t) =
n∑
i=1

(
1

2t
(xi − T (xi, tλi))

2 + λi |T (xi, tλi)|
)
.

The solution Sϵ(x, t) is given by the integral

Sϵ(x, t) = −ϵ ln

(
1

(2πtϵ)n/2

∫
Rn

e−( 1
2t
∥x−u∥22+

∑n
k=1 λi|yi|)/ϵ du

)
= −ϵ

n∑
i=1

ln

(
1

2

√
2

πtϵ

∫ +∞

−∞
e−( 1

2t
(xi−yi)2+λi|yi|)/ϵ dyi

)

= −ϵ
n∑
i=1

ln

(
1

2

√
2

πtϵ

(∫ +∞

0
e−( 1

2t
(xi+yi)

2+λiyi)/ϵ dyi +

∫ +∞

0
e−( 1

2t
(xi−yi)2+λiyi)/ϵ dyi

))

To compute this integral, first define the function

R ∋ z 7→ L(z) =
1

2
ez

2
erfc (z) ,

where erfc denotes the complementary error function. Then we have ([121], page 336, integral

3.332, 2., and page 887, integral 8.250, 1.)

1

2

√
2

πtϵ

∫ +∞

0
e−( 1

2t
(xi+yi)

2+λiyi)/ϵ dyi = e−
x2i
2tϵL

(
xi + tλi√

2tϵ

)

and

1

2

√
2

πtϵ

∫ +∞

0
e−( 1

2t
(xi−yi)2+λiyi)/ϵ dyi = e−

x2i
2tϵL

(
−xi + tλi√

2tϵ

)
,
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from which we get

Sϵ(x, t) =
∥x∥22

2t
− ϵ

n∑
i=1

ln

(
L

(
xi + tλi√

2tϵ

)
+ L

(
−xi + tλi√

2tϵ

))
.

Now, to find the posterior mean estimate it suffices to compute the gradient of ∇xSϵ(x, t) and use

formula (4.15). To do so, we need the derivative of the function L. Since

dL

dz
(z) = 2zL(z) +

1√
π
,

the chain rule gives

∂

∂xi

(
L

(
xi + tλi√

2tϵ

)
+ L

(
−xi + tλi√

2tϵ

))
=

(
xi + tλi
tϵ

)
L

(
xi + tλi√

2tϵ

)
−
(
−xi + tλi

tϵ

)
L

(
−xi + tλi√

2tϵ

)
.

The posterior mean estimate is therefore given component-wise by

(uPM (x, t, ϵ))i = xi − t(∇xSϵ(x, t))i

= xi + tλi

L
(
xi+tλi√

2tϵ

)
+ L

(
−xi+tλi√

2tϵ

)
L
(
xi+tλi√

2tϵ

)
− L

(
−xi+tλi√

2tϵ

)


The posterior mean estimate uPM (x, t, ϵ) yields a smooth analogue of the soft thresholding

operator T (defined in (4.19)) evaluated at (xi, tλi), in the sense that limϵ→0
ϵ>0

(uPM (x, t, ϵ))i =

T (xi, tλi) for every i ∈ {1, . . . , n} by Proposition 4.2.1(iv). Figure 4.2.1 shows the MAP and

posterior mean estimates in one dimension for the choice of t = 1.25, ϵ = {0.025, 0.1, 0.25, 0.5, 1},

and λ1 = 2 for x ∈ [−5, 5].

4.2.3 Connections to first-order Hamilton–Jacobi equations

In this section, we use the connections between the posterior mean estimate (4.3) and viscous HJ

PDEs established in Proposition 4.2.1 to show that the posterior mean estimate can be expressed
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Figure 4.2.1: Numerical example of the MAP and posterior mean estimates in one dimension with
J(x) = λ1 |x| for the choice of t = 1.25, ϵ = {0.025, 0.1, 0.25, 0.5, 1}, and λ1 = 2 for x ∈ [−5, 5].

through the solution to a first-order HJ PDE with initial data of the form of (1.22). In particular,

we show that the posterior mean estimate satisfies the proximal mapping formula

uPM (x, t, ϵ) = arg min
u∈Rn

{
1

2
∥x− u∥22 +

(
K∗
ϵ (u, t) − 1

2
∥u∥22

)}
,

where the function Kϵ : Rn ××(0,+∞) → R is defined through the solution Sϵ(x, t) to the viscous

HJ PDE (4.14) via

Kϵ(x, t) :=
1

2
∥x∥22 − tSϵ(x, t) ≡ tϵ ln

(
1

(2πtϵ)n/2

∫
dom J

e(
1
t
⟨x,u⟩− 1

2t
∥u∥22−J(u))/ϵ du

)
,

which is convex by Proposition 4.2.1(ii)(d), and where K∗
ϵ (u, t) denotes the convex conjugate of

u 7→ Kϵ(u, t). This result gives the representation of the convex imaging regularization term whose

existence was derived by [168, 124, 125, 169] (and later extended to non-quadratic data fidelity

terms in [127, 126]). This representation result depends crucially on the connections established

between the posterior mean estimate uPM (x, t, ϵ) and the viscous HJ PDE (4.14) established in

Proposition 4.2.1. Moreover, we also show that u 7→ K∗
ϵ (u, t) is at least twice continuously differ-
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entiable. This fact implies that the posterior mean estimate uPM (x, t, ϵ) for image denoising does

not suffer from staircasing effects thanks to a result established in [189, Theorem 3] as proven for

Total Variation regularization terms in [168]. Here, our results are applicable to any regularization

term J satisfying assumptions (A1)-(A3).

Proposition 4.2.2 (Connections between the posterior mean estimate and first-order HJ PDEs).

Suppose the function J satisfies assumptions (A1)-(A3). For every x ∈ Rn, t > 0, and ϵ > 0, let

Sϵ(x, t) denote the solution to the viscous HJ PDE (4.14) with initial data J and let uPM (x, t, ϵ)

denote the posterior mean estimate (4.3). Consider the first-order HJ PDE


∂S̃

∂s
(x, s) +

1

2

∥∥∥∇xS̃(x, s)
∥∥∥2
2

= 0 in Rn × (0,+∞),

S̃(x, 0) = K∗
ϵ (x, t) − 1

2
∥x∥22 in Rn.

(4.20)

Then the initial data x 7→ K∗
ϵ (x, t) − 1

2∥x∥
2
2 is convex, the solution to the HJ PDE (4.20) satisfies

the Lax–Oleinik formula

S̃(x, s) = inf
u∈Rn

{
1

2s
∥x− u∥22 +

(
K∗
ϵ (u, t) − 1

2
∥u∥22

)}
,

and the corresponding minimizer at s = 1 is the posterior mean estimate uPM (x, t, ϵ):

uPM (x, t, ϵ) = arg min
u∈Rn

{
1

2
∥x− u∥22 +

(
K∗
ϵ (u, t) − 1

2
∥u∥22

)}
. (4.21)

Moreover, for every t > 0 and ϵ > 0 the function Rn ∋ u 7→ K∗
ϵ (u, t) is at least twice continuously

differentiable.

Proof. By definition of the function (x, t) 7→ Kϵ(x, t), we can write

tSϵ(x, t) +Kϵ(x, t) =
1

2
∥x∥22.

As both x 7→ tSϵ(x, t) and x 7→ Kϵ(x, t) are convex by Proposition 4.2.1(ii)(a) and (d), we can

apply Fact 1.2.13(iii) in Section 1.2 to conclude that x 7→ K∗
ϵ (x, t)− 1

2∥x∥
2
2 is convex and to express
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tSϵ(x, t) as

tSϵ(x, t) = inf
u∈Rn

{
1

2
∥x− u∥22 +

(
K∗
ϵ (u, t) − 1

2
∥u∥22

)}
(4.22)

On the one hand, by Proposition 1.2.14 the right hand side of (4.22) is the solution S̃0(x, s) to the

first-order HJ PDE (4.20) at s = 1, and therefore its minimizer is given by x−∇xS̃0(x, 1). On the

other hand, the gradient ∇xS̃0(x, 1) is equal to the left hand side of (4.22), that is, ∇xS̃0(x, 1) =

t∇xSϵ(x, t), which is equal to x − uPM (x, t, ϵ) by formula (4.3). As a result, the posterior mean

estimate uPM (x, t, ϵ) minimizes the right hand side of (4.22), that is,

uPM (x, t, ϵ) = arg min
u∈Rn

{
1

2
∥x− u∥22 +

(
K∗
ϵ (u, t) − 1

2
∥u∥22

)}
.

Now, using the strict convexity of x 7→ Kϵ(x, t) and that ∇Kϵ(x, t) = uPM (x, t, ϵ) is a bijective

function in x for every t > 0 and ϵ > 0 by Proposition 4.2.1(iii) we can invoke [214, Theorem

26.5] to conclude that u 7→ K∗
ϵ (u, t) is a continuously differentiable, strictly convex, and bijective

function on Rn, and moreover that u 7→ ∇uK
∗
ϵ (u, t) corresponds to the inverse of x 7→ uPM (x, t, ϵ),

i.e., ∇uK
∗
ϵ (uPM (x, t, ϵ), t) = x. Finally, as x 7→ Kϵ(x, t) is twice differentiable and strictly convex

on Rn, the inverse function theorem (see, e.g.,[97, Appendix C, Theorem 7]) implies that u 7→

∇uK
∗
ϵ (u, t) is continuously differentiable on Rn, whence u 7→ Kϵ(u, t).

4.3 Properties of posterior mean and MAP estimators

In this section, we describe various properties of the Bayesian posterior mean estimate (4.3) in

terms of the data x ∈ Rn, parameters t > 0 and ϵ > 0, and the imaging regularization term J .

Specifically, in Section 4.3.1, we derive topological, representation, and monotonicity properties

of the posterior mean estimate, which we use in Section 4.3.2 to further derive an optimal upper

bound on the mean squared error EJ
[
∥u− uPM (x, t, ϵ)∥22

]
, an estimate of the squared difference

between the MAP and posterior mean estimates, monotonicity and non-expansive properties of the

posterior mean estimate, and the behavior of the posterior mean estimate uPM (x, t, ϵ) in the limit

t → 0. Finally, we describe the MAP and posterior mean estimates in terms of Bayes risks and
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their connections to HJ PDEs in Section 4.3.3.

4.3.1 Topological, representation, and monotonicity properties

This section describes the topological, representation, and monotonicity properties of the Bayesian

posterior mean estimate (4.3), which are stated, respectively, in Propositions 4.3.1, 4.3.2, and 4.3.3.

The first result, Proposition 4.3.1, states that the posterior mean estimate belongs in the interior

of the domain of J for all data x ∈ Rn and parameters t > 0 and ϵ > 0.

Proposition 4.3.1 (Topological properties). Suppose the function J satisfies assumptions (A1)-

(A3). Then the following properties hold.

(i) For every x ∈ Rn, t > 0, and ϵ > 0, the posterior mean estimate uPM (x, t, ϵ) is contained in

int (dom J).

(ii) Let x ∈ Rn, t > 0, and ϵ > 0, and let Sϵ : Rn × (0,+∞) → R denote the solution to the

viscous HJ PDEs (4.14) with initial data J . Then the expected value of the initial data

EJ [J(u)] satisfies the bounds

0 ⩽ J(uPM (x, t, ϵ)) ⩽ EJ [J(u)] < ϵ
(
eSϵ(x,t)/ϵ − 1

)
< +∞. (4.23)

Proof. See Appendix 4.B.

The second result, Proposition 4.3.2, gives representation formulas for the posterior mean

estimate. In particular, when the regularization term J satisfies assumptions (A1)-(A3) and

dom J = Rn, the posterior mean estimate and mean squared error then satisfy representation

formulas in terms of the mean minimal subgradient of J given by EJ
[
π∂J(u)(0)

]
. These represen-

tation formulas are then used to show that when dom J ̸= Rn, the posterior mean estimate can

nonetheless be approximated using the first-order HJ PDE (1.22) by smoothing the initial value J

via a Moreau–Yosida approximation S0(x, µ) with µ > 0.
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Proposition 4.3.2 (Representation properties). Suppose the function J satisfies assumptions

(A1)-(A3), let x ∈ Rn, t > 0, and ϵ > 0, and let (x, t) 7→ S0(x, t) and (x, t) 7→ Sϵ(x, t) de-

note the solutions, respectively, to the first-order and viscous HJ PDEs (1.22) and (4.14) with

initial data J .

(i) (Representation formulas) If dom J = Rn, then EJ
[∥∥π∂J(u)(0)

∥∥
2

]
< +∞ and

EJ
[〈(

u− x

t

)
+ π∂J(u)(0),u− u0

〉]
= nϵ, (4.24)

for every u0 ∈ Rn. In addition, the posterior mean estimate uPM (x, t, ϵ) and mean squared

error EJ
[
∥u− uPM (x, t, ϵ)∥22

]
of the Bayesian posterior distribution (4.10) satisfy the rep-

resentation formulas

uPM (x, t, ϵ) = x− tEJ
[
π∂J(u)(0)

]
(4.25)

and

EJ
[
∥u− uPM (x, t, ϵ)∥22

]
= ntϵ− tEJ

[〈
π∂J(u)(0),u− uPM (x, t, ϵ)

〉]
. (4.26)

Moreover, the gradient ∇xSϵ(x, t) and Laplacian ∇2
xSϵ(x, t) satisfy the representation formu-

las

∇xSϵ(x, t) = EJ
[
π∂J(u)(0)

]
(4.27)

and

∇2
xSϵ(x, t) =

1

tϵ
EJ
[〈
π∂J(u)(0),u− uPM (x, t, ϵ)

〉]
. (4.28)

(ii) (Limit formulas) Let {µk}+∞
k=1 be a sequence of positive real numbers decreasing to zero. The

solution Sϵ(x, t) to the viscous HJ PDE (4.14) and its gradient ∇xSϵ(x, t) satisfy the limits

Sϵ(x, t) := −ϵ ln

(
1

(2πtϵ)n/2

∫
Rn

e−( 1
2t
∥x−u∥22+J(u))/ϵ du

)

= lim
k→+∞

−ϵ ln

(
1

(2πtϵ)n/2

∫
Rn

e−( 1
2t
∥x−u∥22+S0(u,µk))/ϵ du

) (4.29)
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and

∇xSϵ(x, t) = lim
k→+∞

(∫
Rn ∇uS0(u, µk)e

−( 1
2t
∥x−u∥22+S0(u,µk))/ϵ du∫

Rn e
−( 1

2t
∥x−u∥22+S0(u,µk))/ϵ du

)
. (4.30)

In particular, the posterior mean estimate uPM (x, t, ϵ) satisfies the limits

uPM (x, t, ϵ) = lim
k→+∞

(∫
Rn ue

−( 1
2t
∥x−u∥22+S0(u,µk))/ϵ du∫

Rn e
−( 1

2t
∥x−u∥22+S0(u,µk))/ϵ du

)

= x− t lim
k→+∞

(∫
Rn ∇uS0(u, µk)e

−( 1
2t
∥x−u∥22+S0(u,µk))/ϵ du∫

Rn e
−( 1

2t
∥x−u∥22+S0(u,µk))/ϵ du

)
,

(4.31)

Proof. See Appendix 4.C for the proof.

Remark 4.3.1. Note that the representation formulas in Proposition 4.3.2(i) may not hold if

dom J ̸= Rn. To see this, consider J : Rn → [0,+∞] defined by

J(u) =


0, if ∥u∥2 ⩽ 1,

+∞, otherwise.

The domain of J is the unit sphere in Rn, which is convex, and J satisfies assumptions (A1)-

(A3). The function J is continuously differentiable on int (dom J), with ∇J(u) = 0 for every

u ∈ int (dom J). Clearly, EJ
[
π∂J(u)(0)

]
= 0. However, for every x ̸= 0, the posterior mean

estimate uPM (x, t, ϵ) ̸= x. Hence, the representation formula (4.25) does not hold in that case.

The next result, Proposition 4.3.3, uses the properties of solutions to first-order HJ PDEs

presented in Proposition 1.2.14 together with the representation formulas (4.25) and (4.26) to de-

scribe monotonicity properties of the posterior mean estimate. Proposition 4.3.3 will be lever-

aged in the next subsection to derive an optimal upper bound for the mean squared error

EJ
[
∥u− uPM (x, t, ϵ)∥22

]
and several estimates and limit results of uPM (x, t, ϵ) in terms of the

observed image x and parameter t > 0.

For the statement and proof of Proposition 4.3.3, and later for Proposition 4.3.5, we define the

function

dom ∂J ∋ u 7→ φJ(u|x, t) =

(
u− x

t

)
+ π∂J(u)(0),
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which is a subgradient of the convex function u ∋ u 7→ 1
2t ∥x− u∥22 + J(u) for every u ∈ dom ∂J .

Proposition 4.3.3 (Monotonicity property). Suppose the function J is m-strongly convex and

satisfies assumptions (A1)-(A3). Let x ∈ Rn, t > 0, and ϵ > 0. Then for every u0 ∈ dom ∂J ,

(
1 +mt

t

)
EJ
[
∥u− u0∥22

]
⩽ EJ [⟨φJ(u|x, t) − φJ(u0|x, t),u− u0⟩]

⩽ nϵ− ⟨φJ(u0|x, t),uPM (x, t, ϵ) − u0⟩ .
(4.32)

Moreover, EJ
[∥∥π∂J(u)(0)

∥∥
2

]
< +∞.

Proof. See Appendix 4.D for the proof.

4.3.2 Error Bounds and limit properties

In this section, we derive an optimal bound for the mean squared error EJ
[
∥u− uPM (x, t, ϵ)∥22

]
,

a bound on the squared difference between the MAP and posterior mean estimates, monotone and

non-expansive properties of the posterior mean estimate, and limiting results of the posterior mean

estimate in terms of the parameters t.

Proposition 4.3.4 (Error Bounds and limit properties). Suppose the function J is m-strongly

convex and satisfies assumptions (A1)-(A3).

(i) For every x ∈ Rn, t > 0, and ϵ > 0, the mean squared error EJ
[
∥u− uPM (x, t, ϵ)∥22

]
of the

Bayesian posterior distribution (4.10) satisfies the upper bound

EJ
[
∥u− uPM (x, t, ϵ)∥22

]
⩽

ntϵ

1 +mt
. (4.33)

(ii) For every x ∈ Rn, t > 0, and ϵ > 0, the squared difference between the MAP and posterior

mean estimates satisfies the upper bound

∥uMAP (x, t) − uPM (x, t, ϵ)∥22 ⩽
ntϵ

1 +mt
. (4.34)
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(iii) The posterior mean estimate is monotone and non-expansive, that is, for every x, d ∈ Rn,

t > 0, and ϵ > 0,

⟨uPM (x + d, t, ϵ) − uPM (x, t, ϵ),d⟩ ⩾ 0 (4.35)

and

∥uPM (x + d, t, ϵ) − uPM (x, t, ϵ)∥2 ⩽ ∥d∥2 . (4.36)

(iv) Let {tk}+∞
k=1 be a sequence of positive real numbers converging to 0 and let {dk}+∞

k=1 be a

sequence of elements of Rn converging to d ∈ Rn. Then for every x ∈ dom J and ϵ > 0, the

pointwise limit of uPM (x + tkdk, tk, ϵ) as k → +∞ exists and satisfies

lim
k→+∞

uPM (x + tkdk, tk, ϵ) = x.

Proof. Proof of (i): Since uPM (x, t, ϵ) ∈ int (dom J) by Proposition 4.3.1 and int (dom J) ⊂

dom ∂J (see Definition 8), we can set u0 = uPM (x, t, ϵ) in the monotonicity inequality (4.32) in

Proposition 4.3.3(i) and rearrange to get the upper bound (4.33).

Proof of (ii): Note that for every u0 ∈ dom ∂J , the monotonicity inequality (4.32) in Propo-

sition 4.3.3 yields

EJ
[〈(

u− x

t
+ π∂J(u)(0)

)
,u− u0

〉]
⩽ nϵ.

Choose u0 = uMAP (x, t), which for every x and t > 0 is always an element of dom ∂J and also

satisfies the inclusion
(
x−uMAP (x,t)

t

)
∈ ∂J(uMAP (x, t)) by part (ii) of Proposition 1.2.14. Hence

the monotonicity of the subdifferential of u 7→ 1
2t ∥x− u∥22 + J(u) and m-strong convexity of J

implies

(
1 +mt

t

)
∥u− uMAP (x, t)∥22 ⩽

〈(
x− u

t
+ π∂J(u)(0)

)
,u− uMAP (x, t)

〉
.

Combine these inequalities to get EJ
[
∥u− uMAP (x, t)∥22

]
⩽ ntϵ

1+mt , and use the convexity of the

Euclidean norm to get inequality (4.34).

Proof of (iii): The convexity of x 7→ Kϵ(x, t) by Proposition 4.2.1(ii)(d) and ∇xKϵ(x, t) =
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uPM (x, t, ϵ) implies the monotonicity property (4.35) (see definition 8, equation (1.20), and [214,

Page 240, Corollary 31.5.2]). Since both functions x 7→ Sϵ(x, t) and x 7→ 1
2 ∥x∥

2
2 − tSϵ(x, t) are

convex by Proposition 4.2.1(ii)(a) and (d), the gradient of the function x 7→ 1
2 ∥x∥

2
2−tSϵ(x, t), whose

value is the posterior mean estimate uPM (x, t, ϵ) by Proposition 4.2.1(iii), is Lipschitz continuous

with unit constant (see [261] for a simple proof), that is,

∥(x + d− t∇xSϵ(x + d, t)) − (x− t∇xSϵ(x, t))∥2 ≡ ∥uPM (x + d, t, ϵ) − uPM (x, t, ϵ)∥2 ⩽ ∥d∥2 ,

which proves the non-expansive inequality (4.36).

Proof of (iv): Inequality (4.34) and the triangle inequality imply

∥(x + tkdk) − uPM (x + tkdk, tk, ϵ)∥2 ⩽ ∥(x + tkdk) − uMAP (x + tkdk, tk)∥2 +

√
ntkϵ

1 +mt
.

The limit limk→+∞ uPM (x + tkdk, tk, ϵ) = x then follows by Proposition 1.2.14(iii).

Remark 4.3.2. The upper bound for the mean squared error in (4.33) is optimal. As shown in

Example 1, it is attained for the quadratic term J(x) = m
2 ∥x∥22.

4.3.3 Bayesian risks and Hamilton–Jacobi partial differential equations

In this section, we will consider the Bayesian risk associated to the following Bregman divergence

(see Definition 14, equation (1.5))

Rn × Rn ∋ (v,u) 7→


DΦJ

(v, φJ(u|x, t)) if u ∈ dom ∂J,

+∞ otherwise,

(4.37)

where

dom ∂J ∋ u 7→ φJ(u|x, t) =

(
u− x

t

)
+ π∂J(u)(0),

Rn ∋ u 7→ ΦJ(u|x, t) =
1

2t
∥x− u∥22 + J(u).
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The associated Bayesian risk to the posterior distribution (4.10) corresponds to the expected value

EJ [DΦJ
(v, φJ(u|x, t))]. We refer the reader to [12] and [151] for discussions on Bregman loss

functions and Bayesian estimation theory.

Here, we will use the connections between maximum a posteriori and posterior mean estimates

and Hamilton–Jacobi equations derived in Section 4.2 to show that when the regularization term

J is convex on Rn and bounded from below, then the MAP estimate uMAP (x, t) minimizes in

expectation the Bregman loss function (4.37). We also show that when dom J ̸= Rn and satis-

fies assumptions (A1)-(A3). The results rely on the monotonicity property (4.32) established in

Proposition 4.3.3.

Proposition 4.3.5 (Bregman divergences). Suppose the function J satisfies assumptions (A1)-

(A3), and let x ∈ Rn, t > 0, and ϵ > 0.

(i) The mean Bregman loss function dom J ∋ v 7→ EJ [DΦJ
(v, φJ(u|x, t))] ∈ R has a unique

minimizer v̄ ∈ dom ∂J that satisfies the inclusion

(
x− v̄

t

)
∈ ∂J(v̄) +

(
∇xSϵ(x, t) − EJ

[
π∂J(u)(0)

])
, (4.38)

where addition in (4.38) is taken in the sense of sets.

(ii) If J is finite everywhere on Rn, then the MAP estimate uMAP (x, t) is the unique global

minimizer of the Bregman loss function Rn ∋ v 7→ EJ [DΦJ
(v, φJ(u|x, t))] ∈ R, that is,

uMAP (x, t) = arg min
v∈Rn

EJ [DΦJ
(v, φJ(u|x, t))] (4.39)

Proof. See Appendix 4.E for the proof.
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4.4 Extension to certain non log-concave priors

So far, we have assumed that the regularization term J in the posterior distribution (4.10) and

Proposition (4.2.1) is convex. When J is non-convex, the solution to the first-order HJ PDEs (4.9)

may not be classical, in the sense that it is not differentiable. For this class of HJ PDEs, the concept

of viscosity solutions [15, 18, 19, 62, 97, 107] is generally the appropriate notion of solution. The

corresponding Lax–Oleinik formula (4.8), however, becomes a non-convex optimization problem.

This section presents some extensions of the previous results to the case where the regularization

term J takes the form

J(x) = min
i∈{1,...,m}

Ji(x) (4.40)

where every Ji for i ∈ {1, . . . ,m} satisfies assumptions (A1)-(A3). Note that in general, this

function J is non-convex. Nonetheless, the min-plus algebra technique [2, 3, 83, 106, 115, 156, 175,

176, 178, 177] can handle this case.

4.4.1 Min-plus algebra for first-order HJ PDEs

Let Si,0 : Rn × [0,+∞) → R denote the solution to the HJ PDE


∂Si,0
∂t

(x, t) +
1

2
∥∇xSi,0(x, t)∥22 = 0 in Rn × (0,+∞),

Si,0(x, 0) = Ji(x) in Rn,

which is given explicitly by the Lax–Oleinik formula

Si,0(x, t) = min
u∈Rn

{
1

2t
∥x− u∥22 + Ji(u)

}
,

and let S0 denote the solution to the HJ PDE (4.9) with initial condition J given by (4.40). By

min-plus algebra theory, the semi-group of this HJ PDE is linear with respect to the min-plus
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algebra. That is,

S0(x, t) = min
u∈Rn

{
1

2t
∥x− u∥22 + J(u)

}
= min

u∈Rn

{
min

i∈{1,...,m}

{
1

2t
∥x− u∥22 + Ji(u)

}}
= min

i∈{1,...,m}

{
min
u∈Rn

{
1

2t
∥x− u∥22 + Ji(u)

}}
= min

i∈{1,...,m}
Si,0(x, t).

(4.41)

Hence the solution S0(x, t) is given by the pointwise minimum of Si,0(x, t) for i ∈ {1, . . . ,m}.

This approach seems particularly appropriate for solving this non-convex optimization problem

and associated HJ PDE. Note that such an approach is embarrassingly parallel since we can solve

the initial data Ji for each i ∈ {1, . . . ,m} independently and compute in linear time the pointwise

minimum. However, this approach is only feasible if m is not too big; we will show that robust

edge preserving priors (e.g., truncated Total Variation or truncated quadratic) can be written in

the form of (4.40) where m is exponential in n.

We can also compute the set of minimizers u(x, t) as follows. Here, we abuse notation and use

u(x, t) to denote the set of minimizers, which may be not a singleton set when the minimizer is

not unique. We can write

u(x, t) = arg min
u∈Rn

{
min

i∈{1,...,m}

{
1

2t
∥x− u∥22 + Ji(u)

}}
=

⋃
i∈I(x,t)

arg min
u∈Rn

{
1

2t
∥x− u∥22 + Ji(u)

}
,

(4.42)

where the index set I(x, t) is defined by

I(x, t) = arg min
i∈{1,...,m}

Si(x, t). (4.43)

As an example, we can take the regularization term J to be the truncated regularization term
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with pairwise interactions

J(x) =
∑

(i,j)∈E

wijf([x]i − [x]j), for each x = ([x]1, . . . , [x]n) ∈ Rn, (4.44)

where wij ⩾ 0, f(x) = min{g(x), 1} for some convex function g : R → R and E = {1, . . . , n} ×

{1, . . . , n}. This function can be written as the minimum of a collection of convex functions

JΩ : Rn → R as

J(x) = min
Ω⊆E

JΩ,

with each JΩ defined by

JΩ(x) :=

 ∑
(i,j)∈Ω

wij +
∑

(i,j)̸∈Ω

wijg([x]i − [x]j)

 ,

where Ω is any subset of E. The truncated regularization term (4.44) can therefore be written in

the form of (4.40), and hence the minimizer to the corresponding optimization problem (4.41) with

the non-convex regularization term J in (4.44) can be computed using (4.42). Concretely, we have

u(x, t) =
⋃

Ω∈I(x,t)

arg min
u∈Rn

{
1

2t
∥x− u∥22 + JΩ(u)

}

=
⋃

Ω∈I(x,t)

arg min
u∈Rn

 1

2t
∥x− u∥22 +

∑
(i,j)̸∈Ω

wijg([u]i − [u]j)


=

⋃
Ω∈I(x,t)

{x− t∇xSΩ(x, t)}

where

SΩ(x, t) =
∑

(i,j)∈Ω

wij + min
u∈Rn

 1

2t
∥x− u∥22 +

∑
(i,j) ̸∈Ω

wijg([u]i − [u]j)


and

I(x, t) = arg min
Ω⊆E

SΩ(x, t).

We give here two examples of truncated regularization term with pairwise interactions in the

form of (4.44). First, let g be the ℓ1 norm. Then J is the truncated discrete Total Variation
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regularization term defined by

J(x) =
∑

(i,j)∈E

wij min{|[x]i − [x]j |, 1}, for each x = ([x]1, . . . , [x]n) ∈ Rn. (4.45)

This function J can be written as the formula (4.44) with f : R → R given by

f(z) =


|z| if |z| ⩽ 1,

1 otherwise.

. Second, let g be the quadratic function. Then J is the half-quadratic regularization term defined

by

J(x) =
∑

(i,j)∈E

wij min{([x]i − [x]j)
2, 1}, for each x = ([x]1, . . . , [x]n) ∈ Rn. (4.46)

This function J can be written as the formula (4.44) with f : R → R given by

f(z) =


|z|2 if |z| ⩽ 1,

1 otherwise.

This specific form of edge-preserving prior was investigated in the seminal works of [52, 116, 117].

Several algorithms have been proposed to solve the resultant non-convex optimization prob-

lem (4.41), i.e., the solution to the corresponding HJ PDE, for some specific choice of data fidelity

terms (e.g., [5, 144, 116, 117, 192, 50, 191]).

In general, however, there is a drawback to the min-plus algebra technique. To compute the

minimizers using (4.42), we need to compute the index set I(x, t) defined in (4.43), which involves

solving m HJ PDEs to obtain the solutions S1,0, . . . , Sm,0. When m is too large, this approach

is impractical since it involves solving too many HJ PDEs. For instance, if J is the truncated

Total Variation in (4.45), the number m equals the number of subsets of the set E, i.e., m = 2|E|,

which is computationally intractable. Hence, in general, it is impractical to use (4.42) to solve the

problem (4.41) where the regularization term J is given by the truncated Total Variation. The same

issue arises when the truncated Total Variation is replaced by half-quadratic regularization. Several

authors attempted to address this intractability for half-quadratic regularizations by proposing
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heuristic optimization methods that aim to compute a global minimizer [5, 144, 116, 117, 192, 50,

191].

4.4.2 Analogue of min-plus algebra for viscous HJ PDEs

We consider here an analogue of the min-plus algebra technique designed for certain first order

HJ PDEs tailored to viscous HJ PDEs. This will enable us to derive representation formulas for

posterior mean estimators whose priors are sums of log-concave priors, i.e., mixture distributions.

The min-plus algebra technique for first order HJ PDEs described in Section 4.4.1 involves initial

data of the form mini∈{1,...,m} Ji(x) where every Ji : Rn → [0,+∞] satisfies assumptions (A1)–(A3).

Here we consider initial data of the form

J(x) = −ϵ ln

(
m∑
i=1

e−Ji(x)/ϵ

)
. (4.47)

Note that formula (4.47) approximates the non-convex term (4.40) in that

lim
ϵ→0
ϵ>0

−ϵ ln

(
m∑
i=1

e−Ji(x)/ϵ

)
= min

i∈{1,...,m}
Ji(x) for each x ∈ Rn.

Now, let

Si,ϵ(x, t) = −ϵ ln

(
1

(2πtϵ)n/2

∫
Rn

e−(Ji(u)+ 1
2t
∥x−u∥22)/ϵ du

)
,

and

ui,PM (x, t, ϵ) =

∫
Rn u e

−(Ji(u)+ 1
2t
∥x−u∥22)/ϵ du∫

Rn e
−(Ji(u)+ 1

2t
∥x−u∥22)/ϵ du

denote, respectively, the solution to the viscous HJ PDE (4.13) with initial data Ji and its associated

posterior mean. Then, a short calculation shows that for every ϵ > 0, the function Sϵ(x, t) : Rn ×
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(0,+∞) → R defined by

Sϵ(x, t) = −ϵ ln

(
m∑
i=1

1

(2πtϵ)n/2

∫
Rn

e−(Ji(u)+ 1
2t
∥x−u∥22)/ϵ du

)

= −ϵ ln

(
m∑
i=1

e−Si,ϵ(x,t)/ϵ

) (4.48)

is the unique smooth solution to the viscous HJ PDE (4.13) with initial data (4.47). As stated in

Section (4.2.2), the posterior mean estimate uPM (x, t, ϵ) is given by the representation formula

uPM (x, t, ϵ) = x− t∇xSϵ(x, t), (4.49)

which can be expressed in terms of the solutions Si,ϵ(x, t), their spatial gradients ∇xSi,ϵ(x, t), and

posterior mean estimates ui,PM (x, t, ϵ) as the weighted sums

uPM (x, t, ϵ) = x− t

(∑m
i=1∇xSi,ϵ(x, t)e

−Si,ϵ(x,t)/ϵ∑m
i=1 e

−Si,ϵ(x,t)/ϵ

)

=

∑m
i=1 ui,PM (x, t, ϵ)e−Si,ϵ(x,t)/ϵ∑m

i=1 e
−Si,ϵ(x,t)/ϵ

.

(4.50)

As an application of this result, consider the problem of denoising a noisy image x ∈ Rn using

a Gaussian mixture model [85]. Suppose Ji(u) = 1
2σ2

i
∥u− µi∥

2
2, where µi ∈ Rn and σi > 0. The

regularized minimization problem (4.41) is given by

S0(x, t) = min
u∈Rn

{
min

i∈{1,...,m}

{
1

2σ2i
∥u− µi∥

2
2 +

1

2t
∥x− u∥22

}}
= min

i∈{1,...,m}

{
min
u∈Rn

{
1

2σ2i
∥u− µi∥

2
2 +

1

2t
∥x− u∥22

}}
= min

i∈{1,...,m}

{
1

2(σ2i + t)
∥x− µi∥

2
2

}
.

(4.51)

Letting I(x, t) = arg mini∈{1,...,m}

{
1

2(σ2
i +t)

∥x− µi∥
2
2

}
, the MAP estimator is then the collection

uMAP (x, t) =
⋃

i∈I(x,t)

{
σ2i x + tµi
σ2i + t

}
.
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Consider now the initial data (4.47):

J(u) = −ϵ ln

(
m∑
i=1

e
− 1

2σ2
i
ϵ
∥u−µi∥

2
2

)
.

The solution Sϵ(x, t) to the viscous HJ PDE (4.13) with initial data J is given by formula (4.48),

which in this case can be computed analytically:

Sϵ(x, t) = −ϵ ln

(
m∑
i=1

(
σ2i

σ2i + t

)n/2
e
− 1

2(σ2
i
+t)ϵ

∥x−µi∥
2
2

)
. (4.52)

Since e−Si,ϵ(x,t)/ϵ =
(

σ2
i

σ2
i +t

)n/2
e
− 1

2(σ2
i
+t)ϵ

∥x−µi∥
2
2
, we can write the corresponding posterior mean

estimator (4.50) using the representation formulas (4.49) and (4.50):

uPM (x, t, ϵ) = x− t∇xSϵ(x, t)

=

∑m
i=1

(
σ2
i x+tµi

σ2
i +t

)(
σ2
i

σ2
i +t

)n/2
e
− 1

2(σ2
i
+t)ϵ

∥x−µi∥
2
2

∑m
i=1

(
σ2
i

σ2
i +t

)n/2
e
− 1

2(σ2
i
+t)ϵ

∥x−µi∥
2
2

.
(4.53)

4.5 Discussion

This chapter presented novel theoretical connections between Hamilton–Jacobi partial differential

equations and a broad class of Bayesian posterior mean estimators with quadratic data fidelity term

and log-concave prior relevant to image denoising problems. We derived a representation formula

for the posterior mean estimate uPM (x, t, ϵ) in terms of the spatial gradient of the solution to a

viscous HJ PDE with initial data corresponding to the convex regularization term J . We used

these connections to show that the posterior mean estimate can be expressed through the gradient

of the solution to a first-order HJ PDE with twice continuously differentiable convex initial data.

Furthermore, we derived a novel representation formula for this initial data that was not available

in the literature.

In addition, we used the connections between HJ PDEs and Bayesian posterior mean estima-
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tors to establish several topological, representation and monotonicity properties of posterior mean

estimates. These properties were then used to derive an optimal upper bound on the mean squared

error EJ
[
∥u− uPM (x, t, ϵ)∥22

]
, an estimate of the squared difference between the MAP and pos-

terior mean estimates, monotonicity and non-expansive properties of the posterior mean estimate,

and the behavior of the posterior mean estimate uPM (x, t, ϵ) in the limit t → 0. We also used

the connections between both MAP and posterior mean estimates and HJ PDEs to show that

the MAP estimate (4.2) corresponds to the Bayes estimator of the Bayesian risk (4.37) whenever

the regularization term J is convex on Rn and bounded from below and the data fidelity term

is quadratic. We also show that when dom J ̸= Rn, the Bayesian risk (4.37) has still a Bayes

estimator that is described in terms of the solution to both the first-order HJ PDE (1.2.14) and

the viscous HJ PDE (4.2.1). Finally, we extended some of the results above to a class of posterior

mean estimators whose priors are sums of log-concave priors, that is, to posterior mean estimators

of mixture distributions.

We wish to note that in addition to its relevance to image denoising problems, the viscous HJ

PDE (4.14) has recently received some attention in the deep learning literature, where its solution

x 7→ Sϵ(x, t) is known as the local entropy loss function and is a loss regularization effective at

training deep networks [53, 54, 114, 242]. While this chapter focuses on HJ PDEs and Bayesian

estimators in imaging sciences, the results are relevant to the deep learning literature and may

give new theoretical understandings of the local entropy loss function in terms of the data x and

parameters t and ϵ.

The results presented in this work crucially depend on the data fidelity term being quadratic

and the generalized prior distribution u 7→ e−J(u) being log-concave. This chapter did not consider

non-quadratic data fidelity terms (corresponding to non-Gaussian additive noise models) with log-

concave priors, or non-additive noise models [28, 31]. These directions will be pursued elsewhere

in the future.
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4.A Proof of Proposition 4.2.1

We will use the following lemma, which characterizes the partition function (4.11) in terms of the

solution to a Cauchy problem involving the heat equation with initial data J ∈ Γ0(Rn), to prove

parts (i) and (ii)(a)-(d) of Proposition 4.2.1.

Lemma 4.A.1 (The heat equation with initial data in Γ0(Rn)). Suppose the function J : Rn →

[0,+∞] satisfies assumptions (A1)-(A3).

(i) For every ϵ > 0, the function wϵ : Rn × [0,+∞) → (0, 1] defined by

wϵ(x, t) :=
1

(2πtϵ)n/2
ZJ(x, t, ϵ) =

1

(2πtϵ)n/2

∫
Rn

e−( 1
2t
∥x−u∥22+J(u))/ϵ du (4.54)

is the unique smooth solution to the Cauchy problem


∂wϵ
∂t

(x, t) =
ϵ

2
∇2

xwϵ(x, t) in Rn × (0,+∞),

wϵ(x, 0) = e−J(x)/ϵ in Rn.
(4.55)

In addition, the domain of integration of the integral (4.54) can be taken to be dom J or, up

to a set of Lebesgue measure zero, int (dom J) or dom ∂J . Furthermore, for every x ∈ Rn

and ϵ > 0, except possibly at the points x ∈ (dom J) \ (int dom J) if such points exist, the
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pointwise limit of wϵ(x, t) as t→ 0 exists and satisfies

lim
t→0
t>0

wϵ(x, t) = e−J(x)/ϵ,

with the limit equal to 0 whenever x /∈ dom J .

(ii) (Log-concavity and monotonicity properties).

(a) The function Rn × (0,+∞) ∋ (x, t) 7→ tn/2wϵ(x, t) is jointly log-concave.

(b) The function (0,+∞) ∋ t 7→ tn/2wϵ(x, t) is strictly monotone increasing.

(c) The function (0,+∞) ∋ ϵ 7→ ϵn/2wϵ(x, t) is strictly monotone increasing.

(d) The function Rn ∋ x 7→ e
1

2tϵ
∥x∥22wϵ(x, t) is strictly log-convex.

The proof of (i) follows from classical PDEs arguments for the Cauchy problem (4.55) tailored

to the initial data (x, ϵ) 7→ e−J(x)/ϵ with J satisfying assumptions (A1)-(A3), and the proof of log-

concavity and monotonicity (ii)(a)-(d) follows from the Prékopa–Leindler and Hölder’s inequalities

[162, 209, 108]; we present the details below.

Proof. Proof of Lemma 4.A.1 (i): This result follows directly from the theory of convolution

of Schwartz distributions ([141], Chapter 2, Section 2.1, Chapter 4, Sections 4.2 and 4.4., and in

particular Theorem 4.4.1 on page 110). To see why this is the case, note that by assumptions

(A1)-(A3) the initial condition u 7→ e−J(u) is a locally integrable function, and locally integrable

functions are Schwartz distributions.

Proof of Lemma 4.A.1 (ii)(a): The log-concavity property will be shown using the Prékopa–

Leindler inequality.

Theorem 4.A.1. [Prékopa–Leindler inequality [162, 209]] Let f , g, and h be non-negative real-

valued and measurable functions on Rn, and suppose

h(λu1 + (1 − λ)u2) ⩾ f(u1)
λg(u2)

(1−λ)
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for every u1, u2 ∈ Rn and λ ∈ (0, 1). Then

∫
Rn

h(u) du ⩾

(∫
Rn

f(u) du

)λ(∫
Rn

g(u) du

)(1−λ)
.

Proof of Lemma 4.A.1 (ii)(a) (continued): Let ϵ > 0, λ ∈ (0, 1), x = λx1 + (1 − λ)x2,

u = λu1 + (1 − λ)u2, and t = λt1 + (1 − λ)t2 for any x1, x2, u1, u2 ∈ Rn and t1, t2 ∈ (0,+∞).

The joint convexity of the function Rn × (0,+∞) ∋ (z, t) 7→ 1
2t ∥z∥

2
2 and convexity of J imply

1

2t
∥x− u∥22 + J(u) ⩽

λ

2t1
∥x1 − u1∥22 +

(1 − λ)

2t2
∥x2 − u2∥22 + λJ(u1) + (1 − λ)J(u2),

This gives

e−( 1
2t
∥x−u∥22+J(u))/ϵ

(2πϵ)n/2
⩾

e−(
1

2t1
∥x1−u1∥22+J(u1)

)
/ϵ

(2πϵ)n/2

λe−(
1

2t2
∥x2−u2∥22+J(u2)

)
/ϵ

(2πϵ)n/2

1−λ

.

Applying the Prékopa–Leindler inequality with

h(u) =
e−( 1

2t
∥x−u∥22+J(u))/ϵ

(2πϵ)n/2
,

f(u) =
e
−
(

1
2t1

∥x1−u∥22+J(u)
)
/ϵ

(2πϵ)n/2
,

and

g(u) =
e
−
(

1
2t2

∥x2−u∥22+J(u)
)
/ϵ

(2πϵ)n/2
,

and using the definition (4.54) of wϵ(x, t), we get

tn/2wϵ(x, t) ⩾
(
t
n/2
1 wϵ(x1, t1)

)λ (
t
n/2
2 wϵ(x2, t2)

)(1−λ)
,

As a result, the function (x, t) 7→ tn/2wϵ(x, t) is jointly log-concave on Rn × (0,+∞).

Proof of Lemma 4.A.1 (ii)(b): Since t 7→ 1
t is strictly monotone decreasing on (0,+∞),
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then for every x ∈ Rn, u ∈ dom J , ϵ > 0, and 0 < t1 < t2,

e
−
(

1
2t1

∥x−u∥22+J(u)
)
/ϵ

(2πϵ)n/2
<
e
−
(

1
2t2

∥x−u∥22+J(u)
)
/ϵ

(2πϵ)n/2

whenever x ̸= u. Integrating both sides of the inequality with respect to u over dom J yields

1

(2πϵ)n/2

∫
dom J

e
−
(

1
2t1

∥x−u∥22+J(u)
)
/ϵ
du <

1

(2πϵ)n/2

∫
dom J

e
−
(

1
2t2

∥x−u∥22+J(u)
)
/ϵ
du,

As a result, the function t 7→ tn/2wϵ(x, t) is strictly monotone increasing on (0,+∞).

Proof of Lemma 4.A.1 (ii)(c): Since ϵ 7→ 1
ϵ is strictly monotone decreasing on (0,+∞)

and dom J ∋ u 7→ J(u) is non-negative by assumption (A3), then for every x ∈ Rn, t > 0, and

0 < ϵ1 < ϵ2 we have

e−( 1
2t
∥x−u∥22+J(u))/ϵ1 < e−( 1

2t
∥x−u∥22+J(u))/ϵ2

whenever x ̸= u. Integrating both sides of the inequality with respect to u over dom J yields

∫
dom J

e−( 1
2t
∥x−u∥22+J(u))/ϵ1du <

∫
dom J

e−( 1
2t
∥x−u∥22+J(u))/ϵ2 du,

As a result, the function ϵ 7→ ϵn/2wϵ(x, t) is strictly monotone increasing on (0,+∞).

Proof of Lemma 4.A.1 (ii)(d): Let ϵ > 0, t > 0, λ ∈ (0, 1), x1,x2 ∈ Rn with x1 ̸= x2 and

x = λx1 + (1 − λ)x2. Then

e
1

2tϵ
∥x∥22wϵ(x, t) =

1

(2πtϵ)n/2

∫
dom J

e(⟨x,u⟩/t−
1
2t
∥u∥22−J(u))/ϵ du

=

∫
dom J

(
e(⟨x1,u⟩/t− 1

2t
∥u∥22−J(u))/ϵ

(2πtϵ)n/2

)λ(
e⟨x2,u⟩/tϵ− 1

2t
∥u∥22−J(u)/ϵ

(2πtϵ)n/2

)1−λ

du.
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Hölder’s inequality ([108], Theorem 6.2) then implies

e
1

2tϵ
∥x∥22wϵ(x, t) ⩽

(∫
dom J

e(⟨x1,u⟩/t− 1
2t
∥u∥22−J(u))/ϵ

(2πtϵ)n/2
du

)λ(∫
dom J

e⟨x2,u⟩/tϵ− 1
2t
∥u∥22−J(u)/ϵ

(2πtϵ)n/2
du

)1−λ

=
(
e

1
2tϵ

∥x1∥22wϵ(x1, t)
)λ (

e
1

2tϵ
∥x2∥22wϵ(x2, t)

)1−λ
,

where the inequality in the equation above is an equality if and only if there exists a constant

α ∈ R such that αe⟨x1,u⟩/tϵ = e⟨xx,u⟩/tϵ for almost every u ∈ dom J . This does not hold here since

x1 ̸= x2. As a result, the function Rn ∋ x 7→ e
1

2tϵ
∥x∥22wϵ(x, t) is strictly log-convex.

Proof of Proposition 4.2.1 (i) and (ii)(a)-(d): The proof of these statements follow from

Lemma 4.A.1 and classic results about the Cole–Hopf transform (see, e.g., [97], Section 4.4.1), with

Sϵ(x, t) := −ϵ log(wϵ(x, t)).

Proof of Proposition 4.2.1 (iii): The formulas follow from a straightforward calculation of

the gradient, divergence, and Laplacian of Sϵ(x, t) that we omit here. Since the function x 7→
1
2 ∥x∥

2
2 − tSϵ(x, t) is strictly convex, we can invoke [214, Corollary 26.3.1] to conclude that its

gradient x 7→ x− t∇xSϵ(x, t), which gives the posterior mean uPM (x, t, ϵ), is bijective.

Proof of Proposition 4.2.1 (iv): We will prove this result in three steps. First, we will show

that

lim sup
ϵ→0
ϵ>0

Sϵ(x, t) ⩽ inf
u∈int (dom J)

{
1

2t
∥x− u∥22 + J(u)

}

and

inf
u∈int (dom J)

{
1

2t
∥x− u∥22 + J(u)

}
= inf

u∈dom J

{
1

2t
∥x− u∥22 + J(u)

}
≡ S0(x, t).

Next, we will show that lim infϵ→0
ϵ>0

Sϵ(x, t) ⩾ S0(x, t). Finally, we will use steps 1 and 2 to con-

clude that limϵ→0
ϵ>0

Sϵ(x, t) = S0(x, t). Pointwise and local uniform convergence of the gradient

limϵ→0
ϵ>0

∇xSϵ(x, t) = ∇xS0(x, t), the partial derivative limϵ→0
ϵ>0

∂Sϵ(x,t)
∂t = ∂S0(x,t)

∂t , and the Lapla-

cian limϵ→0
ϵ>0

ϵ
2∇

2
xSϵ(x, t) = 0 then follow from the convexity and differentiability of the solutions

(x, t) 7→ S0(x, t) and (x, t) 7→ Sϵ(x, t) to the HJ PDEs (1.22) and (4.14).
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In what follows, we will use the following large deviation principle result [79]: For every Lebesgue

measurable set A ∈ Rn,

lim
ϵ→0
ϵ>0

−ϵ ln

(
1

(2πtϵ)n/2

∫
A
e−

1
2tϵ

∥x−u∥22 du

)
= ess inf

u∈A

{
1

2t
∥x− u∥22

}
,

where

ess inf
u∈A

{
1

2t
∥x− u∥22

}
= sup

{
a ∈ R : a ⩽

1

2t
∥x− u∥22 , for a.e.u ∈ Rn

}
.

Step 1. (Adapted from Deuschel and Stroock [79, Lemma 2.1.7].) By convexity, the function

J is continuous for every u0 ∈ int (dom J), the latter set being open. Therefore, for every such u0

there exists a number ru0 > 0 such that for every 0 < r ⩽ ru0 the open ball Br(u0) is contained in

int (dom J). Hence

Sϵ(x, t) := −ϵ ln

(
1

(2πtϵ)n/2

∫
int (dom J)

e−( 1
2t
∥x−u∥22+J(u))/ϵ du

)

⩽ −ϵ ln

(
1

(2πtϵ)n/2

∫
Br(u0)

e−( 1
2t
∥x−u∥22+J(u))/ϵ du

)

⩽ −ϵ ln

(
1

(2πtϵ)n/2

∫
Br(u0)

e−
1

2tϵ
∥x−u∥22 du

)
+ sup

u∈Br(u0)
J(u).

Take lim supϵ→0
ϵ>0

and apply the large deviation principle to the term on the right to get

lim sup
ϵ→0
ϵ>0

Sϵ(x, t) ⩽ ess inf
u∈Br(u0)

{
1

2t
∥x− u∥22

}
+ sup

u∈Br(u0)
J(u).

Take limr→0 on both sides of the inequality to find

lim sup
ϵ→0
ϵ>0

Sϵ(x, t) ⩽
1

2t
∥x− u0∥22 + J(u0).

Since the inequality holds for every u0 ∈ int (dom J), we can take the infimum over all y ∈

int (dom J) on the right-hand-side of the inequality to get

lim sup
ϵ→0
ϵ>0

Sϵ(x, t) ⩽ inf
u∈int (dom J)

{
1

2t
∥x− u∥22 + J(u)

}
. (4.56)
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By assumptions (A1) and (A2) that J ∈ Γ0(Rn) and int (dom J) ̸= ∅, the infimum on the right

hand side is equal to that taken over dom J ([214], Corollary 7.3.2), i.e.,

inf
u∈int (dom J)

{
1

2t
∥x− u∥22 + J(u)

}
= inf

u∈dom J

{
1

2t
∥x− u∥22 + J(u)

}
≡ S0(x, t). (4.57)

We combine (4.56) and (4.57) to obtain

lim sup
ϵ→0
ϵ>0

Sϵ(x, t) ⩽ S0(x, t),

which is the desired result.

Step 2. We can invoke Lemma 2.1.8 in [79] because its conditions are satisfied (in the notation

of [79], Φ = −J , which is upper semicontinuous, u 7→ 1
2t ∥x− u∥22 is the rate function, and note that

the tail condition (2.1.9) is satisfied in that supu∈Rn −J(u) = − infu∈Rn J(u) = 0 by assumption

(A3)) to get

lim inf
ϵ→0
ϵ>0

Sϵ(x, t) ⩾ S0(x, t).

Step 3. Combining the two limits derived in steps 1 and 2 yield

lim
ϵ→0
ϵ>0

Sϵ(x, t) = S0(x, t)

for every x ∈ Rn and t > 0, where the limit converges uniformly on every compact subset (x, t) of

Rn × (0,+∞) ([214], Theorem 10.8).

By differentiability and joint convexity of both Rn × (0,+∞) ∋ (x, t) 7→ S0(x, t) and Rn ×

(0,+∞) ∋ (x, t) 7→ Sϵ(x, t) − nϵ
2 ln t (Proposition 1.2.14 (i), and Proposition 4.2.1 (i) and (ii)(a)),

we can invoke ([214], Theorem 25.7) to get

lim
ϵ→0
ϵ>0

∇xSϵ(x, t) = ∇xS0(x, t) and lim
ϵ→0
ϵ>0

(
∂Sϵ(x, t)

∂t
− nϵ

2t

)
= lim

ϵ→0
ϵ>0

∂Sϵ(x, t)

∂t
=
∂S0(x, t)

∂t
,

for every x ∈ Rn and t > 0, where the limit converges uniformly on every compact subset of
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Rn × (0,+∞). Furthermore, the viscous HJ PDE (4.14) for Sϵ implies that

lim
ϵ→0
ϵ>0

ϵ

2
∇2

xSϵ(x, t) = lim
ϵ→0
ϵ>0

(
∂Sϵ(x, t)

∂t
+

1

2
∥∇xSϵ(x, t)∥2

)
,

=

(
∂S0(x, t)

∂t
+

1

2
∥∇xS0(x, t)∥2

)
= 0,

where the last equality holds thanks to the HJ PDE (1.22) (see Proposition 1.2.14). Here, again,

the limit holds for every x ∈ Rn and t > 0, and the limit converges uniformly over any compact

subset of Rn × (0,+∞). Finally, the limit limϵ→0
ϵ>0

uPM (x, t, ϵ) = uMAP (x, t) holds directly as a

consequence to the limit limϵ→0
ϵ>0

∇xSϵ(x, t) = ∇xS0(x, t) and the representation formulas (4.15)

(see Proposition 4.2.1(iii)) and (1.25) (see Proposition 1.2.14(ii))for the posterior mean and MAP

estimates, respectively.

4.B Proof of Proposition 4.3.1

Proof of (i): We will prove that uPM (x, t, ϵ) ∈ int (dom J) in two steps. First, we will use the

projection operator (1.7) (see Definition 16) and the posterior mean estimate uPM (x, t, ϵ) to prove

by contradiction that uPM (x, t, ϵ) ∈ cl (dom J). Second, we will use the following variant of the

Hahn–Banach theorem for convex bodies in Rn to show in fact that uPM (x, t, ϵ) ∈ int (dom J).

Theorem 4.B.1. ([214], Theorem 11.6 and Corollary 11.6.2) Let C be a convex set. A point

v ∈ C is a relative boundary point of C if and only if there exist a vector a ∈ Rn \ {0} and a

number b ∈ R such that

v = arg max
u∈C

{⟨a,u⟩ + b} ,

with ⟨a,u⟩ + b < ⟨a,v⟩ + b for every u ∈ int (C).

Step 1. Suppose uPM (x, t, ϵ) /∈ cl (dom J). Since the set cl (dom J) is closed and convex, the

projection of uPM (x, t, ϵ) onto cl (dom J) given by πcl(dom J)(uPM (x, t, ϵ)) ≡ ū is well-defined
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and unique (see Definition 16), with uPM (x, t, ϵ) ̸= ū by assumption. The projection ū also satisfies

the characterization (1.8), namely

⟨uPM (x, t, ϵ) − ū,u− ū)⟩ ⩽ 0

for every u ∈ cl (dom J). Then, by linearity of the posterior mean estimate,

∥uPM (x, t, ϵ) − ū∥22 = ⟨uPM (x, t, ϵ) − ū,uPM (x, t, ϵ) − ū⟩

= ⟨uPM (x, t, ϵ) − ū,EJ [u] − ū⟩

= EJ [⟨uPM (x, t, ϵ) − ū,u− ū⟩)]

⩽ 0,

which implies that uPM (x, t, ϵ) = ū. This contradicts the assumption that uPM (x, t, ϵ) /∈

cl (dom J). Hence, it follows that uPM (x, t, ϵ) ∈ cl (dom J).

Step 2. We now wish to prove that uPM (x, t, ϵ) ∈ int (dom J). Note that this inclusion trivially

holds if there are no boundary points, i.e., (cl (dom J) \ int (dom J)) = ∅. Now we consider the

case (cl (dom J) \ int (dom J)) ̸= ∅. Suppose that uPM (x, t, ϵ) ∈ (cl (dom J) \ int (dom J)).

Then Theorem 4.B.1 applies and there exist a vector a ∈ Rn \ {0} and a number b ∈ R such that

uPM (x, t, ϵ) = arg max
u∈cl (dom J)

{⟨a,u⟩ + b} ,

with ⟨a,u⟩+b < ⟨a,uPM (x, t, ϵ)⟩+b for every u ∈ int (dom J). By linearity of the posterior mean

estimate,

⟨a,uPM (x, t, ϵ)⟩ + b = ⟨a,EJ [u]⟩ + b

= EJ [⟨a,u⟩ + b]

< EJ [⟨a,uPM (x, t, ϵ)⟩ + b]

= ⟨a,uPM (x, t, ϵ)⟩ + b,

where the strict inequality in the third line follows from integrating over int (dom J). This con-

tradicts the assumption that uPM (x, t, ϵ) ∈ (cl (dom J) \ int (dom J)). Hence, uPM (x, t, ϵ) ∈

int (dom J).
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Proof of (ii): First, as a consequence that uPM (x, t, ϵ) ∈ int (dom J), the subdifferential

of J at uPM (x, t, ϵ) is non-empty because the subdifferential ∂J is non-empty at every point

u ∈ int (dom J) ([214], Theorem 23.4). Hence there exists a subgradient p ∈ ∂J(uPM (x, t, ϵ))

such that

J(u) ⩾ J(uPM (x, t, ϵ)) − ⟨p,u− uPM (x, t, ϵ)⟩ . (4.58)

Take the expectation EJ [·] on both sides of inequality (4.58) to find

EJ [J(u)] ⩾ EJ [J(uPM (x, t, ϵ)) − ⟨p,u− uPM (x, t, ϵ)⟩]

= J(uPM (x, t, ϵ)) − EJ [⟨p,u− uPM (x, t, ϵ)⟩]

= J(uPM (x, t, ϵ)) − ⟨p,EJ [u] − uPM (x, t, ϵ)⟩

= J(uPM (x, t, ϵ)) − ⟨p,uPM (x, t, ϵ) − uPM (x, t, ϵ)⟩

= J(uPM (x, t, ϵ)).

(4.59)

This gives the lower bound of inequality (4.23).

Second, use the convex inequality 1 + z ⩽ ez that holds on R with z ≡ J(u)/ϵ for u ∈ dom J .

This gives the inequality 1 + 1
ϵJ(u) ⩽ eJ(u)/ϵ. Multiply this inequality by e−J(u)/ϵ and subtract by

e−J(u)/ϵ on both sides to find

1

ϵ
J(u)e−J(u)/ϵ ⩽ (1 − e−J(u)/ϵ). (4.60)

Multiply both sides by e−
1

2tϵ
∥x−u∥22 , divide by the partition function ZJ(x, t, ϵ) (see Equation (4.11)),

integrate with respect to u ∈ dom J , and use

1

ZJ(x, t, ϵ)

∫
dom J

1

ϵ
J(u)e−( 1

2t
∥x−u∥22+J(u))/ϵ du =

1

ϵ
EJ [J(u)]

to obtain

1

ϵ
EJ [J(u)] ⩽

1

ZJ(x, t, ϵ)

∫
dom J

(
e−

1
2t
∥x−u∥22/ϵ − e−( 1

2t
∥x−u∥22+J(u))/ϵ

)
du. (4.61)
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Now, we can bound the right hand side of (4.61) as follows

1

ZJ(x, t, ϵ)

∫
dom J

(
e−

1
2t
∥x−u∥22/ϵ − e−( 1

2t
∥x−u∥22+J(u))/ϵ

)
du

=
1

ZJ(x, t, ϵ)

∫
dom J

e−
1
2t
∥x−u∥22/ϵ du

− 1

ZJ(x, t, ϵ)

∫
dom J

e−( 1
2t
∥x−u∥22+J(u))/ϵ du

⩽
1

ZJ(x, t, ϵ)

∫
Rn

e−
1
2t
∥x−u∥22/ϵ du− 1

=
(2πtϵ)n/2

ZJ(x, t, ϵ)
− 1.

(4.62)

Combining (4.61) and (4.62), we get

EJ [J(u)] ⩽ ϵ

(
(2πtϵ)n/2

ZJ(x, t, ϵ)
− 1

)
. (4.63)

Using the representation formula (4.13) for the solution (x, t) 7→ Sϵ to the viscous HJ PDE (4.14),

we have that (2πtϵ)n/2/ZJ(x, t, ϵ) = eSϵ(x,t)/ϵ. We can therefore write (4.63) as follows

EJ [J(u)] ⩽ ϵ
(
eSϵ(x,t)/ϵ − 1

)
< +∞.

Combining the latter inequalities with (4.59) we obtain the desired set of inequalities (4.23).

4.C Proof of Proposition 4.3.2

Proof of (i): We will show that EJ
[∥∥π∂J(u)(0)

∥∥
2

]
< +∞ and derive formulas (4.24)–(4.28) in

four steps. To describe these steps, let us first introduce some notation. Recall that J satisfies

assumptions (A1)-(A3) and dom J = Rn. Define the set

DJ := {u ∈ Rn | ∂J(u) = {∇J(u)}} .

We can invoke [214, Theorem 25.5] to conclude that DJ is a dense subset of Rn, the n-dimensional

Lebesgue measure of the set (Rn \DJ) is zero, and the function u 7→ ∇J(u) is continuous on DJ .
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Now, let x ∈ Rn, t > 0, ϵ > 0, and u0 ∈ Rn. Define the function φJ : Rn → Rn as

φJ(u|x, t) =

(
u− x

t

)
+ π∂J(u)(0).

Note that for every u ∈ Rn we have φJ(u|x, t) ∈ ∂
(
Rn ∋ v 7→ 1

2t ∥x− v∥22 + J(v)
)

(u), i.e.,

φJ(u|x, t) is a subgradient of the function v 7→ 1
2t ∥x− v∥22 + J(v) evaluated at v = u. Let

C1(x,u0, t, ϵ) =

∫
Rn

∥u− u0∥2 e
− 1

2tϵ
∥x−u∥22 du, (4.64)

and note that by assumption (A3), the expected value EJ [∥u− u0∥2] is bounded as follows

EJ [∥u− u0∥2] =
1

ZJ(x, t, ϵ)

∫
Rn

∥u− u0∥2 e
−( 1

2t
∥x−u∥22+J(u))/ϵ du

⩽
1

ZJ(x, t, ϵ)

∫
Rn

∥u− u0∥2 e
− 1

2tϵ
∥x−u∥22 du

=
C1(x,u0, t, ϵ)

ZJ(x, t, ϵ)
.

(4.65)

Define the vector field V : Rn → Rn as

V (u) = (u− u0)e
−( 1

2t
∥x−u∥22+J(u))/ϵ, (4.66)

which is continuous on Rn. It is also bounded on Rn; to see this, use the triangle inequality,

assumption (A3), and the fact that the function (0,+∞) ∋ r 7→ re−
1

2tϵ
r2 attains its maximum at

r∗ =
√
tϵ to get

∥V (u)∥2 = ∥(u− u0)∥2 e
−( 1

2t
∥x−u∥22+J(u))/ϵ

= ∥(u− x + x− u0)∥2 e
−( 1

2t
∥x−u∥22+J(u))/ϵ

⩽ (∥x− u0∥2 + ∥x− u∥2)e
−( 1

2t
∥x−u∥22+J(u))/ϵ

⩽ ∥x− u0∥2 + ∥x− u∥2 e
−( 1

2t
∥x−u∥22+J(u))/ϵ

⩽ ∥x− u0∥2 + ∥x− u∥2 e
− 1

2tϵ
∥x−u∥22

⩽ ∥x− u0∥2 + sup
u∈Rn

(
∥x− u∥2 e

− 1
2tϵ

∥x−u∥22
)

⩽ ∥x− u0∥2 + (
√
tϵ)e−

√
tϵ
2 .

(4.67)
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The divergence ∇u · V (u), which is well-defined and continuous on DJ , is given for every u ∈ DJ

by

∇u · V (u) = ∇u ·
(

(u− u0)e
−( 1

2t
∥x−u∥22+J(u))/ϵ

)
= (∇u · (u− u0))e

−( 1
2t
∥x−u∥22+J(u))/ϵ +

〈
∇ue

−( 1
2t
∥x−u∥22+J(u))/ϵ,u− u0

〉
= ne−( 1

2t
∥x−u∥22+J(u))/ϵ −

〈
1

ϵ

(
u− x

t
+ ∇J(u)

)
e−( 1

2t
∥x−u∥22+J(u))/ϵ,u− u0

〉
=

(
n−

〈
1

ϵ

(
u− x

t
+ ∇J(u)

)
,u− u0

〉)
e−( 1

2t
∥x−u∥22+J(u))/ϵ.

(4.68)

We now outline the four steps that will be used to prove Proposition 4.3.2(i). In the first step,

we will show that the divergence of the vector field V on DJ integrates to zero in the sense that

lim
r→+∞

∣∣∣∣∣
∫
{u∈Rn| ∥u∥2⩽r}∩DJ

∇u · V (u) du

∣∣∣∣∣ = 0. (4.69)

In the second step, we will show that EJ [⟨φJ(u|x, t),u− u0⟩] = nϵ, hereby proving formula (4.24),

using the convexity of the function u 7→ 1
2t ∥x− u∥22 + J(u), Fatou’s lemma ([108], Lemma 2.18),

and Equation (4.69) derived in the first step. In the third step, we will combine the results from the

first and second steps to show that EJ
[∥∥π∂J(u)(0)

∥∥
2

]
< +∞ and conclude that the representation

formulas (4.25) and (4.26) hold. Finally, in the fourth step we will conclude that the representation

formulas (4.27) and (4.28) hold using Equations (4.25) and (4.26) and Proposition (4.2.1)(iii).

Step 1. The proof of the limit result (4.69) that we present here is based on an application of

Theorem 4.14 in [198] to the vector field V (·). As this result is fairly technical, we first introduce

some terminology and definitions that will be used exclusively in this part of the proof of (i).

Let C be a non-empty convex subset of Rn. The dimension of the set C is defined as the smallest

dimension of a non-empty affine set containing C, with the dimension of a non-empty affine set

being the dimension of the subspace parallel to it [214, Pages 4 and 12]. If C consists of a single

point then its dimension is taken to be zero.
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Let k ∈ {0, . . . , n}. Denote by Hn−k the (n − k)-dimensional outer Hausdorff measure in Rn as

defined in [100, Page 171, Section 2.10.2]. The measure Hn−k, in particular, is a constant multiple

of the (n−k)-dimensional Lebesgue measure for every measurable subset B ⊂ Rn (see [99], Section

1.2, p.7, and Theorem 1.12, p.13).

A subset S ⊂ Rn is called slight if Hn−1(S) = 0, and a subset T ⊂ Rn is called thin if T is σ-finite

for Hn−1, i.e., T can be expressed as a countable union of sets T = ∪+∞
k=1Tk with Hn−1(Tk) < +∞

for each k ∈ N+ (see, e.g., [198]).

Let k ∈ {0, . . . , n}. A non-empty, measurable subset Ω ⊂ Rn is said to be countably Hn−k-rectifiable

if it is contained, up to a null set of (n − k)-dimensional outer Hausdorff measure Hn−k zero, in

a countable union of continuously differentiable hypersurfaces of dimension (n − k) (see, e.g., [4]

and references therein). A non-empty, measurable and countably Hn−k-rectifiable subset of Rn, in

particular, is σ-finite for Hn−k.

A subset A ⊂ Rn is called admissible if its boundary bd A is thin and if the distributional gradient

of the characteristic function of A is a vector measure on Borel subsets of Rn whose variation is

finite (see [198] pp.151 and the reference therein). For the purpose of our proof, we will use the

fact that the family of closed balls of radius r > 0, namely {u ∈ Rn | ∥u∥2 ⩽ r}, are admissible

sets (see [120], Example 1.10, and note that admissible sets are also called Caccioppoli sets [120,

Pages 5-6]).

Let A be an admissible set and let v : A→ Rn be a vector field. In the terminology of [198], we say

that v is integrable over the admissible set A if v satisfies definition 4.1 of [198], and in that case,

the number I(v, A) is called the integral of v over A. Note, here, that the notion of integrability

considered in [198] is different from that of the usual Lebesgue integrability. Nevertheless, if v

is integrable in the sense of [198], v is also Lebesgue measurable [198, Corollary 4.9], and if the

Lebesgue integral
∫
A |v(u)| du is finite, then I(v, A) =

∫
A |v(u)| du [198, Proposition 4.7].
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Let E be an non-empty subset of Rn, let v : E → Rn be a vector field, and let Dv denote the set

of points at which v is differentiable in int E (for the definition of differentiability of vector fields,

see [217, Page 150, Definition 7.22]). In the terminology of [198], we call a divergence of v any

function g : E 7→ R such that g(u) = ∇ · v(u) for each u ∈ (int E) ∩Dv.

In addition to these definitions, we will need the following two results due to, respectively, [4] and

[198].

Theorem 4.C.1. [[4], Theorem 4.1 (for convex functions)] Let Ω be a bounded, open, convex subset

of Rn, and let f : Ω → R be a convex and Lipschitz continuous function. Denote the subdifferential

of f at u ∈ Ω by ∂f(u). Then, for each k ∈ {0, . . . , n}, the set

{u ∈ Ω | dim (∂f(u)) ⩾ k}

is countably Hn−k-rectifiable.

Theorem 4.C.2. [[198], Theorem 4.14] Let A be an admissible set, and let S and T be, respectively,

a slight and thin subset of cl A. Let v be a bounded vector field in cl A that is continuous in (cl A)\S

and differentiable in (int A) \ T . Then every divergence of v is integrable in A. Moreover, there

exists a vector field bd A ∋ u → nA(u) with ∥nA(u)∥2 = 1 for every u ∈ bd A such that if div v

denotes any divergence v, then

I(div v, A) =

∫
bd A

⟨v(u),nv(u)⟩ dHn−1 du. (4.70)

Step 1 (Continued). Fix r > 0 and let A = {u ∈ Rn | ∥u∥2 ⩽ r} denote the closed ball of radius

r centered at the origin in Rn. Note that A is bounded, convex, closed, and admissible. Consider

now the restriction of the convex function J to int A. As int A is bounded, open and convex, the

function J is Lipschitz continuous on int A [214, Theorem 10.4]. All conditions in Theorem (4.C.1)

are satisfied (with Ω = int A and f = J), and we can invoke the theorem to conclude that the set

T = {u ∈ int A | dim (∂J(u)) ⩾ 1}
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is countably Hn−1-rectifiable, and therefore σ-finite for Hn−1. In particular, the set T is thin.

Moreover, recalling the definition of the set DJ := {u ∈ Rn | ∂J(u) = {∇J(u)}}, we find that the

set (int A) \ T comprises the points u ∈ int A at which the subdifferential ∂J(u) is a singleton,

i.e., T = (int A) ∩ (Rn \DJ).

Now consider the vector field V defined by (4.66). This vector field is continuous in Rn by

convexity of J and dom J = Rn. It is also bounded by (4.67). Now define the function g : A → R

via

g(u) =


∇ · V (u) if u ∈ A ∩DJ ,

0, if u ∈ A ∩ (Rn \DJ).

(4.71)

The function g constitutes a divergence of the vector field V because it coincides with the divergence

∇ · V (u) at every u ∈ (int A) ∩DJ . Moreover, its Lebesgue integral over A is finite; to see this,

first note that for every u ∈ A ∩DJ the absolute value of g(u) can be bounded using (4.68), the

triangle inequality, the Cauchy–Schwarz inequality, and assumption (A3) as follows

|g(u)| = |∇ · V (u)| =

∣∣∣∣(n−
〈

1

ϵ

(
u− x

t
+ ∇J(u)

)
,u− u0

〉)
e−( 1

2t
∥x−u∥22+J(u))/ϵ

∣∣∣∣
⩽

(
n+

∣∣∣∣〈1

ϵ

(
u− x

t
+ ∇J(u)

)
,u− u0

〉∣∣∣∣) e−( 1
2t
∥x−u∥22+J(u))/ϵ

⩽

(
n+

1

ϵ

∥∥∥∥u− x

t
+ ∇J(u)

∥∥∥∥
2

∥u− u0∥2
)
e−( 1

2t
∥x−u∥22+J(u))/ϵ

⩽

(
n+

1

ϵ

(∥∥∥∥u− x

t

∥∥∥∥
2

+ ∥∇J(u)∥2
)
∥u− u0∥2

)
e−( 1

2t
∥x−u∥22+J(u))/ϵ

⩽

(
n+

1

ϵ

(∥∥∥∥u− x

t

∥∥∥∥
2

+ ∥∇J(u)∥2
)
∥u− u0∥2

)
e−

1
2tϵ

∥x−u∥22

(4.72)

Second, as the set A is a closed bounded subset of dom J = Rn the function J is Lipschitz continuous

relative to A, and therefore there exists a number LA > 0 such that ∥∇J(u)∥2 ⩽ LA for every

u ∈ A ∩DJ . As a consequence, we can further bound g(u) for every u ∈ A ∩DJ in (4.72) as

|g(u)| ⩽
(
n+

1

ϵ

(∥∥∥∥u− x

t

∥∥∥∥
2

+ LA

)
∥u− u0∥2

)
e−

1
2tϵ

∥x−u∥22 . (4.73)

In particular, using the definition of g given by (4.71), we have that (4.73) holds for every u ∈ A.
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We can now use (4.71) and (4.73) to get

∫
A
|g(u)| du =

∫
{u∈Rn|∥u∥2⩽r}

|g(u)| du

=

∫
{u∈Rn|∥u∥2⩽r}∩DJ

|∇ · V (u)| du

⩽
∫
{u∈Rn|∥u∥2⩽r}∩DJ

(
n+

1

ϵ

(∥∥∥∥u− x

t

∥∥∥∥
2

+ LA

)
∥u− u0∥2

)
e−

1
2tϵ

∥x−u∥22 du

⩽
∫
{u∈Rn|∥u∥2⩽r}

(
n+

1

ϵ

(∥∥∥∥u− x

t

∥∥∥∥
2

+ LA

)
∥u− u0∥2

)
e−

1
2tϵ

∥x−u∥22 du.

(4.74)

Since the function

u 7→
(
n+

1

ϵ

(∥∥∥∥u− x

t

∥∥∥∥
2

+ LA

)
∥u− u0∥2

)
e−

1
2tϵ

∥x−u∥22

is continuous, it is bounded on the compact set A = {u ∈ Rn | ∥u∥2 ⩽ r}. Its integral over A is

therefore finite, and using (4.74) we find that
∫
A |g(u)| du is finite as well.

The previous considerations show that all conditions in Theorem (4.C.2) are satisfied (with

A = {u ∈ Rn | ∥u∥2 ⩽ r}, v = V , S = ∅, T = {u ∈ int A | dim (∂J(u)) ⩾ 1} = (int A) ∩

(Rn \ DJ)). We can therefore invoke [198, Theorem 4.14] to conclude that the divergence of g is

integrable (in the sense described by [198]), with integral I(g,A), and that there exists a vector

field bd A ∋ u → nv(u) with ∥nv(u)∥2 = 1 for every u ∈ bd A such that

I(g,A) =

∫
bd A

⟨V (u),nv(u)⟩ dHn−1 du. (4.75)

Since the Lebesgue integral of |g| over A is finite, we also have [198, Proposition 4.7]

I(g,A) =

∫
A
g(u) du. (4.76)

Using that A = {u ∈ Rn | ∥u∥2 ⩽ r}, Equations (4.71), (4.75), and (4.76), we obtain

∫
{u∈Rn|∥u∥2⩽r}

g(u) du =

∫
{u∈Rn|∥u∥2⩽r}

∇ · V (u) du =

∫
{u∈Rn|∥u∥2=r}

⟨V (u),nv(u)⟩ dHn−1.

(4.77)
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As r was an arbitrary positive number, we can take the absolute value and then the limit r → +∞

on both sides of (4.77) to find

lim
r→+∞

∣∣∣∣∣
∫
{u∈Rn|∥u∥2⩽r}∩DJ

∇ · V (u) du

∣∣∣∣∣ = lim
r→+∞

∣∣∣∣∣
∫
{u∈Rn|∥u∥2=r}

⟨V (u),nv(u)⟩ dHn−1

∣∣∣∣∣ . (4.78)

We will now show that the limit on the right side of (4.78) is equal to zero. To show this, first

take the absolute value inside the integral on the right side of (4.78) to find

∣∣∣∣∣
∫
{u∈Rn|∥u∥2=r}

⟨V (u),nv(u)⟩ dHn−1

∣∣∣∣∣ ⩽
∫
{u∈Rn|∥u∥2=r}

|⟨V (u),nv(u)⟩| dHn−1. (4.79)

Use the Cauchy–Schwarz inequality, Equation (4.66), assumption (A3) (infu∈Rn J(u) = 0) and

∥nv∥2 = 1 to further bound the right side of (4.79) as follows

∫
{u∈Rn|∥u∥2=r}

|⟨V (u),nv(u)⟩| dHn−1 ⩽
∫
{u∈Rn|∥u∥2=r}

∥V (u)∥2 ∥nv(u)∥2 dH
n−1

⩽
∫
{u∈Rn|∥u∥2=r}

∥u− u0∥2 e
−( 1

2t
∥x−u∥22+J(u))/ϵ dHn−1

⩽
∫
{u∈Rn|∥u∥2=r}

(∥u∥2 + ∥u0∥2)e
−( 1

2t
∥x−u∥22)/ϵ dHn−1.

(4.80)

Use the parallelogram law 2(∥x∥22 + ∥v∥22) = ∥x− v∥22 + ∥x + v∥22 with v = x − u to bound the

exponential e−
1
2t
∥x−u∥22/ϵ by

e−
1
2t
∥x−u∥22/ϵ = e−

1
2t
( 1
2
(∥u∥22+∥2x−u∥22)−∥x∥22)/ϵ

⩽ e−
1
2t
( 1
2
∥u∥22−∥x∥22)/ϵ

(4.81)

and use it in (4.80) to get

∫
{u∈Rn|∥u∥2=r}

|⟨V (u),nv(u)⟩| dHn−1 ⩽
∫
{u∈Rn|∥u∥2=r}

(∥u∥2 + ∥u0∥2)e
− 1

2t
( 1
2
∥u∥22−∥x∥22)/ϵ dHn−1.

(4.82)

Since the domain of integration in (4.82) is over the surface of an n-dimensional sphere of radius
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∥u∥2 = r, the integral on the right side of (4.82) is given by

∫
{u∈Rn|∥u∥2=r}

(∥u∥2 + ∥u0∥2)e
− 1

2t
( 1
2
∥u∥22−∥x∥22)/ϵ dHn−1

=

∫
{u∈Rn|∥u∥2=r}

(r + ∥u0∥2)e
− 1

2t
( 1
2
r2−∥x∥22)/ϵ dHn−1

= (r + ∥u0∥2)e
− 1

2t
( 1
2
r2−∥x∥22)/ϵ

∫
{u∈Rn|∥u∥2=r}

dHn−1

= (r + ∥u0∥2)e
− 1

2t(
1
2
r2−∥x∥22)/ϵ nπn/2

Γ
(
n
2 + 1

) ,
(4.83)

where nπn/2/Γ
(
n
2 + 1

)
is the area of an n-dimensional sphere of radius one, with Γ

(
n
2 + 1

)
denoting

the Gamma function evaluated at n
2 + 1. Since

lim
r→+∞

(r + ∥u0∥2)e
− 1

2t(
1
2
r2−∥x∥22)/ϵ = 0,

the limit r → +∞ in (4.83) is equal to zero, i.e.,

lim
r→+∞

∫
{u∈Rn|∥u∥2=r}

(∥u∥2 + ∥u0∥2)e
− 1

2t
( 1
2
∥u∥22−∥x∥22)/ϵ dHn−1 = 0. (4.84)

Combining (4.78), (4.79), (4.82) and (4.84) yield

lim
r→+∞

∣∣∣∣∣
∫
{u∈Rn| ∥u∥2⩽r}∩DJ

∇u · V (u) du

∣∣∣∣∣ = 0.

which proves the limit result (4.69).

Step 2. Recall that the divergence of the vector field u 7→ V (u) on DJ is given by (4.68).

Combine (4.69) and (4.68) to conclude that

lim
r→+∞

∣∣∣∣∣
∫
{u∈Rn| ∥u∥2⩽r}∩DJ

(
nϵ−

〈(
u− x

t
+ ∇J(u)

)
,u− u0

〉)
e−( 1

2t
∥x−u∥22+J(u))/ϵ du

∣∣∣∣∣ = 0.

(4.85)

Note that the minimal subgradient π∂J(u)(0) = ∇J(u) for every u ∈ DJ . We can therefore

substitute the minimal subgradient π∂J(u)(0) for the gradient ∇J(u) inside the integral in the

limit (4.85) without changing its value. Moreover, since the set DJ is dense in Rn and the n-
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dimensional Lebesgue measure of (Rn \ DJ) is zero, we can further substitute the domain of in-

tegration {u ∈ Rn | ∥u∥2 ⩽ r} ∩ DJ of the integral in the limit (4.85) with {u ∈ Rn | ∥u∥2 ⩽ r}

without changing its value. With these two changes, the limit (4.85) can be written as

lim
r→+∞

∣∣∣∣∣
∫
{u∈Rn| ∥u∥2⩽r}

(
nϵ−

〈(
u− x

t
+ π∂J(u)(0)

)
,u− u0

〉)
e−( 1

2t
∥x−u∥22+J(u))/ϵ du

∣∣∣∣∣ = 0.

Using the notation φJ(u|x, t) =
(
u−x
t

)
+ π∂J(u)(0), we can write this limit more succinctly as

lim
r→+∞

∣∣∣∣∣
∫
{u∈Rn| ∥u∥2⩽r}

(nϵ− ⟨φJ(u|x, t),u− u0⟩) e−( 1
2t
∥x−u∥22+J(u))/ϵ du

∣∣∣∣∣ = 0. (4.86)

Now, consider the function Rn ∋ u 7→ ⟨φJ(u|x, t) − φJ(u0|x, t),u− u0⟩. Note here that as J is

convex with dom J = Rn, both φJ(u|x, t) and φJ(u0|x, t) are subgradients of the convex function

v 7→ 1
2t ∥x− v∥22 + J(v) at v = u and v = u0, respectively ([214], Theorem 23.4). We can

therefore apply inequality (1.20) (with p = φJ(u|x, t), p0 = φJ(u0|x, t), and m = 0) to find

⟨φJ(u|x, t) − φJ(u0|x, t),u− u0⟩ ⩾ 0. Define F : Rn → R and G : Rn → R as follows:

F (u) = ⟨φJ(u|x, t),u− u0⟩ e−( 1
2t
∥x−u∥22+J(u))/ϵ

and

G(u) = ⟨φJ(u0|x, t),u− u0⟩ e−( 1
2t
∥x−u∥22+J(u))/ϵ.

Note that F (u) − G(u) = ⟨φJ(u|x, t) − φJ(u0|x, t),u− u0⟩ e−( 1
2t
∥x−u∥22+J(u))/ϵ ⩾ 0 for every

u ∈ Rn. Integrate u 7→ F (u) −G(u) over Rn and use Fatou’s lemma to find

0 ⩽
∫
Rn

F (u) −G(u) du ⩽ lim
r→+∞

∫
{u∈Rn| ∥u∥2⩽r}

F (u) −G(u) du

= lim
r→+∞

(∫
{u∈Rn| ∥u∥2⩽r}

F (u) du +

∫
{u∈Rn| ∥u∥2⩽r}

(−G(u)) du

)
(4.87)

Use the Cauchy–Schwarz inequality assumption (A3) (infu∈Rn J(u) = 0) to bound the second
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integral on the right hand side of (4.87) as follows

∫
{u∈Rn| ∥u∥2⩽r}

(−G(u)) du =

∫
{u∈Rn| ∥u∥2⩽r}

− ⟨φJ(u0|x, t),u− u0⟩ e−( 1
2t
∥x−u∥22+J(u))/ϵ du

⩽
∫
{u∈Rn| ∥u∥2⩽r}

∥φJ(u0|x, t)∥2 ∥u− u0∥2 e
−( 1

2t
∥x−u∥22+J(u))/ϵ du

⩽ ∥φJ(u0|x, t)∥2
∫
Rn

∥u− u0∥2 e
−( 1

2t
∥x−u∥22)/ϵ du

= ∥φJ(u0|x, t)∥2C1(x,u0, t, ϵ),

(4.88)

where C1(x,u0, t, ϵ) was defined in (4.64). Combine (4.87) and (4.88) to find

0 ⩽
∫
Rn

F (u) −G(u) du ⩽ lim
r→+∞

(∫
{u∈Rn| ∥u∥2⩽r}

F (u) du + ∥φJ(u0|x, t)∥2C1(x,u0, t, ϵ)

)

=

(
lim

r→+∞

∫
{u∈Rn| ∥u∥2⩽r}

F (u) du

)
+ ∥φJ(u0|x, t)∥2C1(x,u0, t, ϵ).

(4.89)

The integral on the right hand side of (4.89) can be bounded using assumption (A3) as follows

∫
{u∈Rn| ∥u∥2⩽r}

F (u) du =

∫
{u∈Rn| ∥u∥2⩽r}

⟨φJ(u|x, t),u− u0⟩ e−( 1
2t
∥x−u∥22+J(u))/ϵ du

=

∫
{u∈Rn| ∥u∥2⩽r}

(⟨φJ(u|x, t),u− u0⟩ + (nϵ− nϵ))e−( 1
2t
∥x−u∥22+J(u))/ϵ du

=

∫
{u∈Rn| ∥u∥2⩽r}

(⟨φJ(u|x, t),u− u0⟩ − nϵ)e−( 1
2t
∥x−u∥22+J(u))/ϵ du

+ nϵ

∫
{u∈Rn| ∥u∥2⩽r}

e−( 1
2t
∥x−u∥22+J(u))/ϵ du

⩽
∫
{u∈Rn| ∥u∥2⩽r}

(⟨φJ(u|x, t),u− u0⟩ − nϵ)e−( 1
2t
∥x−u∥22+J(u))/ϵ du

+ nϵ

∫
Rn

e−( 1
2t
∥x−u∥22)/ϵ du

=

∫
{u∈Rn| ∥u∥2⩽r}

(⟨φJ(u|x, t),u− u0⟩ − nϵ)e−( 1
2t
∥x−u∥22+J(u))/ϵ du

+ nϵ(2πtϵ)n/2.

(4.90)
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Combine (4.89) and (4.90) to get

0 ⩽
∫
Rn

F (u) −G(u) du ⩽ lim
r→+∞

∫
{u∈Rn| ∥u∥2⩽r}

(⟨φJ(u|x, t),u− u0⟩ − nϵ)e−( 1
2t
∥x−u∥22+J(u))/ϵ du

+ ∥φJ(u0|x, t)∥2C1(x,u0, t, ϵ) + nϵ(2πtϵ)n/2.

(4.91)

Combine (4.86) and (4.91) to get

0 ⩽
∫
Rn

F (u) −G(u) du =

∫
Rn

⟨φJ(u|x, t) − φJ(u0|x, t),u− u0⟩ e−( 1
2t
∥x−u∥22+J(u))/ϵ du

⩽ ∥φJ(u0|x, t)∥2C1(x,u0, t, ϵ) + nϵ(2πtϵ)n/2.

(4.92)

Divide (4.92) by the partition function ZJ(x, t, ϵ) (see Equation (4.11)) to get

0 ⩽ EJ [⟨φJ(u|x, t) − φJ(u0|x, t),u− u0⟩] ⩽
∥φJ(u0|x, t)∥2C1(x,u0, t, ϵ) + nϵ(2πtϵ)n/2

ZJ(x, t, ϵ)
< +∞.

(4.93)

Now, using the Cauchy–Schwarz inequality and (4.65), we can bound EJ [|⟨φJ(u0|x, t),u− u0⟩|]

as follows

EJ [|⟨φJ(u0|x, t),u− u0⟩|] =
1

ZJ(x, t, ϵ)

∫
Rn

|⟨φJ(u0|x, t),u− u0⟩| e−( 1
2t
∥x−u∥22+J(u))/ϵ du

⩽ ∥φJ(u0|x, t)∥2
1

ZJ(x, t, ϵ)

∫
Rn

∥u− u0∥2 e
−( 1

2t
∥x−u∥22)/ϵ du

=
∥φJ(u0|x, t)∥2C1(x,u0, t, ϵ)

ZJ(x, t, ϵ)
.

(4.94)

Use the triangle inequality and the upper bounds in (4.93) and (4.94) to obtain

EJ [|⟨φJ(u|x, t),u− u0⟩|] = EJ [|⟨φJ(u|x, t) − (φJ(u0|x, t) − φJ(u0|x, t)),u− u0⟩|]

⩽ EJ [|⟨φJ(u0|x, t),u− u0⟩| + |⟨φJ(u|x, t) − φJ(u0|x, t),u− u0⟩|]

= EJ [|⟨φJ(u0|x, t),u− u0⟩|] + EJ [|⟨φJ(u|x, t) − φJ(u0|x, t),u− u0⟩|]

⩽
2 ∥φJ(u0|x, t)∥2C1(x,u0, t, ϵ)

ZJ(x, t, ϵ)
+
nϵ(2πtϵ)n/2

ZJ(x, t, ϵ)

< +∞.

(4.95)
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Since EJ [|⟨φJ(u|x, t),u− u0⟩|] < +∞, we can use (4.86) to conclude that

∫
Rn

⟨φJ(u|x, t),u− u0⟩ e−( 1
2t
∥x−u∥22+J(u))/ϵ du

= lim
r→+∞

∫
{u∈Rn| ∥u∥2⩽r}

⟨φJ(u|x, t),u− u0⟩ e−( 1
2t
∥x−u∥22+J(u))/ϵ du

= lim
r→+∞

∫
{u∈Rn| ∥u∥2⩽r}

(nϵ− nϵ+ ⟨φJ(u|x, t),u− u0⟩)e−( 1
2t
∥x−u∥22+J(u))/ϵ du

= nϵZJ(x, t, ϵ)

− lim
r→+∞

(∫
{u∈Rn| ∥u∥2⩽r}

(nϵ− ⟨φJ(u|x, t),u− u0⟩)e−( 1
2t
∥x−u∥22+J(u))/ϵ du

)

= nϵ.

(4.96)

Inequality (4.95) and equality (4.96) show the desired results EJ [|⟨φJ(u|x, t),u− u0⟩|] < +∞ and

EJ [⟨φJ(u|x, t),u− u0⟩] = nϵ, which, after recalling the definition φJ(u|x, t) =
(
u−x
t

)
+π∂J(u)(0),

also proves formula (4.24).

Step 3. Thanks to Step 2, we have the inequalities

EJ [|⟨φJ(u|x, t),u− u0⟩|] < +∞

and

EJ [⟨φJ(u|x, t),u− u0⟩] = nϵ

for every u0 ∈ Rn. In particular, the choice of u0 = 0 yields EJ [|⟨φJ(u|x, t),u⟩|] < +∞ and

EJ [⟨φJ(u|x, t),u⟩] = nϵ. As a consequence, we have that

EJ [|⟨φJ(u|x, t),u0⟩|] = EJ [|⟨φJ(u|x, t),u0 + (u− u)⟩|]

⩽ EJ [|⟨φJ(u|x, t),u− u0⟩| + |⟨φJ(u|x, t),u⟩|]

= EJ [|⟨φJ(u|x, t),u− u0⟩|] + EJ [|⟨φJ(u|x, t),u⟩|]

<∞,

(4.97)
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and

EJ [⟨φJ(u|x, t),u0⟩] = EJ [⟨φJ(u|x, t), (u− u) + u0⟩]

= EJ [⟨φJ(u|x, t),u⟩] − EJ [⟨φJ(u|x, t),u− u0⟩]

= nϵ− nϵ

= 0,

(4.98)

for every u0 ∈ Rn. Now let {ei}ni=1 denote the standard basis in Rn and let {φJ(u|x, t)i}ni=1

denote the components of the vector φJ(u|x, t), i.e., φJ(u|x, t) = (φJ(u|x, t)1, . . . , φJ(u|x, t)n).

Using (4.97) with the choice of u0 = ei for i ∈ {1, . . . , n}, we get EJ [|φJ(u|x, t)i|] < +∞ for

every i ∈ {1, . . . , n}. Using the norm inequality ∥φJ(u|x, t)∥2 ⩽
∑n

i=1 |φJ(u|x, t)i|, we can bound

EJ [∥φJ(u|x, t)∥2] as follows

EJ [∥φJ(u|x, t)∥2] ⩽ EJ

[
n∑
i=1

|φJ(u|x, t)i|

]

=
n∑
i=1

EJ [|φJ(u|x, t)i|]

< +∞.

(4.99)

We can therefore combine (4.98) and (4.99) to get EJ [⟨φJ(u|x, t),u0⟩] = ⟨EJ [φJ(u|x, t)] ,u0⟩ = 0

for every u0 ∈ Rn, which yields the following equality:

EJ [φJ(u|x, t)] = 0. (4.100)

Moreover, recalling the definition φJ(u|x, t) =
(
u−x
t

)
+ π∂J(u)(0) and using (4.65) (with u0 = x)

and (4.99), we can bound EJ
[∥∥π∂J(u)(0)

∥∥
2

]
as follows

EJ
[∥∥π∂J(u)(0)

∥∥
2

]
= EJ

[∥∥∥∥π∂J(u)(0) +

(
u− x

t

)
−
(
u− x

t

)∥∥∥∥
2

]
⩽ EJ

[∥∥∥∥π∂J(u)(0) +

(
u− x

t

)∥∥∥∥
2

+

∥∥∥∥(u− x

t

)∥∥∥∥
2

]
= EJ [∥φJ(u|x, t)∥2] +

1

t
EJ [∥u− x∥2]

⩽ EJ [∥φJ(u|x, t)∥2] +
C1(x,x, t, ϵ)

tZJ(x, t, ϵ)

< +∞.

(4.101)
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We can now combine (4.65), (4.100) and (4.101) to expand the expected value of EJ [φJ(u|x, t)] as

follows

EJ [φJ(u|x, t)] = EJ
[(

u− x

t

)
+ π∂J(u)(0)

]
= EJ

[(
u− x

t

)]
+ EJ

[
π∂J(u)(0)

]
=

(
uPM (x, t, ϵ) − x

t

)
+ EJ

[
π∂J(u)(0)

]
= 0.

(4.102)

Solving for uPM (x, t, ϵ) in (4.102) yields uPM (x, t, ϵ) = x − tEJ
[
π∂J(u)(0)

]
, which gives the rep-

resentation formula (4.25).

We now derive the second representation formula (4.26). Let u0 = uPM (x, t, ϵ) in Equa-

tion (4.96) and use the representation formula (4.25) to find

EJ
[〈
π∂J(u)(0),u− uPM (x, t, ϵ)

〉]
= EJ

[〈
π∂J(u)(0) +

(
u− x

t

)
−
(
u− x

t

)
,u− uPM (x, t, ϵ)

〉]
= EJ

[〈
π∂J(u)(0) +

(
u− x

t

)
,u− uPM (x, t, ϵ)

〉]
− EJ

[〈(
u− x

t

)
,u− uPM (x, t, ϵ)

〉]
= EJ

[〈
π∂J(u)(0) +

(
u− x

t

)
,u− uPM (x, t, ϵ)

〉]
− EJ

[〈(
u− x

t

)
,u− uPM (x, t, ϵ)

〉]
= EJ [⟨φJ(u|x, t),u− uPM (x, t, ϵ)⟩]

− EJ
[〈(

u− x

t

)
,u− uPM (x, t, ϵ)

〉]
= nϵ− EJ

[〈(
u− x

t

)
,u− uPM (x, t, ϵ)

〉]
.

(4.103)

We will use (4.103) to derive a representation formula for EJ
[
∥u− uPM (x, t, ϵ)∥22

]
. Multi-

ply (4.103) by t and rearrange to get

EJ [⟨u− x,u− uPM (x, t, ϵ)⟩] = ntϵ− tEJ
[〈
π∂J(u)(0),u− uPM (x, t, ϵ)

〉]
. (4.104)
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The left hand side of (4.104) can be expressed as

EJ [⟨u− x,u− uPM (x, t, ϵ)⟩] = EJ [⟨u− x + (uPM (x, t, ϵ) − uPM (x, t, ϵ)),u− uPM (x, t, ϵ)⟩]

= EJ [⟨u− uPM (x, t, ϵ),u− uPM (x, t, ϵ)⟩]

+ EJ [⟨uPM (x, t, ϵ) − x,u− uPM (x, t, ϵ)⟩]

= EJ
[
∥u− uPM (x, t, ϵ)∥22

]
.

(4.105)

Combine Equations (4.104) and (4.105) to get

EJ
[
∥u− uPM (x, t, ϵ)∥22

]
= ntϵ− tEJ

[〈
π∂J(u)(0),u− uPM (x, t, ϵ)

〉]
,

which gives the representation formula (4.26).

Step 4. Thanks to Step 3, the representation formulas (4.25) and (4.26) hold. Recall that by

Proposition 4.2.1(iii), the gradient ∇xSϵ(x, t) and Laplacian ∇2
xSϵ(x, t) of the solution Sϵ to the

viscous HJ PDE (4.14) satisfy the representation formulas

uPM (x, t, ϵ) = x− t∇xSϵ(x, t) (4.106)

and

EJ
[
∥u− uPM (x, t, ϵ)∥22

]
= ntϵ− t2ϵ∇2

xSϵ(x, t). (4.107)

Use (4.25) and (4.106) to get

∇xSϵ(x, t) = EJ
[
π∂J(u)(0)

]
,

which is the representation formula (4.27). Use (4.26) and (4.107) to get

t2ϵ∇2
xSϵ(x, t) = tEJ

[〈
π∂J(u)(0),u− uPM (x, t, ϵ)

〉]
which is, after dividing by tϵ on both sides, the representation formulas (4.28). This concludes Step

4.
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Proof of (ii): Here we only assume that J satisfies assumptions (A1)-(A3); we do not assume

that dom J = Rn. Let {µk}+∞
k=1 be a sequence of positive real numbers converging to zero. Define

fk : Rn × (0,+∞) × (0,+∞) → R by

fϵ(x, t, k) = −ϵ log

(
1

(2πtϵ)n/2

∫
Rn

e−( 1
2t
∥x−u∥22+S0(u,µk))/ϵ du

)
(4.108)

and let S0(x, µk) denote the solution to the first-order HJ PDE (1.22) with initial data J evaluated

at (x, µk), that is,

S0(x, µk) = inf
u∈Rn

{
1

2µk
∥x− u∥22 + J(u)

}
. (4.109)

By Proposition 1.2.14(i), the function Rn ∋ x 7→ S0(x, µk) is continuously differentiable and

convex for each k ∈ N, and the sequence of real numbers {S0(x, µk)}+∞
k=1 converges to J(x) for

every x ∈ dom J . Moreover, by assumption (A3) (infu∈Rn J(u) = 0) the sequence {S0(x, µk)}+∞
k=1

is uniformly bounded from below by 0, that is,

S0(x, µk) = inf
u∈Rn

{
1

2µk
∥x− u∥22 + J(u)

}
⩾ inf

u∈Rn

{
1

2µk
∥x− u∥22

}
+ inf

u∈Rn
J(u)

= 0.

As a consequence, we can invoke Proposition 4.2.1(i) to conclude that for each k ∈ N, the function

(x, t) 7→ fϵ(x, t, k) corresponds to the solution to the viscous HJ PDE (4.14) with initial data

fk(x, 0, ϵ) = S0(x, µk). Moreover, Rn ∋ x 7→ fϵ(x, t, k) is continuously differentiable and convex by

Proposition 4.2.1(i) and (ii)(a). Finally, as the domain of the function x 7→ S0(x, µk) is Rn, we can

use the representation formula (4.27) in Proposition 4.3.2(i) (which was proven previously in this

Appendix) to express the gradient ∇xfk(x, t, ϵ) as follows

∇xfϵ(x, t, k) =

∫
Rn ∇uS0(u, µk)e

−( 1
2t
∥x−u∥22+S0(u,µk))/ϵ du∫

Rn e
−( 1

2t
∥x−u∥22+S0(u,µk))/ϵ du

. (4.110)
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Now, since S0(x, µk) ⩾ 0 for every k ∈ N, we can bound the integrand in (4.108) as follows

1

(2πtϵ)n/2
e−( 1

2t
∥x−u∥22+S0(u,µk))/ϵ ⩽

1

(2πtϵ)n/2
e−

1
2tϵ

∥x−u∥22 , (4.111)

where
∫
Rn

1
(2πtϵ)n/2 e

− 1
2tϵ

∥x−u∥22 du = 1. We can therefore invoke the Lebesgue dominated conver-

gence theorem ([108], Theorem 2.24) and use (4.108) and the limit limk→+∞ e−S0(x,µk)/ϵ = e−J(x)/ϵ

(with limk→+∞ e−S0(x,µk)/ϵ = 0 for every x /∈ dom J) to find

lim
k→+∞

fϵ(x, t, k) = lim
k→+∞

−ϵ log

(
1

(2πtϵ)n/2

∫
Rn

e−( 1
2t
∥x−u∥22+S0(u,µk))/ϵ du

)
= −ϵ log

(
1

(2πtϵ)n/2

∫
dom J

e−( 1
2t
∥x−u∥22+J(u))/ϵ du

)
= Sϵ(x, t),

(4.112)

which gives the limit (4.29). By continuous differentiability and convexity of Rn ∋ x 7→ fϵ(x, t, k)

and Rn ∋ x 7→ Sϵ(x, t) and the limit (4.112), we can invoke [214, Theorem 25.7] to conclude that

the gradient ∇xfk(x, t, µk) converges to the gradient ∇xSϵ(x, t) as k → +∞. Hence we can take

the limit k → +∞ in (4.110) to find

lim
k→+∞

∇xfϵ(x, t, k) = lim
k→+∞

(∫
Rn ∇uS0(u, µk)e

−( 1
2t
∥x−u∥22+S0(u,µk))/ϵ du∫

Rn e
−( 1

2t
∥x−u∥22+S0(u,µk))/ϵ du

)

= ∇xSϵ(x, t),

(4.113)

which gives the limit (4.30). Finally, using the definition of the posterior mean estimate (4.3),

the limit (4.113), and the representation formula (4.15) derived in Proposition 4.2.1(iii), namely

uPM (x, t, ϵ) = x− t∇xSϵ(x, t), we find the two limits

uPM (x, t, ϵ) = lim
k→+∞

(∫
Rn ue

−( 1
2t
∥x−u∥22+S0(u,µk))/ϵ du∫

Rn e
−( 1

2t
∥x−u∥22+S0(u,µk))/ϵ du

)

= x− t lim
k→+∞

(∫
Rn ∇uS0(u, µk)e

−( 1
2t
∥x−u∥22+S0(u,µk))/ϵ du∫

Rn e
−( 1

2t
∥x−u∥22+S0(u,µk))/ϵ du

)
,

which establishes (4.31). This concludes the proof of (ii).
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4.D Proof of Proposition 4.3.3

Let us first introduce some notation. Let x ∈ Rn, t > 0, ϵ > 0, and u0 ∈ dom ∂J . Define the

functions

dom ∂J ∋ u 7→ φJ(u|x, t) =

(
u− x

t

)
+ π∂J(u)(0),

dom ∂J ∋ u 7→ ΦJ(u|x, t) =
1

2t
∥x− u∥22 + J(u),

and

φS0(·,µk)(u|x, t) =

(
u− x

t

)
+ ∇uS0(u, µk).

Note that for every u ∈ Rn, φJ(u|x, t) is a subgradient of the function v 7→ 1
2t ∥x− v∥22 + J(v)

evaluated at v = u and φS0(·,µk)(u|x, t) is a subgradient of the function v 7→ 1
2t ∥x− v∥22 +S(v, µk)

evaluated at v = u. Let {µk}+∞
k=1 be a sequence of positive real numbers converging to zero and

let S0 : Rn × (0,+∞) → R denote the solution to the first-order HJ PDE (1.22) with initial data J

(see Proposition 1.2.14). Note that the sequence {S0(u, µk)}+∞
k=1 is uniformly bounded from below

since

S0(u, µk) = inf
v∈Rn

{
1

2t
∥u− v∥22 + J(v)

}
⩾ J(u)

⩾ 0.

(4.114)

Now, define the function F : dom ∂J × dom ∂J × Rn × (0,+∞) → R as

F (u,u0,x, t) = ⟨φJ(u|x, t) − φJ(u0|x, t),u− u0⟩
e−( 1

2t
∥x−u∥22+J(u))/ϵ∫

Rn e
−( 1

2t
∥x−u∥22+J(u))/ϵ du

(4.115)

and the sequence of functions {Fµk}
+∞
k=1 with Fµk : Rn × Rn × Rn × (0,+∞) → R as

Fµk(u,u0,x, t) =
〈
φS0(·,µk)(u|x, t) − φS0(·,µk)(u0|x, t),u− u0

〉 e−( 1
2t
∥x−u∥22+S0(u,µk))/ϵ∫

Rn e
−( 1

2t
∥x−u∥22+S0(u,µk))/ϵ du

.

(4.116)

Since limk→+∞ S0(u, µk) = J(u) and limk→+∞∇uS0(u, µk) = π∂J(u)(0) for every u ∈ dom ∂J by
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Proposition 1.2.14(i) and (iv), and

lim
k→+∞

∫
Rn

e−( 1
2t
∥x−u∥22+S0(u,µk))/ϵ du =

∫
Rn

e−( 1
2t
∥x−u∥22+J(u))/ϵ du (4.117)

by (4.29) in Proposition 4.3.2(ii) and continuity of the logarithm, the limit

lim
k→+∞

Fµ(u,u0,x, t) = F (u,u0,x, t)

holds for every u ∈ dom ∂J , u0 ∈ dom ∂J , x ∈ Rn and t > 0. Note that since J is m-strongly

convex, the functions u 7→ 1
2t ∥x− u∥22+J(u) and u 7→ 1

2t ∥x− u∥22+S0(u, µk) are
(
1+mt
t

)
-strongly

convex. As a consequence, for every pair (u,u0) ∈ dom ∂J × dom ∂J , the following monotonicity

inequalities hold (see Definition 8, Equation (1.20)):

0 ⩽

(
1 +mt

t

)
∥u− u0∥22 ⩽ ⟨φJ(u|x, t) − φJ(u0|x, t),u− u0⟩ (4.118)

and

0 ⩽

(
1 +mt

t

)
∥u− u0∥22 ⩽

〈
φS0(·,µk)(u|x, t) − φS0(·,µk)(u0|x, t),u− u0

〉
. (4.119)

Multiply the first set of inequalities by e−( 1
2t
∥x−u∥22+J(u))/ϵ/

∫
Rn e

−( 1
2t
∥x−u∥22+J(u))/ϵ du and the sec-

ond set of inequalities by e−( 1
2t
∥x−u∥22+S0(u,µk))/ϵ/

∫
Rn e

−( 1
2t
∥x−u∥22+S0(u,µk))/ϵ du and use the defi-

nition of F and Fµk to get the inequalities

0 ⩽

(
1 +mt

t

)
∥u− u0∥22

e−( 1
2t
∥x−u∥22+J(u))/ϵ∫

Rn e
−( 1

2t
∥x−u∥22+J(u))/ϵ du

⩽ F (u,u0,x, t) (4.120)

0 ⩽

(
1 +mt

t

)
∥u− u0∥22

e−( 1
2t
∥x−u∥22+S0(u,µk))/ϵ∫

Rn e
−( 1

2t
∥x−u∥22+S0(u,µk))/ϵ du

⩽ Fµk(u,u0,x, t).

These inequalities show, in particular, that F and Fµk are both non-negative functions for every

(u,u0) ∈ dom ∂J × dom ∂J , x ∈ Rn, and t > 0. As a consequence, Fatou’s lemma ([108], Lemma
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2.18) applies to the sequence of functions {Fµk}
+∞
k=1, and hence

∫
dom ∂J

F (u,u0,x, t) du ⩽ lim inf
k→+∞

∫
dom ∂J

Fµk(u,u0,x, t) du

⩽ lim inf
k→+∞

∫
Rn

Fµk(u,u0,x, t) du

= lim inf
k→+∞

(∫
Rn

〈
φS0(·,µk)(u|x, t),u− u0

〉
e−( 1

2t
∥x−u∥22+S0(u,µk))/ϵ du∫

Rn e
−( 1

2t
∥x−u∥22+S0(u,µk))/ϵ du

−
∫
Rn

〈
φS0(·,µk)(u0|x, t),u− u0

〉
e−( 1

2t
∥x−u∥22+S0(u,µk))/ϵ du∫

Rn e
−( 1

2t
∥x−u∥22+S0(u,µk))/ϵ du

)
.

(4.121)

We now wish to compute the limit in (4.121). On the one hand, we can apply formula (4.24) in

Proposition 4.3.2(i) (with initial data S0(·, µk) and using φS0(·,µk)(u|x, t) =
(
u−x
t

)
+ ∇uS0(u, µk))

to the first integral on the right side on the last line of (4.121) to get

∫
Rn

〈
φS0(·,µk)(u|x, t),u− u0

〉
e−( 1

2t
∥x−u∥22+S0(u,µk))/ϵ du∫

Rn e
−( 1

2t
∥x−u∥22+S0(u,µk))/ϵ du

= nϵ. (4.122)

On the other hand, applying the limit result (4.31) in Proposition 4.3.2(ii) for the posterior mean

estimate uPM (x, t, ϵ) and the limit limk→+∞ φS0(·,µk)(u0|x, t) = φJ(u0|x, t) =
(
u0−x
t

)
+π∂J(u0)(0)

to the second integral on the right side on the last line of (4.121), we get

lim inf
k→+∞

∫
Rn

〈
φS0(·,µk)(u0|x, t),u− u0

〉
e−( 1

2t
∥x−u∥22+S0(u,µk))/ϵ du∫

Rn e
−( 1

2t
∥x−u∥22+S0(u,µk))/ϵ du

= ⟨φJ(u0|x, t),uPM (x, t, ϵ) − u0⟩ .

(4.123)

Combine (4.12), (4.115), (4.120), (4.121), (4.122), and (4.123) to get

(
1 +mt

t

)
EJ
[
∥u− u0∥22

]
⩽ EJ [⟨φJ(u|x, t) − φJ(u0|x, t),u− u0⟩]

⩽ nϵ− ⟨φJ(u0|x, t),uPM (x, t, ϵ) − u0⟩ .

This establishes the set of inequalities (4.32).

Next, we show that EJ
[∥∥π∂J(u)(0)

∥∥
2

]
< +∞ indirectly using the set of inequalities (4.32). By
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Proposition 4.3.1, uPM (x, t, ϵ) ∈ int (dom J). Hence there exists a number δ > 0 such that the

open ball {u ∈ Rn | ∥u− uPM (x, t, ϵ)∥2 < δ} is contained in int (dom J). Let u0 ∈ {u ∈ Rn |

∥u− uPM (x, t, ϵ)∥2 < δ} with u0 ̸= uPM (x, t, ϵ). Recall int (dom J) ⊂ dom ∂J , so that both

uPM (x, t, ϵ) and u0 are in the set dom ∂J . We claim that

EJ [|⟨φJ(u|x, t),uPM (x, t, ϵ) − u0⟩|] < +∞.

Indeed, using the triangle inequality, the set of inequalities (4.32) proven previously, the Cauchy-

Schwarz inequality, and that EJ [∥u− u0∥2] ⩽
(∫

Rn ∥u− u0∥2 e
− 1

2tϵ
∥x−u∥22 du

)
/ZJ(x, t, ϵ) < +∞

by assumption (A3),

EJ [|⟨φJ(u|x, t),uPM (x, t, ϵ) − u0⟩|] = EJ [|⟨φJ(u|x, t),uPM (x, t, ϵ) − u0 + (u− u)⟩|]

= EJ [|⟨φJ(u|x, t),u− u0⟩ − ⟨φJ(u|x, t),u− uPM (x, t, ϵ)⟩|]

⩽ EJ [|⟨φJ(u|x, t),u− u0⟩| + |⟨φJ(u|x, t),u− uPM (x, t, ϵ)⟩|]

= EJ [|⟨φJ(u|x, t),u− u0⟩|]

+ EJ [|⟨φJ(u|x, t),u− uPM (x, t, ϵ)⟩|]

⩽ EJ [|⟨φJ(u|x, t),u− u0⟩|] + nϵ

= EJ [|⟨φJ(u|x, t) + (φJ(u0|x, t) − φJ(u0|x, t)),u− u0⟩|]

+ nϵ

⩽ EJ [|⟨φJ(u|x, t) − φJ(u0|x, t),u− u0⟩|]

+ EJ [|⟨φJ(u0|x, t),u− u0⟩|] + nϵ

⩽ EJ [⟨φJ(u|x, t) − φJ(u0|x, t),u− u0⟩]

+ EJ [∥φJ(u0|x, t)∥2 ∥u− u0∥2] + nϵ

⩽ nϵ− ⟨φJ(u0|x, t),uPM (x, t, ϵ) − u0⟩

+ ∥φJ(u0|x, t)∥2 EJ [∥u− u0∥2] + nϵ

< +∞.

(4.124)

This shows that EJ [|⟨φJ(u|x, t),uPM (x, t, ϵ) − u0⟩|] < +∞ for every u0 ∈ {u ∈ Rn |

∥u− uPM (x, t, ϵ)∥2 < δ} different from uPM (x, t, ϵ). Now, let {ei}ni=1 denote the standard ba-
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sis in Rn and let {φJ(u|x, t)i}ni=1 denote the components of the vector φJ(u|x, t), i.e., φJ(u|x, t) =

(φJ(u|x, t)1, . . . , φJ(u|x, t)n). Using (4.124) with the choice of u0 = uPM (x, t, ϵ) − δ
2ei, which is

contained in the open ball {u ∈ Rn | ∥u− uPM (x, t, ϵ)∥2 < δ} for each i ∈ {1, . . . , n}, we get

EJ
[∣∣∣∣〈φJ(u|x, t),uPM (x, t, ϵ) − (uPM (x, t, ϵ) − δ

2
ei)

〉∣∣∣∣] = EJ
[∣∣∣∣〈φJ(u|x, t), δ

2
ei

〉∣∣∣∣]
=
δ

2
EJ [|φJ(u|x, t)i|]

⩽ 2nϵ−
〈
φJ(uPM (x, t, ϵ) − δ

2
ei | x, t),

δ

2
ei

〉
+

∥∥∥∥φJ(uPM (x, t, ϵ) − δ

2
ei|x, t)

∥∥∥∥
2

EJ
[∥∥∥∥u− (uPM (x, t, ϵ) − δ

2
ei)

∥∥∥∥
2

]
< +∞.

(4.125)

Using (4.125) and the norm inequality ∥φJ(u|x, t)∥2 ⩽
∑n

i=1 |φJ(u|x, t)i|, we can bound

EJ [∥φJ(u|x, t)∥2] as follows

0 ⩽ EJ [∥φJ(u|x, t)∥2] ⩽ EJ

[
n∑
i=1

|φJ(u|x, t)i|

]

=
n∑
i=1

EJ [|φJ(u|x, t)i|]

⩽ 2n2ϵ−
n∑
i=1

〈
φJ(uPM (x, t, ϵ) − δ

2
ei|x, t),

δ

2
ei

〉

+
n∑
i=1

∥∥∥∥φJ(uPM (x, t, ϵ) +
δ

2
ei|x, t)

∥∥∥∥
2

EJ
[∥∥∥∥u− (uPM (x, t, ϵ)

δ

2
ei)

∥∥∥∥
2

]
< +∞.

(4.126)

This shows that EJ [∥φJ(u|x, t)∥2] < +∞. Finally, use (4.126), φJ(u|x, t) = u−x
t + π∂J(u)(0), and



176

assumption (A3) to find

EJ
[∥∥π∂J(u)(0)

∥∥
2

]
= EJ

[∥∥∥∥π∂J(u)(0) +

(
u− x

t

)
−
(
u− x

t

)∥∥∥∥
2

]
⩽ EJ

[∥∥∥∥π∂J(u)(0) +

(
u− x

t

)∥∥∥∥
2

+

∥∥∥∥(u− x

t

)∥∥∥∥
2

]
= EJ [∥φJ(u|x, t)∥2] + EJ

[∥∥∥∥u− x

t

∥∥∥∥
2

]
⩽ EJ [∥φJ(u|x, t)∥2] +

1

tZJ(x, t, ϵ)

∫
Rn

∥u− x∥2 e
− 1

2tϵ
∥u−x∥22 du

< +∞.

This shows that EJ
[∥∥π∂J(u)(0)

∥∥
2

]
< +∞.

4.E Proof of Proposition 4.3.5

Proof of (i): Let x ∈ Rn and t > 0 and define the functions

dom ∂J ∋ u 7→ φJ(u|x, t) =

(
u− x

t

)
+ π∂J(u)(0),

dom ∂J ∋ u 7→ ΦJ(u|x, t) =
1

2t
∥x− u∥22 + J(u).

Note that for every u ∈ Rn, φJ(u|x, t) is a subgradient of the function v 7→ 1
2t ∥x− v∥22 + J(v)

evaluated at v = u.

Let v ∈ dom ∂J . The Bregman divergence of the function dom ∂J ∋ u 7→ ΦJ(u|x, t) at

(v, φJ(u|x, t)) is given by

DΦJ
(v, φJ(u|x, t)) = ΦJ(v|x, t) − ⟨φJ(u|x, t)),v⟩ + Φ∗

J(φJ(u|x, t))

≡ ΦJ(v|x, t) − ΦJ(u|x, t) + ⟨φJ(u|x, t)),u− v⟩ ,

where the second equality follows the definition of the convex conjugate (1.3) and that φJ(u|x, t) ∈

∂ΦJ(u,x, t).
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Take the expected value with respect to the variable u over dom ∂J to find

EJ [DΦJ
(v, φJ(u|x, t))] = ΦJ(v|x, t) − EJ [⟨φJ(u|x, t)),v⟩ + Φ∗

J(φJ(u|x, t))]

≡ ΦJ(v|x, t) − EJ [ΦJ(u|x, t) + ⟨φJ(u|x, t)),u− v⟩] .
(4.127)

We claim that the expected value EJ [DΦJ
(v, φJ(u|x, t))] is finite. We will show this by proving,

in turn, that the expected values EJ [ΦJ(u|x, t)] and EJ [⟨φJ(u|x, t)),u− v⟩] are finite. Estab-

lishing the finiteness of EJ [DΦJ
(v, φJ(u|x, t))] will enable us to conclude that the expected value

EJ [Φ∗
J(φJ(u|x, t))] on the right hand side of the first equality of (4.127) is also finite.

First, using the definition of ΦJ(u|x, t) we have

EJ [ΦJ(u|x, t)] ≡ EJ
[

1

2t
∥x− u∥22 + J(u)

]
.

The expected value EJ
[
1
2t ∥x− u∥22

]
is finite because we can use the definitions of the posterior

mean estimate and inequality (4.33) (with m ≡ 0 in (4.33)) to express it as

0 < EJ
[

1

2t
∥x− u∥22

]
= EJ

[
1

2t
∥(x− uPM (x, t, ϵ)) − (u− uPM (x, t, ϵ))∥22

]
= EJ

[
1

2t
∥x− uPM (x, t, ϵ)∥22

]
+ EJ

[
1

2t
∥u− uPM (x, t, ϵ)∥22

]
+

2EJ [⟨x− uPM (x, t, ϵ),u− uPM (x, t, ϵ)⟩]

=
1

2t
∥x− uPM (x, t, ϵ)∥22 + EJ

[
1

2t
∥u− uPM (x, t, ϵ)∥22

]
+ 2 ⟨x− uPM (x, t, ϵ),EJ [u] − uPM (x, t, ϵ)⟩

=
1

2t
∥x− uPM (x, t, ϵ)∥22 + EJ

[
1

2t
∥u− uPM (x, t, ϵ)∥22

]
+ 2 ⟨x− uPM (x, t, ϵ),uPM (x, t, ϵ) − uPM (x, t, ϵ)⟩

=
1

2t
∥x− uPM (x, t, ϵ)∥22 + EJ

[
1

2t
∥u− uPM (x, t, ϵ)∥22

]
⩽

1

2t
∥x− uPM (x, t, ϵ)∥22 +

nϵ

2
.

The expected value EJ [J(u)] is also finite because it is bounded by the set of inequalities (4.23)

in Proposition 4.3.1. Hence, the expected value EJ [ΦJ(u|x, t)] ≡ EJ
[
1
2t ∥x− u∥22

]
+ EJ [J(u)] is
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finite.

Second, note that the expected value EJ [⟨φJ(u|x, t),u− v⟩] can be written as

EJ [⟨φJ(u|x, t),u− v⟩] = EJ [⟨φJ(u|x, t) − φJ(v|x, t),u− v⟩ + ⟨φJ(v|x, t),u− v⟩]

= EJ [⟨φJ(u|x, t) − φJ(v|x, t),u− v⟩] + ⟨φJ(v|x, t),EJ [u] − v⟩

= EJ [⟨φJ(u|x, t) − φJ(v|x, t),u− v⟩] + ⟨φJ(v|x, t),uPM (x, t, ϵ) − v⟩ .
(4.128)

Apply the monotonicity property (4.32) to the expected value EJ [⟨φJ(u|x, t) − φJ(v|x, t),u− v⟩]

(with u0 ≡ v in (4.32)) in the previous equation to find

0 ⩽ EJ [⟨φJ(u|x, t) − φJ(v|x, t),u− v⟩] ⩽ nϵ− ⟨φJ(v|x, t),uPM (x, t, ϵ) − v⟩ .

Add the term ⟨φJ(v|x, t),uPM (x, t, ϵ) − v⟩ on both sides of these inequalities to get

⟨φJ(v|x, t),uPM (x, t, ϵ) − v⟩ ⩽ EJ [⟨φJ(u|x, t) − φJ(v|x, t),u− v⟩]

+ ⟨φJ(v|x, t),uPM (x, t, ϵ) − v⟩

⩽ nϵ.

(4.129)

Combine the inequalities (4.129) with the equality (4.128) to find

⟨φJ(v|x, t),uPM (x, t, ϵ) − v⟩ ⩽ EJ [⟨φJ(u|x, t),u− v⟩] ⩽ nϵ.

These bounds prove that the expected value EJ [⟨φJ(u|x, t),u− v⟩] is finite.

The previous arguments show that the expected value EJ [DΦJ
(v, φJ(u|x, t))] is finite. Now,

we claim that the expected value EJ [⟨φJ(u|x, t)),v⟩] ≡ ⟨EJ [φJ(u|x, t))] ,v⟩ is finite. Indeed, we

can use the representation formula (4.15) for expressing the posterior mean estimate in terms of

the gradient ∇xSϵ(x, t) of the solution to the viscous HJ PDE (4.14) and use that EJ
[
π∂J(u)(0)

]



179

is finite (Proposition 4.3.3) to write

EJ [φJ(u|x, t))] = EJ
[(

u− x

t

)
+ π∂J(u)(0)

]
= EJ

[(
u− x

t

)]
+ EJ

[
π∂J(u)(0)

]
≡ −∇xSϵ(x, t) + EJ

[
π∂J(u)(0)

]
,

where both terms on the right hand side are finite. This shows that EJ [φJ(u|x, t))] is finite.

Using that EJ [DΦJ
(v, φJ(u|x, t))] and EJ [φJ(u|x, t))] are finite in Equation (4.127), we con-

clude that the expected value EJ [Φ∗
J(φJ(u|x, t))] is also finite. We can now use the definitions of

ΦJ and φJ to express Equation (4.127) as

EJ [DΦJ
(v, φJ(u|x, t))] = EJ [ΦJ(v|x, t) − ⟨φJ(u|x, t)),v⟩ + Φ∗

J(φJ(u|x, t))]

=
1

2t
∥x− v∥22 + J(v)

+
〈
∇xSϵ(x, t) − EJ

[
π∂J(u)(0)

]
,v
〉

+ EJ [Φ∗
J(φJ(u|x, t))] ,

(4.130)

where, again, we used that EJ [φJ(u|x, t))] = −∇xSϵ(x, t) + EJ
[
π∂J(u)(0)

]
. Now, let

J̃(v) = J(v) +
〈
∇xSϵ(x, t) − EJ

[
π∂J(u)(0)

]
,v
〉
.

Take the infimum over v ∈ Rn on both sides of Equation (4.130) to find:

inf
v∈Rn

EJ [DΦJ
(v, φJ(u|x, t))] = inf

v∈Rn

{
1

2t
∥x− v∥22 + J̃(v)

}
+ EJ [Φ∗

J(φJ(u|x, t))]

Now, note that by assumption (A1), the function v 7→ J̃(v) ∈ Γ0(Rn). Hence the function

v ∋ Rn →7→ 1
2 ∥x− v∥22 + J̃(v) is strictly convex and has a unique minimizer denoted by v̄.

Therefore, the infimum in the equality above can be replaced by a minimum. In addition, recall

that minv∈Rn
1
2 ∥x− v∥22 + J̃(v) corresponds to the solution to the first-order HJ PDE (1.22) with

initial condition J̃ . Using Proposition 1.2.14(ii), the unique minimizer v̄ can be expressed using
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the inclusion relation

(
x− v̄

t

)
∈ ∂J(v̄) +

(
∇xSϵ(x, t) − EJ

[
π∂J(u)(0)

])
. (4.131)

Therefore, the minimizer v̄ is also the unique minimizer to v 7→ EJ [DΦJ
(v, φJ(u|x, t))].

Proof of (ii): If dom J = Rn, then the representation formula ∇xSϵ(x, t) = EJ
[
π∂J(u)(0)

]
derived in Proposition 4.3.2 holds and the characterization of the unique minimizer v̄ in equa-

tion (4.131) reduces to (
x− v̄

t

)
∈ ∂J(v̄).

By Proposition 1.2.14(ii), the unique minimizer that satisfies this characterization is the MAP

estimate uMAP (x, t), i.e., v̄ = uMAP (x, t).
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5.1 Future Work

Chapter 2 of this dissertation presented novel accelerated nonlinear primal-dual hybrid gradient

(PDHG) methods to solve a broad class of convex optimization problems with saddle-point struc-

ture. These methods were used in Chapter 3 to solve certain sparse logistic regression, regularized

maximum entropy estimation and entropy-regularized zero-sum matrix games problems in a way

that is far more efficient than competing methods. Work that applies these methods to concrete

problems will be pursued in the future. They should prove useful to a broad class of supervised

machine learning not covered in this dissertation, including regression and classification problems

defined on the unit simplex as well boosting and structured prediction algorithms for classification

problems.

The latter, boosting and structured prediction algorithms, are central for solving classification

problems in many applications, such as natural language processing and computational biology.

Several of these algorithms, e.g., AdaBoost, LogitBoost, soft-margin LPBoost, and conditional

random fields, correspond to entropy maximization problems via their dual problems. Most opti-

mization methods for these algorithms, however, ignore these connections. As these connections

can be leveraged by nonlinear PDHG methods (e.g., such as in sparse logistic regression and reg-

ularized maximum entropy methods) for speed and efficiency, one can anticipate that nonlinear

PDHG methods would work particularly well for boosting and structured prediction algorithms.

It would be interesting and particularly useful to extend the accelerated nonlinear PDHG meth-

ods described here to the stochastic case for problems that are separable in the dual variable, and

to the non-convex case to deal with large-scale non-convex problems, such as those arising in deep

learning. These extensions will be pursued in in future work as well.

In addition, chapter 2 highlighted how a broad class of supervised machine learning algorithms

correspond to solutions of first-order Hamilton–Jacobi partial differential equations (HJ PDEs)

with initial data. As the representation formulas for many first-order HJ PDEs can be cast as

convex optimization problems with appropriate saddle-point structure, the accelerated nonlinear
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PDHG optimization methods presented in chapter 2 should prove particularly efficient and robust

for solving high-dimensional first-order HJ PDEs, including those that arise in optimal control and

in imaging science [69, 68, 154].

Chapter 2 of this dissertation presented connections between first-order HJ PDEs and a broad

class of supervised machine learning algorithms, but it did not discuss how these connections could

be applied or used in practice. It would be of interest to investigate how these connections could

be used in practice. For sparse logistic regression, in particular, it would be of interest to use these

connections to HJ PDEs for the problem of controlling the false discovery rate inherent to variable

selection with logistic regression via knockoff statistics [13, 39, 14]. As these statistics can be built

from sparse logistic regression, and hence from the solution to an HJ PDE, it may be possible to

obtain new properties for these statistics that may suggest a novel way to create a statistic that is

more desirable than other statistics to control the false discovery rate.

Chapter 4 presented connections between some viscous Hamilton–Jacobi partial differential

equations and a broad class of posterior mean (PM) estimators with log-concave prior and quadratic

data fidelity term. These connections were leveraged to establish representation formulas and

various properties of these PM estimators. In particular, we used these connections to show that

some Bayesian PM estimators can be expressed as proximal mappings of smooth functions and we

derived representation formulas for these functions. Based on preliminary work, we expect that

similar results can be established for certain posterior mean estimators with log-concave prior but

with data fidelity term corresponding to Poisson noise and Speckle noise.
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[44] Antonin Chambolle and Jérôme Darbon. On total variation minimization and surface evolu-

tion using parametric maximum flows. International journal of computer vision, 84(3):288,

2009.

[45] Antonin Chambolle and Pierre-Louis Lions. Image recovery via total variation minimization

and related problems. Numerische Mathematik, 76(2):167–188, 1997.

[46] Antonin Chambolle and Thomas Pock. A first-order primal-dual algorithm for convex prob-

lems with applications to imaging. Journal of mathematical imaging and vision, 40(1):120–

145, 2011.

[47] Antonin Chambolle and Thomas Pock. On the ergodic convergence rates of a first-order

primal–dual algorithm. Mathematical Programming, 159(1-2):253–287, 2016.

[48] Antonin Chambolle and Thomas Pock. An introduction to continuous optimization for imag-

ing. Acta Numer., 25:161–319, 2016.



189

[49] Antonin Chambolle, Matthias J Ehrhardt, Peter Richtárik, and Carola-Bibiane Schonlieb.
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totale vers les moyennes non-locales. PhD thesis, Université René Descartes-Paris V, 2008.
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