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Abstract of “Variational and Bayesian Methods for Solving Hamilton—Jacobi Equations in Machine
Learning and Imaging Science”, by Gabriel Provencher Langlois, Ph.D., Brown University, May
2022.

The growing computational demands of data science applications pose a significant challenge to
machine learning and the applied sciences. These applications have relied mainly on increases
in computing power to improve performance, but the computational power required to manage
growing data sets and continue progress is soon expected to become economically and environ-
mentally unsustainable. The design of efficient algorithms from problem domains (e.g., machine
learning, imaging science, and optimal control) that take advantage of emerging hardware (e.g.,
field-programmable gate arrays architectures) has accordingly been identified as crucial to meet
this challenge. Many traditional algorithms, however, were not developed to handle big data sets
efficiently in this way. In this dissertation, I contribute innovative variational and Bayesian methods
for large-scale machine learning and imaging science to try and meet this challenge. The focus is
mathematical and supplemented with numerical examples. Chapter 2 of this dissertation introduces
novel accelerated nonlinear primal-dual hybrid gradient methods tailored for efficiently solving a
broad class of convex-concave saddle-point problems. I prove rigorous convergence results, includ-
ing results for strongly convex or smooth problems posed on infinite-dimensional reflexive Banach
spaces. Moreover, I establish novel connections between supervised learning tasks in machine learn-
ing and a broad class of first-order Hamilton—Jacobi partial differential equations with initial data.
Chapter 3 of this dissertation applies the optimization methods developed in Chapter 2 to sparse lo-
gistic regression, regularized maximum entropy estimation, and entropy-regularized matrix games.
I discuss each problem in detail, and I propose an explicit accelerated nonlinear primal-dual hybrid
gradient method to solve each problem efficiently. I also present some numerical experiments to il-
lustrate that my novel accelerated nonlinear primal-dual hybrid gradient methods are considerably
faster than competing optimization methods. Finally, Chapter 4 of this dissertation presents new
theoretical connections between a broad class of Bayesian posterior mean estimators for imaging
science and viscous Hamilton—Jacobi partial differential equations with initial data. I use these
connections to establish novel representation formulas and various properties of Bayesian posterior

estimators.
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Chapter One

Introduction



1.1 Overview

The growing computational demands of data science applications pose a significant challenge to
machine learning and the applied sciences. These applications have relied mainly on increases
in computing power to improve performance, but the computational power required to manage
growing data sets and continue progress is soon expected to become economically and environ-
mentally unsustainable. The design of efficient algorithms from problem domains (e.g., machine
learning, imaging science, and optimal control) that take advantage of emerging hardware (e.g.,
field-programmable gate arrays architectures) has accordingly been identified as crucial to meet
this challenge. Many traditional algorithms, however, were not developed to handle big data sets

efficiently in this way.

This dissertation aims to try and meet this challenge and focuses on variational and Bayesian
methods for solving large-scale problems in machine learning and imaging science as well as on con-
nections between these methods to a broad class of Hamilton—Jacobi partial differential equations
with initial data. Specifically, its goals are to develop innovative optimization methods for creating
efficient machine learning algorithms to leverage emerging hardware for big data applications, to
create new insights and novel methods for high-dimensional Bayesian estimation in imaging sci-
ence, and to establish novel connections between Hamilton—Jacobi partial differential equations to
be leveraged in future applications and research, e.g., in statistics, optimal control and scientific

computing.

The next three chapters collects the results that I published, submitted for publication, or are
in preprint form. Each chapter includes an introduction that motivates the problem(s) at hand, the
formulation of said problem(s), the results and a discussion. The material in chapter 3 applies the
optimization methods developed in chapter 2 to several supervised machine learning problems, but
it can be read separately from chapter 2 if one accepts on faith that the optimization methods work
as intended. The key mathematical concepts, symbols and notation are introduced in Section 1.2
of this chapter. The notation may vary a little across chapters, but I tried to define these terms

explicitly whenever they appeared and be as consistent as possible to avoid any confusion.



Chapter 2 presents my mathematical work on nonlinear primal-dual hybrid gradient optimiza-
tion methods. Motivated by machine learning and statistics problems, I introduce accelerated
nonlinear PDHG optimization methods that use Bregman proximal operators to be highly flexible
and efficient in a way that is not currently possible in the optimization literature. The introduction
presents an example with sparse logistic regression to illustrate this point. Sparse logistic regression,
it turns out, admits a formulation in terms of an Hamilton—Jacobi partial differential equation. The
introduction briefly and formally explains this. In addition, I discuss in Section 2.5 of the chapter
how several supervised machine learning algorithms correspond to solutions to Hamilton—Jacobi
partial differential equations. To the best of my knowledge, these results are novel and this dis-
sertation presents connections between logistic regression (and other supervised machine learning
problems described in chapter 2 and 3) and Hamilton—Jacobi partial differential equations for the
first time in the mathematical and scientific literature. In the rest of chapter 2, I prove rigorous
convergence results for accelerated nonlinear primal-dual hybrid gradient methods, including results

for strongly convex or smooth problems posed on infinite-dimensional reflexive Banach spaces.

Chapter 3 applies the accelerated nonlinear primal-dual hybrid gradient optimization meth-
ods described in chapter 2 to several supervised machine learning algorithms. It presents detailed
treatments of sparse logistic regression and regularized maximum entropy estimation problems,
including novel connections between these problems and Hamilton—Jacobi partial differential equa-
tions. I also discuss other applications to regression and classification problems defined on the unit
simplex. Finally, this chapter presents numerical experiments to illustrate that the accelerated
nonlinear primal-dual hybrid gradient methods I introduce are considerably faster than competing

methods.

Chapter 4 presents my work on Bayesian methods in imaging science and Hamilton—Jacobi
partial differential equations. This work establishes that solutions to some viscous Hamilton—
Jacobi partial differential equations with initial data describe extensively a broad class of posterior
mean estimators with quadratic fidelity term and log-concave prior. It also uses these connections
to establish representation formulas and various properties of posterior mean estimators, and it

describes the practical consequences for posterior mean estimators used in imaging science. Notably,



I use these connections to prove that some posterior mean estimators can be expressed as proximal
mappings of smooth functions and derive representation formulas for these functions. This result,
in particular, shows that posterior mean estimators correspond to maximum a posterior estimators
(or modes) of appropriately smooth posterior distributions. It also explains why the posterior
mean estimator in imaging science avoids image denoising staircasing effects. Finally, I also present
some extensions of these results to a class of posterior mean estimators whose priors are sums of

log-concave priors, that is, to posterior mean estimators of mixture distributions.

The last chapter of this dissertation summarizes the intellectual merit of this work, outlines
future work and directions of the work presented in this dissertation, and describes the broader
impact of this work in the context of the broader optimization, machine learning, optimal control,

scientific computing, and imaging science communities.

The publications (refereed journal articles, book chapters, or submitted to a journal or in
preparation) on which each chapter is based are detailed below. I am the primary contributor to all
the works below except for the work based on the book chapter [72] presented in Section 4.4, which
is joint work with Tingwei Meng. Although not presented in this dissertation, I also co-authored a
paper [71] with Jérome Darbon and Tingwei Meng on overcoming the curse of dimensionality for

some Hamilton—Jacobi partial differential equations via neural network architectures.

Chapters 2 and 3:

— Accelerated nonlinear primal-dual hybrid gradient methods with applications to supervised
machine learning, Darbon, Jérome and Langlois, P. Gabriel. Submitted to the Journal

of Machine Learning Research [67]

— Efficient and robust high-dimensional sparse logistic regression via nonlinear primal-
dual hybrid gradient algorithms, Darbon, Jérome and Langlois P. Gabriel. Preprint on
arXiv [65]

— Efficient and robust nonlinear high-dimensional maximum entropy estimation via non-
linear primal-dual hybrid gradient algorithms, Darbon, Jérome and Langlois P. Gabriel.

In preparation.



Chapter 4:

— On Bayesian posterior mean estimators in imaging sciences and Hamilton—Jacobi partial
differential equations, Darbon, Jérome and Langlois, P. Gabriel, Published in Journal of

Mathematical Imaging and Vision [66]

— Connecting Hamilton—Jacobi partial differential equations with mazimum a posteriori
and posterior mean estimators for some non-convex priors, Darbon, Jérome, Langlois,

P. Gabriel, and Tingwei Meng. Book chapter [72]

1.2 Background

This section introduces the mathematical concepts from real, convex and functional analysis that are
used throughout the dissertation. For comprehensive references, see [33, 92, 108, 136, 137, 214, 215].

The key symbols and notation are summarized in Table 1.1.

In all definitions and facts below, the spaces X and ) denote two real reflexive Banach spaces
endowed with norms ||-[|, and [|-[|5,. The interior of a non-empty subset C' of & or ) is denoted
by int C'. The set of proper, convex and lower semicontinuous functions defined on X and Y are
denoted by I'o(X) and T'g()). The dual spaces of all continuous linear functionals defined on X
and ) are denoted by X'* and Y*. For a linear functional * € X* and an element & € X, the
bilinear form (x*,x) gives the value of «* at x. Likewise, for a linear functional y* € }* and an
element y € ), the bilinear form (y*,y) gives the value of y* at y. The norms associated to X*

and Y* are defined as

[ 4 = sup (2"@) and |[ly"[ly. = sup (¥ y).
el =1 lylly=1

Let A: X — ) denote a bounded linear operator. Its corresponding adjoint operator A*: Y* — X*

is defined so as to satisfy

(A'y" z) = (y*, Ax)



for every @ € X and y* € Y*. The operator norm associated to A is defined as
[Allop = sup [[Az|y =A%, = sup [|A%Y"[y..
llz]l x=1 Hy*”y*:1

These definitions imply the Cauchy—Schwartz inequality

(y"s Az)| < [[Allop 2] x 157y -

Table 1.1: List of key symbols and notation used throughout the dissertation

Notation Meaning

X Real reflexive Banach space endowed with norm ||| ,

X* Dual space of all continuous linear functionals defined on X

x— (x*, x) Value of the functional =* at =

- 1| s Norm over the dual space X™: [|&*|| y. = supjz| ,—1 (", %)

A X =Y Bounded linear operator between two reflexive Banach spaces X and Y
A*: Y* — X* | Adjoint operator of A

1Al op Operator norm of A: [[A[l,, = supyz =1 [|Az|ly = supjy . =1 |A"Y"[| -
| A5 Largest singular value of an m x n real matrix A

A1 5 Maximum ¢ norm of a column of an m x n real matrix A

1Al o Maximum ¢+, norm of a column of an m x n real matrix A

(A| B) Horizontal concatenation of two m x n matrices A and B

int C Interior of a non-empty subset C'

ri C Interior of a non-empty subset C' relative to the affine hull of C'

cdC Closure of a non-empty subset C'

bd C Boundary of a non-empty subset C: bd C =cl C'\ int C

dom g Domain of a function g

Tp(X) Set of proper, convex and lower semicontinuous functions defined on X
dg(x) Subdifferential of a function g € I'o(X) at € € X

dom Of The set of points « € dom f for which the subdifferential df(x) is non-empty
g Convex conjugate of a function g

I, n X n identity matrix

A, Unit simplex over R": A, = {z e R" : 377, [z]; = 1}

Hn(x) Negative entropy of & € Ap: Hp(z) = > 7, []; log ([x];)

wo(x) Projection of € X onto a closed convex set C: m¢(x) = arg ming, .o ||z — u3
Vaf(x,t) Gradient vector with respect to @ of the function (x,t) — f(x,t)

V- f(x,t) Divergence with respect to « of the function (x,t) — f(x,t)

V2 f(x,t) Laplacian with respect to @ of the function (x,t) — f(x,t)




1.2.1 Definitions

Definition 1 (Convex sets). A subset C C X is convez if for every pair (x,2') € C x C and every

scalar X € (0,1), the point Ax + (1 — N)&’ is contained in C.

Definition 2 (Proper functions). A function f defined on X is proper if its domain
dom f={xeX: f(x) < +oo}

is non-empty and f(x) > —oo for every x € dom f.

Definition 3 (Lower semicontinuous functions). A proper function f: X — R U {400} is lower

semicontinuous at a point x € X if for every sequence {wk}gj{ i X that converges to x,

liminf f(xy) > f(x).

k——+o0

We say that f is lower semicontinuous if it is lower semicontinuous at every x € dom f.

Definition 4 (Convex functions). A proper function f: X — R U {+oo} is convex if its domain

dom f is convexr and if for every pair (x,x') € dom f x dom f and every scalar X € [0, 1],
fOz+ (1= Nz') <Af(z) + (1 - N) f(a)).

It is strictly convex if the inequality above is strict whenever @ # @' and \ € (0,1), and it is a-

strongly convex (with o > 0) if for every pair (x,x’) € dom f x dom f and every scalar X\ € [0, 1].
fOz+ (1 —=XNz) < Af(z)+ (1= N f(x) - %)\(1 —A) Ha: — m'Hi :

Definition 5 (Coercive functions). A proper function f: X — RU {+o0} is coercive if for every

sequence {xy}; 2] in X such that limy_, o ||@k]| , = +00,

lim f(xg) = +oo.

k——+o0

A proper function f: X — RU{4o00} is supercoercive if for every sequence {:l:k};rg i X such that



im0 @k ¥ = +00,

lim f(xy) — too
k—-+oo |||

Definition 6 (Weak convergence). A sequence {mk};zoﬁ of points in X converges weakly to € € X

if for every linear functional x* € Ty(X),

li @) = (af, T
Jm (@, @) = (7 x)

Definition 7 (Differentiability). A proper function f: X — R U {+oo} with int(dom f) # & is

differentiable at a point x € int(dom f) if there exists a linear functional x* € X* such that for

every ¥’ € X,
/ p—
lim flx+22) — f(z) _ <:1:*,:B/>.
A—0 A
A>0

This linear functional, when it exists, is unique. It is called the gradient of f at * and is denoted

by Vf(x).

Definition 8 (Subdifferentiability and subgradients). A function f € T'o(X) is subdifferentiable at

a point © € X if there exists a linear functional * € X* such that for every ' € dom f,
f@) = f(x) — (x*, @' —x) > 0. (1.1)

In this case, x* is called a subgradient of the function f at . The set of subgradients at € € X
is called the subdifferential of f at x, and it is denoted by Of(x). The subdifferential Of(x) is a
closed convex subset of X whenever it is non-empty, and f has a unique subgradient at x if and

only if f is differentiable at x [21}, Theorem 25.1].

The set of points * € dom f at which the subdifferential Of(x) is non-empty is denoted by
dom Of.

If f is strictly conver, then for @ # x' the inequality in (1.1) is strict. If f is m-strongly convex

and x € dom Of, then for every ' € dom f the subgradients x* € Of (x) satisfy the inequality

f@) — flx)— (z", ' —x) > @Hm—m’Hi. (1.2)



Definition 9 (Convex conjugates). Let f € T'o(X). The convezx conjugate f*: X* — RU{+o0} of
f is defined by
[f@") = sup {(z%,z) - f(z)}. (1.3)

xzcdom f
By definition, the function f* is in To(X™*) [92, Page 17, Definition 4.1]. The supremum in (1.3)
is attained if and only if there exists € dom Of such that x* € Jf(x).
Definition 10 (Essential smoothness). A function f € To(X) is essentially smooth if dom Jf # @,
dom Of = int(dom f), f is differentiable on int(dom f), and ||V f(x)||, — +oo for every sequence

{x)}> in int(dom f) converging to some boundary point of dom f.

Definition 11 (Essential strict convexity). A function f € T'o(X) is essentially strictly convez if f
is strictly convex on every convex subset of dom Of and the subdifferential mapping Of* is locally

bounded on its domain.

Definition 12 (Strong smoothness). Let f: X — R. The function f is -strongly smooth (with

B > 0) if it is continuously differentiable everywhere on its domain and if for every x, ' € X,
< / v / / B 2
@) < fla) + (V@) x — ') + T [lo -]

If f is also convex, then this characterization is equivalent to the uniform Lipschitz continuity of

the gradient  — V f(x) with constant 5 [261, Lemma 4:
IVs(@) = Vi@, < Blle -],

Definition 13 (Saddle points). Let L: X x Y* — RU{+4o00} be a proper function. A pair of points

(xs,y%) € X x Y* is a saddle point of L if for every x € X and y* € V¥,
L(zs,y") < L(zs,y5) < L, Y5)-

Definition 14 (Bregman divergences). Let ¢ € I'o(X') with int(dom ¢) # &. The Bregman diver-

gence of the function ¢ is the function Dg: X x int(dom ¢) — [0, +00] defined as

Dy(z,x') = ¢(x) — ¢(z') — m*gé?((m/) {{z*,x —a')}. (1.4)
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Note that Bregman divergences are sometimes defined differently in the convexr analysis literature.

The definition above is that from Bauschke et al. [20, Definition 7.1 and Lemma 7.3(1)].

A more general definition, which will be used in Chapter 3, expresses the Bregman divergence
in terms of the spaces X and X*: Let ¢ € T'o(X). The Bregman divergence of ¢ is the function
Dy: X x X* = [0,400] defined by

Dy(x,x") = p(x) — (7, @) + ¢"(x"). (1.5)

Note that for every ' € int(dom @), there exists some x* € X* for which * € d¢p(x’). Hence in
this case one may write

¢(x) — ¢(z') — max N {{(z", 2 —a')} = ¢(z) — (=", =) + ¢"(27),

x*€dP(x

which is precisely the right hand side of (1.5). Thus one can always express the Bregman divergence
in (1.4) as the one in (1.5) for some appropriate ** € X*. The converse does not hold in general

because int dom ¢ C dom O¢ and the inclusion may be strict [214, Theorem 23.4].

Definition 15 (Bregman proximity operators). Let f,¢ € T'o(X) with int(dom ¢) # @& and let
t > 0. The Bregman Dg-prozimal operator ProX(; D¢)(-) s a set-valued mapping defined for every

x' € int(dom ¢) as

prox(tﬁqu)(ac’) = {ﬁc €dom fNdom ¢:tf(&)+ Dy(z,2') = ;g{ {tf(x) + Dy(z,x')} < —i—oo} .
(1.6)

Definition 16 (Projections). Let C' denote a closed convex subset of R™. To every x € R™, there
exists a unique element o (x) € C called the projection of & onto C' that is closest to x in Fuclidean
norm, i.e.,

mo(x) = argmin ||z — u||§ . (1.7)
ueC

This correspondence defines a map x — wc(x) from R™ to C called the projector onto C [10,
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Chapter 0.6, Corollary 1]. It satisfies the characterization
(x —7o(m), @’ — me(x)) <0, Va'eC. (1.8)

Definition 17 (Infimal convolutions). Let fi € To(R™) and fo € T'o(R™). The infimal convolution

of f1 and fs is the function

R*"> x— (flﬂfg)(a:) = inf " {fl(:lil) + fz(mz)} (1.9)

T1t+x2=

The infimal convolution is exact if the infimum is attained at x1 € dom f1 and xs € dom fo, and

in that case the infimum in (1.9) can be replaced by a minimum.

Definition 18 (Moreau—Yosida envelopes and proximal mappings). Let t > 0 and J € To(R").

The functions

Lo - 1 2
120 — ol — ]
o (gl 1827) (@) = ot {5 o~ wl+ g} (1.10)
and
(1 )
x — argmin{ — ||z — u||; + J(u) (1.11)
’U,GRW‘ 2t

are called the Moreau—Yosida envelope and proximal mapping of J, respectively [137, 182, 215].

1.2.2 Facts

Fact 1.2.1. Leta > 0 and let A: X — Y be a bounded linear operator. For every (x,y*), (z',y*') €

X x Y*, the following auziliary inequality holds:

1
(y* —y*, Az — )| <||A],, (g | — /|| + 5 v = v i,) : (1.12)
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Proof. From the Cauchy—Schwartz inequality,

" = v Al = )| < [AlLy e = ] o~ 7

« 1 2
~ 1Al (5 llo = @3 + 55 " = w1

(0% 1 * *
(el o -1
2
y* |-

2
)

1
<ALy (§ llo = @1+ 5w -7
O

Fact 1.2.2 (Weighted averages of a convergent sequence). Let {wk};:o? C X be a sequence converg-
ing strongly to some € X, let {\;}}>3 C (0,+00) be a divergent sequence, i.e., F2S M\ = oo

and set Ty, = ijl Aj. Then

li Ajzj | —=x|| =0.
k—lgil-loo Tk Z J
- X
Proof. Fix € > 0. Then there exists some K; € N such that for every k > K1, we have ||z, — x|, <

€/2. Now, let k > K, take the difference between the weighted average Tik Z?:l Ajxzj and x, take

the norm, use the triangle inequality and rearrange to get

1 k k
2w = Z
J=1 X ]: X
k
ZA 2 — ||
Kl 1
Z Aj llej — 2 + Z Aj llj — |,
] K
K1 1
Z Al — || + Z AJ2
J K
Kl 1

Z Ajlleg = wHXJr*

The first term on the right hand side of the last line depends on k only through the term Ty. By
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assumption, T, — 400 as k — +o00, and therefore there exists some K5 € N such that for £ > Ko,

1 R €
T ; Aj llag =l < 5

Taking k£ > max (K, K3), we find

k
1
EZ/\]':EJ' — X < €.
Jj=1 X

As € was arbitrary positive number, we can take ¢ — 0 and obtain the desired result. O

Fact 1.2.3 (Supercoercivity). Let f € T'o(X) and suppose that f is supercoercive. Then for every
a > 0, there exists B € R such that f(x) > a||x|, + B for every x € X. In particular, a

supercoercive function is always bounded from below.

Proof. See [20, Lemma 3.2] for a proof. O

Fact 1.2.4 (Bounded sequences and weak convergence). Let {x;}} > be a bounded sequence in X.

Then this sequence has a subsequence {xkl}f:‘)f that converges weakly to some element in X.

Proof. See [33, Theorem 3.18]. O

Fact 1.2.5 (Strong convexity and strong smoothness). Let f € Tg(X). Then f is a-strongly convex

(with o > 0) if and only if its convex conjugate f* € To(X*) is %—strongly smooth.

Proof. See [147, Theorem 6 and Appendix A.1]. O

Fact 1.2.6 (The primal problem and its dual problem). Let g € T'o(X), let h € T'x(Y), and let

A: X — Y be a bounded linear operator. Assume the primal (minimization) problem

inf {g(x) + h(Ax)} (1.13)
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has at least one solution and assume there exists x € X such that h is continuous at Ax. Then the

dual (mazimization) problem

sup {—g"(-A"y*) — h*(y")} (1.14)
yrey*

is finite and has at least one solution. Moreover, if (xs,y%) denotes a pair of solutions to the primal

and dual problem then (xs,y?) satisfies the following optimality conditions

—A*y; € 0g(xs) and vy € Oh(Axs).

Proof. See [92, Theorem 4.1, Theorem 4.2, Equations (4.24)-(4.25)] for a proof. (Beware, in [92]

the notation used for the solution y* is flipped by a minus sign.) O

Fact 1.2.7 (Convex-concave saddle point problems). Let g € T'o(X), let h € To(Y), let A: X — Y

be a bounded linear operator, define the function L: X x Y* — RU {+o0} as

L(z,y*) = g(x) + (y*, Az) — h*(y").

Then the pair of points (xs,y%) € X x YV* is a saddle point of L if and only if xs is a solution of

the primal problem (1.13) and y?% is a solution of the dual problem (1.14).

Proof. See [92, Proposition 3.1, page 57]. O

Fact 1.2.8 (Properties of Bregman divergences). Let ¢ € I'o(X) with int(dom ¢) # &, let © €
dom ¢, and let ',z € int(dom ¢). Assume that ¢ is differentiable on int(dom ¢). Then the

Bregman divergence Dy of ¢ satisfies the following properties:

(i) The Bregman divergence can be written as Dy(x,x') = ¢(x) — ¢p(x') — (Vo(a'), x — 2').

(it) The Bregman divergence Dy satisfies the three-point identity
Dy(w@,x') = Dy(&, ") + Dy(x, &) + (Vo(x') — Vo (&), & — x) . (1.15)

i) If ¢ 1s essentially strictly convex, then Dy(x,x') = 0 if and only if x = x'.
¢
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(iv) If ¢ is essentially strictly convex, then the function & — Dgy(x,x’) is coercive for every

2’ € int(dom ¢).
v) If ¢ is supercoercive, then the function ' — Dy(x,x") is coercive for every x € int(dom ¢).
¢

(vi) If {azk}:ﬁ‘{ is a sequence in int(dom ¢) converging to a point x € int(dom ¢), then

lim Dy(x,xr) = 0.
(vii) Assume that ¢ is essentially smooth. If {x;}{2] is a sequence in int(dom ¢) converging to a
point x. € int(dom ¢), then

lim Dg(x,x;) = Dy(x, x.).

k—+o0

(viii) If ¢ is m-strongly convex with respect to |||y, then

Do) > a2/

Proof. See [20, Lemma 7.3] for the proof of (i) and (iii)-(vi). Statement (ii) follows from (i) and a
straightforward calculation. Statement (vii) follows from (i) and the continuity of both ¢ and V¢

over int(dom ¢). Statement (viii) follows from (i) and inequality (1.2). O

Fact 1.2.9 (Properties of Bregman proximity operators). Let f,¢ € I'o(X) be two functions such
that dom fNint(dom ¢) # &, let t > 0, and assume ¢ is essentially smooth and essentially strictly
convex. In addition, assume that either f is bounded from below or ¢ is supercoercive. Then the

following properties hold:

(i) The prozimal operator ' — prox(tﬁDd))(w’) defined in (1.6) is single-valued on its domain

int(dom ¢). That is, for every ' € int(dom ¢),

prOX(tf’D¢)(iD/) = arfen;in {tf(z)+ Dy(x,x')} .
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Moreover, ProX s D¢)($,) € dom Jf Nint(dom ¢).

(i) For every € dom f and &' € int(dom ¢), the proximal point ProX(, s Dé)(w’) satisfies the

characterization

1
flx) — f(prOX(tf7D¢)(m’)) - <V¢(p1“OX(tf,D¢)(m’)) — qu(m’)’prox(tﬁDd))(m’) — m> > 0.
(1.16)
If, in addition, there exists vy > 0 such that the function x — f(x) —vro(x) is convex, then

this characterization can be strengthened to

flx) — f(pI“OX(tf’Dqs)(a;/)) _ % <V¢(PTOX(tf,D¢)(:B’)) - VQS(:L'/)’pI‘OX(tf’D(b)(m/) — az>

(1.17)
2 Do (@, prox ;s p ) (@')).
(iii) For every x € dom f and ' € int(dom ¢),
1 / !/ 1 / /
F(0) + {Dole) > S 5 &)+ {Drlprosgpy )

1
+ EDf(m’prOX(tf,Dd))(m/))‘
If, in addition, there exists vy > 0 such that the function x — f(x) — vpo(x) is convex,

then (1.18) can be strengthened to

1 / ! ! d
f(@) + 5 Dola,@') > f(prox, p,) (@) + = Dy(prox(,s ) (@), @) 119)

+ <1 + '}/f> Df(:c,prox(tﬁDd))(m’)).

Proof. See [21, Proposition 3.21-3.23, Theorem 3.24, Corollary 3.25] for the proof of statements (i).
Statement (ii) follows directly from [92, Proposition 2.2, page 38]. To prove inequality (1.18) in
(iii), use the characterization (1.16) to write
F(@) + 7 Dy(.a') > f(pros,; p,) (@) + 1 Dyl ')
t o] ? = p (tf,D¢) t (] ?

— % <V¢(:c/) - V¢(pTOX(tf’D¢)(:B/)),prOX(tf’Dd))(m/) — 33> .

Then use the three-point identity (1.15) with & = ProX(; ch)(m,)) to obtain (1.18). The proof of
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inequality (1.19) in (iii) is nearly identical, with the exception that the characterization (1.17) is

used in place of (1.16). O

Fact 1.2.10 (Monotone property of the subdifferential). Let f € T'o(X) and suppose that f is m-

strongly convex over its domain. Then for every pairs (x1,x2) € dom 9f x dom 9f and (7, x5) €

Of (1) x Of (x2),

mljxy — @25 < (@} — 5,21 — x2) . (1.20)

Proof. This follows directly from [214, Page 240, Corollary 31.5.2]. O

Fact 1.2.11 (Set-valued subdifferential mapping). Let f € I'o(R™). The mapping dom Of > x —
Tof(u)(0), which selects the subgradient of minimal norm in the subdifferential Of (), is well-defined

and defines a function continuous almost everywhere on dom Of.

Proof. This follows directly from the fact that the mapping agrees with the gradient of f over the

set of points in int (dom J) at which f is differentiable [214, Theorem 25.5]. O

Fact 1.2.12 (Properties of convex conjugates). Let f € I'g(X). The mapping f — f* is one-to-one,

(f*)" = f, and for every x € X and x* € X, the functions f and f* satisfy Fenchel’s inequality

f(@) + [ (%) > (2", x),, (1.21)

where equality holds if and only if x* € Of(x), if and only if x € Jf*(x*).

Proof. See [137, Corollary 1.4.4]. O

Fact 1.2.13 (Properties of the infimal convolution). (i) Let fi € To(R™) and fa € To(R™) and
suppose that the relative interiors of fi and fo have a point in common, i.e., ri dom f; N
ri dom fo # &. Then the convexr conjugate of the infimal convolution f1Ofy at x* € R

equals the sum of their respective convex conjugate, that is,

(f10f2)" (p) = fi(p) + f5(p)-
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(ii) [Moreau’s decomposition] Let f € T'o(R™). Then the following decomposition holds:
Lo Lo 10
SIHEDF+ 5 IHEDS = LB

(iii) [Deconvolutions] Suppose f1 and fo are two convex functions on R™ such that fi+ fo = 3 13-

Then there exists a unique function f € T'o(R™) such that
1 1 «
fi= L IBOfand fo= L HEOS

where f(x) = f5(x) — %Hw”% for every x € R". Moreover, fi and fa are continuously

differentiable and

Vii(x) € 0f(Vh(x)) and Vfo(z) € 0f (Vg(x)).

Proof. See [214, Theorem 16.4] for the proof of (i). Item (ii) is known as the Moreau’s decomposition

theorem and the proof can be found in [138, 182]. See [138] for the proof of (iii). O

Fact 1.2.14 (Moreau—Yosida envelopes, proximal mappings and their connections to Hamilton—

Jacobi PDEs). Let J € I'o(R™). Then the following statements hold.

(i) The unique continuously differentiable and convex function Sy: R™ x [0,400) — R that satis-

fies the first-order Hamilton—Jacobi equation with initial data

S 1
@)+ 5 [VaSo(@ D] =0 inR" x (0, +00).
t 2 (1.22)
So(x,0) = J(x) in R",
is defined by
1
So(z,t) = <(2t |||§)DJ) (x) (Laz—Oleinik formula) (1.23)

— inf {21t||x—u\§+J(u)}. (1.24)
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Furthermore, for every € dom J, sequence {tk}'kzxi of positive real numbers converging to
0, and sequence {dk};ﬁ‘i of vectors converging to d € R™, the pointwise limit So(x + tpdy, tr)

as k — +oo exists and satisfies
lim So((l) + tpdy, tk) = J(CE)
k—+o00
(ii) For every € R™ and t > 0, the infimum in (1.24) exists and is attained at a unique point
upap(x,t) € dom 0J (see Equation (4.2)) In addition, the minimizer uprap(x,t) satisfies

the formula

upap(x,t) =x —tVaSo(x,t), (1.25)

and
T — UMAp(m,t)

S 8J(’U,MAP(CC,7§)).

(iti) Let {tx}}25 be a sequence of positive real numbers converging to zero and let {dy}{2>] be a
sequence of elements in R™ converging to some d € R™. Then, for every x € dom J the

pointwise limit of uprap(x,t) ast — 0 exists and satisfies

lim uMAp(CC + tkdk,tk) =x.
k—+4o00

(iv) Let € dom dJ and let {tx}; > be a sequence of positive real numbers converging to zero.

Then the limit of VSo(x,tx) as k — 400 exists and satisfies

lim VESQ(m,tk) = 7T8J(a:) (0) (1.26)

k—+4o0

Proof. See [64] for the proof of these statements. O



Chapter Two

Variational methods for machine learning algorithms

and connections to Hamilton—Jacobi PDEs I: Theory
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2.1 Introduction

2.1.1 Overview

This chapter and the following present variational methods, also called optimization methods,
for solving certain types of Hamilton—Jacobi partial differential equations that appear in machine
learning. As we will see later, several supervised machine learning algorithms for regression and
classification admit formulations in terms of Hamilton—Jacobi partial differential equations. In
that sense, this chapter and the following focus on novel optimization methods for solving several
supervised machine learning problems, although, as will be argued later, in a far more efficient way
than competing methods in the literature. The starting point of this chapter concerns first-order
convex optimization methods for solving convex optimization problems with saddle-point structure,

specifically the linear primal-dual hybrid gradient method.

The linear primal-dual hybrid gradient (PDHG) method is a first-order splitting method for
minimizing the sum of two convex functions [46, 47, 95, 204, 205, 262]. It works by splitting the
sum into smaller subproblems, each of which is easier to solve. These subproblems, unlike those
obtained from most splitting methods, can generally be solved efficiently because they involve simple
operations such as matrix-vector multiplications or proximal mappings that are fast to evaluate
numerically. This makes the linear PDHG method flexible and easy to implement for solving a wide
range of constrained and nondifferentiable optimization problems. Due to this advantage, the linear
PDHG method is widely used for solving problems in imaging science [24, 32, 96, 119, 155, 157, 212],
optimal control [98, 154], compressive sensing [110, 143], distributed optimization [197, 219, 220],
and optimal transport [40, 90, 103, 113, 165, 194]. It is also used, to a limited extent, for solving

large-scale problems in machine learning [8, 17, 43, 135, 206, 221, 253].

Despite its flexibility and ease of implementation, the linear PDHG method requires precise
stepsize parameters for the problem at hand to achieve an optimal convergence rate. Unfortunately,
these stepsize parameters are often prohibitively expensive to compute for large-scale optimization

problems. This issue makes the otherwise simple linear PDHG method unsuitable for solving
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large-scale optimization problems, such as those in machine learning. This issue is shared by most

first-order optimization methods as well.

To illustrate this point, consider the £i-constrained logistic regression problem

infd % i log (1 + e_[b]i(ui,v)) 7 (2.1)

veER i1
lolly<x *=

where {u;, [b];}7, denote a collection of m feature vectors u; € R? with labels [b]; € {—1,+1} and
A > 0is a parameter. This problem can be solved using the linear PDHG method as follows. Let B
denote the m x d matrix whose rows are the elements —[b];u;, let B* denote its matrix transpose,
and let || B||, , denote the largest singular value of B. Formally, the linear PDHG method computes

a global minimum of problem (2.1) via the iterations [47, Algorithm 5][182]

ZEp = wg + UkB(Uk -+ Hk[vk — ’kal]),

)1 Tk .
W1 = 2z}, — arg min {2 |w — 23 + Ek 3 log (1 i e[w}l/ak) } ’

weR™ i—1

1
wks1 = argmin o [|v — (v — T Bwyy1)|l3
vER™
l[vlly <A

Opr1 = 1/V1+4dmog, 71 =71/0ky1 and  opy1 = Okr10%,

where v_1 = vg are vectors in the interior of the d-dimensional /;-ball of radius A, wy is a vector in
R™, and 79 > 0, 0¢ = 1/(||BH§2 7o) and 6y = 0 are the initial stepsize parameters. The updates for
wy1 and v in (2.2) can be evaluated efficiently using standard first or second-order optimization
methods and efficient ¢;-ball projection algorithms [60], respectively. The other operations in the
updates can all be computed exactly in at most O(md) operations. The convergence rate for this
method is O(1/k?) in the number of iterations k, which is the best possible achievable rate of

convergence for this problem in the Nesterov class of optimal first-order methods [188].

Attaining this optimal rate of convergence requires a precise estimate of the largest singular
value || B[y, of the matrix B. However, this quantity takes on the order of O(min(m?2d, md?))

operations to compute [130], which makes it essentially impossible to estimate the largest singular
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value for large matrices. Line search methods and other heuristics are often used to bypass this
issue, but they typically slow down the convergence too much to alleviate the problem. Most first-
order optimization methods used for solving large-scale optimization problems share this issue as

well.

To address this issue, we present novel accelerated nonlinear PDHG methods that can achieve
an optimal rate of convergence with stepsize parameters that are simple and efficient to compute.
Returning to the previous example, let |[B|; , denote the maximum ¢, norm of a column of the
matrix B and define new parameters 79 > 0, 69 = 1/(HBH%2 7) and 6 = 0. In addition, let
x_1 = xp denote vectors contained in the interior of the 2d-dimensional unit simplex Agq, let yj
denote a vector in the m-dimensional cube (0,1/m)™, let [Wwg]; = log (mlygli/(1 — mlygli)) for
i€ {l,...,m}, and let A = \(B| — B) denote the horizontal concatenation of the matrices AB

and —AB. Then, we show in Sections 2.4.4 and 3.2 that the accelerated nonlinear PDHG method

fpys = <4m&kmk + 4méd (2 — 1) + 'wk> /(1 + 4may),

x 1 :
[Yht1li = T forie {1,...,m},
x -e_%k[A*yZﬂ]j '
[®pt1]; = Zr[n k[]J | AT forj e {1,...,n}, (2.3)
j=11Tk]j€

Vi+1 = A(B | —B)wk+1

Opr1 = 1/ 1 +4méy, Trer = T/0ky1, and Gy = Opy16%,

computes a global minimum of problem (2.1) through the iterates vi. Moreover, the convergence
rate is O(1/k?) in the number of iterations k, which is the best possible achievable rate of conver-

gence for this problem in the Nesterov class of optimal first-order methods [188].

Unlike in the linear PDHG method (2.2), the stepsize parameters in the nonlinear PDHG
method (2.3) are computed in optimal ©(md) operations from the matrix norm || A||; ,. In addition,
the computational bottleneck in the iterates consists of matrix-vector multiplications that can be
computed in O(md) operations or better with appropriate parallel algorithms. Thus all stepsize
parameters and updates in the nonlinear method (2.3) are computed in quadratic O(md) time,

in contrast to the stepsize parameters in the linear method (2.2) which are computed in cubic
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O(min(m?d, md?)) time. This gain turns out to be considerable in practice: In Section (3.2.4) of
Chapter 3, we will present some numerical experiments in which the nonlinear PDHG method (2.3)

converges 5 to 10 times faster than the linear PDHG method (2.2).

2.1.2 Connections to Hamilton—Jacobi partial differential equations?

What does nonlinear PDHG optimization methods and ¢;-constrained logistic regression have to
do with Hamilton—Jacobi partial differential equations (HJ PDEs)? As a first step to answer this
question, let’s write the ¢;-constraint in problem (2.1) in terms of its convex conjugate, which turns

out to be the ¢, norm. Specifically, writing

. 0, if[jv]l; <1,
v ol =
400, otherwise,

the ¢1-constrained logistic regression problem (2.4) can then be written in terms of this convex

" } . (2.4)

In this form, with the ¢, norm, the connection between f{,-constrained logistic regression and

conjugate as follows:

: 1 - —|0}i(uq,v
s s (1) 3

HJ PDEs can be made explicit. Suppose the feature vectors u; are all linearly independent. Then
Equation (2.4) turns out to be the Lax—Oleinik representation formula to the (classical) solution of
a first-order HJ PDE with Hamiltonian equal to the ¢, norm and initial data equal to the logistic

regression model. More precisely, let S: R? x [0,,, ) — R denote the function defined by

)

Then the function (v/,t) — S(v’,t) is the classical solution to the first-order HJ PDE [16, Propo-

v — v

A

vERY

S(v',t) = inf {; ilog (1 + e*[b1f<“z‘v”>) + A
=1
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sition 4.1]

%(v',t) + HVU/S('U',t)HOO =0, v €R™, t €0, +00),

m 2.5)
F oy = & —[bl (s ") /e Rn (
S(v,O)—m;_llog<1+e ), v € R".

Solving the ¢;-constrained logistic regression problem (2.1) therefore amounts to evaluating the

solution of the HJ PDE (2.5) at v/ = 0 and ¢t = \.

The formal derivation above shows how ¢;-constrained logistic regression connects to HJ PDEs.
Similar connections also hold for a broad class of supervised machine learning algorithms; these
will be made explicit in Section 2.5. The work presented in this chapter and the following will not
leverage these connections explicitly, but in future work described in Section 5.1 of the last chapter
will describe how these connections could be leveraged in practice for sparse logistic regression.
Finally, note that the representation formulas for many first-order HJ PDEs can be cast as convex
optimization problems with appropriate saddle-point structure. Hence the accelerated nonlinear
PDHG optimization methods presented in this chapter should prove particularly efficient and robust
for solving high-dimensional first-order HJ PDEs, including those that arise in optimal control and

in imaging science [69, 68, 154].

2.1.3 Related work

The linear PDHG method was introduced at around the same time by Pock et al. [205] and Esser
et al. [95] to solve problems in imaging science (see also earlier work from [207, 262]). The con-
vergence of the linear PDHG method for problems posed on Euclidean spaces was later proven
by Chambolle and Pock [46]. In addition to a proof of convergence, their work provided acceler-
ated schemes of the linear PDHG method for problems with some degree of smoothness or strong

convexity or both.

Since then, many variants and extensions of the linear PDHG method have been proposed;
see [48, 47, 49] for further details and references. A partial list of these variants include:

overrelaxed [59, 133], inertial [166], operator, forward-backward, and proximal-gradient split-
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ting [29, 58, 75, 84, 245], multistep [56], stochastic [193, 49, 101, 197, 241, 248, 253], and non-
linear [47, 140] variants, including the mirror descent method [186]. Here, we focus on nonlinear

PDHG methods.

The extension of the linear PDHG method to the nonlinear setting was first done, to our knowl-
edge, by Hohage and Homann [140] to solve non-smooth convex optimization problems posed on
Banach spaces. A nonlinear PDHG method for solving such problems using nonlinear proximity
operators based on Bregman divergences was later proposed by Chambolle and Pock [47]. Their
work also provided an accelerated and partially nonlinear scheme for solving strongly convex prob-
lems. Their scheme is not fully nonlinear, however, as it requires one of the Bregman divergence
to be a quadratic function. Moreover, their work did not provide accelerated nonlinear schemes for

smooth convex problems or smooth and strongly convex problems.

2.1.4 Contributions

This chapter contributes accelerated nonlinear PDHG methods that achieve an optimal rate of
convergence in the Nesterov class of optimal first-order methods with stepsize parameters that
are simple and efficient to compute. To do so, we extend the theory of accelerated nonlinear
PDHG methods initiated in [47] to solve optimization problems on Banach spaces with nonlinear
proximity operators based on Bregman divergences. The main theoretical results and accelerated
nonlinear PDHG methods are described in Section 2.4. We prove rigorous convergence results,
including results strongly convex or smooth problems posed on infinite-dimensional reflexive Banach
spaces. The results we present are generally applicable to convex-concave saddle-point optimization
problems posed on real reflexive Banach spaces. In addition, we present in Section 2.5 some
novel theoretical connections between a broad class of supervised machine learning problems and
first-order HJ PDEs with initial data. The following chapter will describe accelerated nonlinear
PDHG methods for several of these problems, including regularized logistic regression, regularized

maximum entropy estimation and entropy-regularized zero-sum matrix games.
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2.2 Setup

We are interested here with convex-concave saddle-point problems posed on real reflexive Banach
spaces. Concretely, let X and ) denote two real reflexive Banach spaces endowed with norms ||-|| 5
and |||y, and let A: X — ) denote a bounded linear operator between those two spaces. We

consider the following convex-concave saddle-point problem

inf sup {g(z) + (y", Az) — 1" (y")} (2.6)
IS yey*

where g € I'g(X) and h € I'g(Y). Formally, this is the primal-dual formulation associated to the
primal problem

Inf {g(@) + h(Ax)} (2.7)

and the dual problem

sup {—g"(—A"y") — A" (y™)}. (2.8)
yrey*

The objective function £: X x Y* — RU {400} in the saddle-point problem (2.6), namely
Lz, y") = g(x) + (y", Az) — h*(y"), (2.9)

is called the Lagrangian of the primal and dual problems (2.7) and (2.8). Solutions to the saddle-
point problem (2.6), when they exist, are saddle points of the Lagrangian (2.9) (see Definition (13)
and Fact (1.2.6)).

This work focuses on accelerated nonlinear PDHG methods designed to compute saddle points
of (2.6), and therefore solutions to the primal and dual problems (2.7) and (2.8). We describe below
the formalism behind the nonlinear PDHG method. Let ¢px € I'g(X) and ¢y« € I'g(Y*) denote
two essentially smooth and essentially strictly convex functions, and consider their corresponding

Bregman divergences:

Dy (z,Z) = ¢x(x) — 6(2) — (Vox (), — )
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Formally, we propose using these Bregman divergence to alternate in (2.6) a nonlinear proximal
descent step in the variable & and a nonlinear proximal ascent step in the variable y* as follows:

. . . 1 _

& = argmin< g(x) + (¥*, Azx) + ;D¢X (x, )

rer (2.10)

Ak * 3 * ~ 1 % —k
g =argmax{—h (") + (", A%) — 1Dy ("7 >}.
y*ey* g

The iteration scheme (2.10) takes the stepsize parameters 7,0 > 0, initial points (Z,§*) € X X
V*, and intermediate points (Z,g*) € X x V* to output the new points (z,9§*). The nonlinear
PDHG method consists of this iteration scheme with appropriate parameter values and initial and

intermediate points to attain an optimal convergence rate.

Assumptions

(A1) The two functions g and h are proper, lower semicontinuous, and convex over their respective
domains X and Y. Moreover, the primal problem (2.7) has at least one solution and there

exists a point & € dom ¢ such that Ax € dom h and h is continuous at Ax.

(A2) The two functions ¢y and ¢y are proper, lower semicontinuous, and convex over their respec-
tive domains & and Y*. Moreover, ¢ and ¢y~ are both essentially smooth and essentially

strictly convex.

(A3) The domains of the two functions g and ¢y satisfy the inclusion dom d¢g C int(dom ¢y), and

at least one of g and ¢y is supercoercive.

(A4) The domains of the two functions h* and ¢y~ satisfy the inclusion dom dh* C int(dom ¢y-),

and at least one of h* and ¢y- is supercoercive.

(A5) The two functions ¢x and ¢y« are l-strongly convex with respect to ||-|| and |[|-[|5. on their

respective domains.

Assumptions (A1) ensures that the primal problem (2.7) and dual problem (2.8) each has at least

one solution [92, Theorem 4.1], and that the saddle-point problem (2.6) has at least one saddle
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point [92, Proposition 3.1]. Assumptions (A1)-(A4) ensure that the Bregman divergences of ¢x
and ¢y« and the minimization problems in the iteration (2.10) satisfy the properties described by
Facts 1.2.8 and 1.2.9 in Appendix 1.2. Finally, assumption (A5) is used later in Section 2.3 and 2.4
to prove the convergence of the nonlinear PDHG methods. We note that the domain inclusions in
(A3) and (A4) are more restrictive than those assumed in [47] and are necessary for the optimization

methods to work (see Fact 1.2.9).

Under assumptions (A1)-(A4) and an appropriate choice of stepsize parameters, initial points,

and intermediate points, the iteration scheme (2.10) is well-defined and satisfies a descent rule:

Lemma 2.2.1. Assume (A1)-(A4) hold, and assume the iteration scheme (2.10) takes as input
the stepsize parameters T,0 > 0, initial points (Z,g*) € dom dg x dom Oh*, and intermediate
points (Z,g*) € X x Y*. Then the iteration scheme (2.10) generates a unique output (&,9") €

~ %

dom dg x dom Oh*, and for every (x,y*) € dom g x dom h* the output (&,§") satisfies the descent

rule
o a1 _ . .
L(z,y*) — L(z,9") < . (D¢X(CL',:L') - bex(wv:c) - D¢X(w’m))
1 *  —x ~k % * A%
+ — (Do (W*,5") = Doy, (5".5°) = Doy, (4", 57)) (2.11)
+{y -9 Al —2) - (¥ -§, Al@ - 2)).
Proof. See Appendix 2.A. O

2.3 The basic nonlinear primal-dual hybrid gradient method

The basic nonlinear PDHG method takes two stepsize parameters 7,0 > 0 and an initial pair of

points (xo, yg) € dom dg x dom Oh* to generate the iterates

) " 1
Tjy1 = argmin {g(az) + (y;, Ax) + ;Dm (a:,cck)}
per (2.12)

. 1
Yhy1 = aIG max {—h (¥") + (¥, ACzri1 — @) — = Doy (¥7, yZ)} ~
yreY*
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Under assumptions (A1)-(A4), Lemma 2.2.1 applies to method (2.12), and starting from the input
(zo,yg) the method (2.12) generates a unique output (x;,y}) € dom dg x dom 9Oh*. A simple
induction argument using Lemma 2.2.1 then shows that (xj,y}) € dom dg x dom Oh* for every
k € N. As such, method (2.12) is well-defined. In addition, under assumption (A5) and appropriate
conditions on the values of the stepsize parameters 7 and o, the nonlinear PDHG method (2.12)

satisfies the following properties:

Proposition 2.3.1. Assume (A1)-(A5) hold and assume 1,0 > 0 satisfy the strict inequality
To||Al2, < 1. (2.13)

Let (xo,y;y) be a pair of points contained in dom dg x dom Oh*, let (xs,y}) be a saddle point of
the Lagrangian (2.9), and let K € N. Consider the sequence of iterates {(zy, y})}_, generated by

the nonlinear PDHG method (2.12) from the initial points (xo,y(), define the averages

K

K
1 1
XK:K};wk and Y7 :K;yz,

and for (x,y*) € dom g x dom h*, define the quantity

Oz, y*) = ~ Do (x,zx) + Doy (¥ yn) — W — vy, Al — xp)) . (2.14)

Then:

(a) For every (x,y*) € dom g x dom h* and nonnegative integer k, the output (Tpy1,Yj,,) of

the nonlinear PDHG method (2.12) satisfies the descent rule

[’(mk-i-lay*) - [’(ma y1t+1) < 6k($,y*) - (5k+1($, y*) (215)
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(b) For every (x,y*) € dom g x dom h* and K € N, we have the estimate

LXK, y*) — L(x,YE) <

1+ 70| A 1 1 . .
K = <7_D¢X(m>w0) + ;quy* (y ay0)>

. 1—- \/TO—”AHOp 1
K

. (2.16)
;de (z, zK) + ;DdJy* (Y, y%) |

and for (x,y*) = (s, y%), the global bound

1 1 1+ 7oA, /1 1

7D 7D : 7 < p 7D 7D * *7 o .

T ¢X(w57wK)+ o ¢y* (ysayK) 1— ﬁ||A‘|op <7_ ¢X(x57w0)+ o ¢y (ys yO))
2

(2.17)

(c) [Convergence properties] The sequences {(xk, y}) 125 and {( Xk, Y %)} 52, are bounded, and
the latter has a subsequence that converges weakly to a saddle point of the Lagrangian (2.9).
If, in addition, the spaces X and Y* are finite-dimensional, then the sequences {(xy, y},) :;"i

and {( Xk, Y5)} 2, both converge strongly to the same saddle point.

Proof. See Appendix 2.B. O

2.4 Accelerated nonlinear primal-dual hybrid gradient methods

In this section, we describe accelerated nonlinear PDHG method (2.12) that are suitable when the
functions g and h* in the saddle-point problem (2.6) have additional structure beyond that stated

in assumptions (A1)-(A5). Specifically, we assume either one or both of these statements:

(A6) There is a positive number v, such that the function  — g(x) — v4¢x(x) is convex.

(A7) There is a positive number 75+ such that the function y* — h*(y*) — Y+ ¢y (y™*) is convex.

Note that by Fact 1.2.5, assumption (A7) is equivalent to assuming that h is also continuously
differentiable everywhere on ), with its gradient being uniformly Lipschitz continuous of parameter

1/gammap=.
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With assumptions (A1)-(A7), the descent rule (2.11) in Lemma 2.2.1 is improved: For every

(x,y*) € dom g x dom h*, the output (&, ") satisfies

1

ok o N o 14,7
£(o.3") = £(2.87) < F (Do (2,3) = Dy @2 - (74

> Dy, (x, )

1 * —k Pr—— 1+7h*0— * o~k
+ = (D (¥*, ") — Doy (§",77)) — () Dg,,. (y*,§7) (2.18)

The proof of inequality (2.18) is nearly identical to the proof of inequality (2.11), with the only
difference that we use the stronger inequality (1.19) (see Fact 1.2.9(iii)) on each line of the iteration
scheme (2.10) to get

1 <1—|—fyg7'

()~ 4(2) < L (Do) = Do(e,) — (F120) Dy (022 + (475 2~ 0).

and

% [~k /0 % 1 % —x% P—— 1+’Yh*0- % Ak * ~ % ~
W)W € 2 Doy 05~ D (050) ~ (25257 Dy 47,7) (0" — 57, 43).

Inequality (2.18) then follows from these two inequalities and the same steps used to prove the

descent rule (2.11) in Lemma 2.2.1.
Remark 2.4.1. Assumptions (A1)-(A7) imply that g is ~4-strongly convex over dom g Ndom ¢y
and h* is vyp«-strongly convex over dom h* N ¢y«. For example,

o(2) — 2 ol = (9(2) ~ 2p6()) + (6202 - § Il )

for every x € dom g Ndom ¢y, and as the set dom g Ndom ¢y is convex and the right hand side

18 the sum of two convex functions, the left hand side is also conver.

Remark 2.4.2. In light of Remark 2.4.1 and Fact 1.2.6, if assumptions (A1) and (A6) hold, then
the primal problem (2.7) has a unique solution. Likewise, if assumptions (A1) and (A7) hold, then
the dual problem (2.8) has a unique solution. Finally, if assumptions (A1) and (A6)-(A7) hold,

then the Lagrangian (2.9) has a unique saddle point.
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The additional terms in (2.18) allow us to create accelerated methods with better convergence
rate than the O(1/K) rate for estimate (2.16). The first accelerated method, which we describe
in Section 2.4.1, has a sublinear O(1/K?) convergence rate and is applicable if assumption (A6)
hold. A variant of the first accelerated method, which we describe in Section 2.4.2, has a sublinear
O(1/K?) convergence rate and is applicable if assumption (A7) hold. The second accelerated
method, which we describe in Section 2.4.3, has a linear convergence rate and is applicable if both

assumptions (A6) and (A7) hold. We also present another variant of this method in Section 2.4.4.

2.4.1 Accelerated nonlinear PDHG methods for strongly convex problems

This accelerated nonlinear PDHG method requires statement (A6) to hold with v, > 0. It takes two
parameters 6y € [0,1] and o9 > 0, a set parameter 79 = 1/(HAH(2)p 00), an initial point ¢y € dom dg,

and the initial points y*; = y; € dom Oh* to generate the iterates

. * * * 1
Tj1 = argmin {g(w) + <yk + 0k(yr — Yi_1)s Aa:> + T—kD(bX(zc, ack)} ,

per , (2.19)
i = orgma {1 () + 0" Awi) — 2D (075 |
yrey* Ok
where the parameters 73, oy, 05 for k € N satisfy the recurrence relations
1
(2.20)

Opt1 = ——, Tht1=0kt17k, and op41 = 0k /Okt1-
V31 + YTk

Under assumptions (Al)-(A4), Lemma 2.2.1 applies to method (2.19), and the method generates
points (xy,y;) that are contained in dom dg x dom Oh*. As such, method (2.19) is well-defined.

If, in addition, assumptions (A5)-(A6) hold, then this method satisfies the following properties:

Proposition 2.4.1. Assume (A1)-(A6) hold. Let 6y € [0,1], o9 > 0 and 19 = 1/(|]A||gpao),
let (xo,y) € dom Og x dom Oh*, let y*; = y§, and let (xs,y;) denote a saddle point of the
Lagrangian (2.9). Consider the sequence of iterates {(zy,yi)H | with K € N generated by the

accelerated nonlinear PDHG method (2.19) and the recurrence relations (2.20) from the initial
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points (g, yg) and y* | and initial parameters 1o, oo and 6. Define the averages

K K

K
TK:ZUk—l, XK:LZUk—Imk and Y* :izo'k_lyz
k=1

and for (x,y*) € dom g x dom h*, the quantity

or(z,y") = Tkam(m, xy) + ;kD¢y* (Y™, yp) + ?kD¢y* Wi vi1) + 0k (Ui —yi1, Al — 1)) -
(2.21)
Then:

(a) For every (x,y*) € dom g x dom h* and nonnegative integer k, the output (zyi1,Y),,) of

the accelerated nonlinear PDHG method (2.19) satisfies the descent rule
L(@k11,Y") = L&, Ypi1) < 0k(@,Y") = 1 (2,Y7)/Or1- (2:22)
(b) For every (x,y*) € dom g x dom h*, we have the estimate
Tic (L(X 10,y™) = £, Y i) < do(,y") = TS bxe(, ) (2.23)

and, for the choice of the saddle point (x,y*) = (xs,y%), the global bound

Vg

1 o)
———D —Dy.. (Y yx) <0 Ys) < —0 ,Yg)- 2.24
P Do 1)+ Do (') < Ok 1) < oleny) (220

(¢) The average quantity Tk satisfies the formula

Tic = | AI2, (0% — 03)/(00) (2.25)

and, with a = ,/(2 HAng), the bounds

) aoo 2 a 2
K K <Tk < K+ —K~. 2.26
a+ og * 2(a + 0¢)? K + 200 (2.26)
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(d) [Convergence properties] The sequence of iterates {(z, y}) {2 is bounded and the individual
sequence {a:k},jfl converges strongly to the unique solution of the primal problem (2.7). More-
over, the sequence of averages {(X i, YK)};;O:Ol is bounded, it has subsequence that converges
weakly to a saddle point of the Lagrangian (2.9), and the individual sequence {X i}, con-
verges strongly to the unique solution of the primal problem (2.7). If, in addition, the space
YV* is finite-dimensional, then the individual sequences {y}}> and {Y;}}2 each has a

subsequence that converges strongly to a solution y* of the dual problem (2.8).

Proof. We divide the proof into five parts, first deriving an auxiliary result, and then proving in turn
the descent rule (2.22) (Proposition 2.4.1(a)), the estimate (2.23) and global bound (2.24) (Propo-
sition 2.4.1(b)), formula (2.25) and the bounds (2.26) (Proposition 2.4.1(c)), and the convergence

properties of the accelerated nonlinear PDHG method (2.19) (Proposition 2.4.1(d)).

Part 1. We first show that for every (z,y*) € dom g x dom h* and k € N, the quantity dx(x,y*)

satisfies the lower bound

5k(way*) > To

1
> % D, (=, — Dy, (y", Y. 2.27
T gro Do (@ @) + = Doy (47, 45) (2.27)

To do so, use Fact 1.2.1 with a = 0 /(7% [|Al|,,) and assumption (A5) to get

2
Tk ”AHop

‘<yk — Y1, Az — wk)ﬂ < — Dy, (x, 1) + 7D¢y* (Y5 Y1)
Tk O,

By the second and third recurrence relations in (2.20), we have the identity
ok ||A)Z, = 1. (2.28)

Use this identity in the previous inequality to find

. . 05 1 -
‘<yk — Y1, AT — wk)>‘ < aDW(a& k) + mD%* (Y Ye—1)-
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Substitute in §x(x, y*) to get

Oor(z,y") = D¢X(m Ty) + D¢y* (Y, yp) + D¢y* (Yr> Yr—1)

0y, 1
O < . o (T, k) + - Py (ylmykl)>

1-67 1
= Dox(@ i) + Doy (¥7 ).

The first and second recurrence relations in (2.20) imply

1—913_1(1_ 1 )_1< VgTh-1 )_1< Vg >_ Yoo Y
Tk Tk T+ 9Tk Tk \ 1+ 7gTk—1 Or \1+77r-1 Or + vy~ 1+ 7470

Hence

o
Oz, y") = mDm(w wk)+ D¢y* (¥, Yk,

which proves the auxiliary result (2.27).

Part 2. Let (z,y*) € dom g x dom h*. By assumption (A1l)-(A6), Lemma 2.2.1 holds, and
we can apply the improved descent rule (2.18) to the (k + 1) iterate given by the accelerated
nonlinear PDHG method (2.19) with the initial points (,§*) = (x,y}), intermediate points
(@,9") = (k41,95 + Ok(yy — yj_y)), output points (&,9") = (Tkr1,Y), ), strong convexity

constants v, > 0 and 74+ = 0, and parameters 7 = 73, 0 = 0}, and 0 = 0, to get

. 1
L(xp11,Y") — L(2, Yjpq) < - — (Dgx(x, 1) — Dy (111, ®1) — (14 747k) D (T, Tp11))
1 * * * *
+ o (Dgyn (U™, y%) — Doy (Uiy15YE) — Do (U™, Y511)) (2.29)

+<yk+9k( — Yp_1) — yZH,A(ﬂ:—wm))-

We wish to bound the last line on the right hand side of (2.29) to eliminate the Bregman
divergence term Dy, (Try1, k). To do so, first distribute the last line on the right hand side

of (2.29) as

Ok (i — Y1, A — Tp11)) — (Y1 — Ui AT — Tp11)) - (2.30)
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Write € — 41 = (€ — ) + (T — Tx+1) and substitute in (2.30) to get

0, <y;; — yl?—l’ A(x — mk)> — Ok <y;; - y};—lv A(xpi1 — mk)> (2.31)

— Uk — Uk Al — zp)) -

Next, use Fact 1.2.1 with (z, y*) = (zk+1,¥5), (@', y*) = (2, y}_;) and o = 1/(057% [Al,p), and
assumption (A5), identity (2.28) derived in Part 1 to bound the second bilinear form in (2.31) as

follows:
1

* * O * o
’<yk —Yr—1> A(il?k+1 - .’L'k)>| < 9 Dd’x (mk-‘rla wk) + 7‘D¢y* (yku yk;—l)' (232)
kTk O

Finally, use (2.30), (2.31), and (2.32) to eliminate the Bregman divergence term Dy, ()41, ) on

the right hand side of the descent rule (2.29) and rearrange to get

1 + YgTk

Lo y?) ~ L)+ (H

1 ¥
) Dy, (x, 1) + ;kD¢y* (Y*, Yrs1)

1 * * * *
+ ;kDW* (Yig1, Y1) + <yk+1 — Y Al — $k+1)>

1 1 X
< ED¢X(x7xk) + ;kD¢y* (¥, y%)

(2.33)

02 * * * *
+ ?ZD%* (Y5 Y1) + Ok (Ui — Yi_1, Al — 1))

We now want to express both sides of inequality (2.33) in terms of dx(x,y*) and dxy1(x,y*),

starting from the left hand side. Note that the recurrence relations (2.20) imply

1 1 1 1
Tk _ and —=——.
or  Opt10k41

Tk 9k+17'k+1

As such, the left hand side of (2.33) admits the lower bound

ﬁ(mk+la y*) - £($7 yltJrl) + 5k’+1 (iC, y*)/9k+l (234)

Since 0 < 6, < 1, we have

02 1
7D * *7 5 < 7-D * *7 5 .
on by (Y Yr—1) or by (Y Y—1)
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Hence the right hand side of (2.33) is bounded from above by dx(x, y*). In summary, we find

‘C(mk-f-la y*) - ‘C(w,y}:’-i—l) < 6k(wa y*) - 5k+1($, y*)/ek-i-l

This proves the descent rule (2.22).

Part 3. Use (2.22), the third recurrence relation in (2.20), and the averages Tk, X g and Y} to

compute the weighted sum

K
Ti (L(Xxk,y*) — L@, Yi) < S L (L@, y*) — Ll y)))
k=1

This proves the estimate (2.23). Finally, substitute the saddle point (s, y?%) for (x,y*) in inequal-

ity (2.35) and use the saddle-point property L(x,y:) — L(xs,y}) = 0 to get

* g
5K(w5ays) < Oéo(msays)'
OK

The global bound (2.24) follows from this upper bound and the lower bound (2.27) in Part 1.

Part 4. Substitute the identity (2.28) in the third recurrence relation of (2.20) and take the square

to get the nonlinear recurrence relation

2
i1 = 0k +790n/ | Allgy - (2.36)
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Use this to express the average quantity Tk as a telescoping sum:

K K
=32 =N (1112, (07 - 1) 7900 ) = AR, (0% = 03) /(400).

k=1 k=1

§\§

This proves formula (2.25).

We now compute the bounds in (2.26), starting with the upper bound. Let a = v,/(2 ||AH(2)p),

and use this quantity in equation (2.36) to derive a simple upper bound on og:

2

0% = 0% | +2a0K 1

< a%(_l + 2001 + a?

= (ox_1+a)’

Take the square root to find

o < O0K_1+a.

A simple calculation gives

K <09+ aK.
Hence
TK:U%(*‘73<(UO+@K) i ke YR
2a0( 2a00 200

which proves the upper bound in inequality (2.26).

The lower bound in inequality (2.26) is the same as derived in Chambolle and Pock [47, Section
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5.2, Equation (41)], but here we give a different proof. Use (2.36) to derive a lower bound on ox:

2 2
Oy =0§_1 +2a0K_1

=02 + 2a0 o0 + a
T UKL K-l a+og a+oyp

2
_ 02 2(1(700’[(,1 2a OK—1
K=l a+ og a-+ op
2
S 2 200001 20°0CK_1 09
= YK-1

a+ oo (a+ 00) (a+ 0g)
S0 4 20000k 1 . 2a208
K1 a+ oo (a+ 09)?

i ao( 2
= | OK-—
K-1 a+ oo )

where on the fifth line we used that op > o¢ for every nonnegative integer k, as per the third

recurrence relation (2.20). We have found

aog
OK 2 0K-1+
a—+ oo
which implies, after a simple calculation,
ao
O = 09+ 0 K.
a—+ oy
Hence
2 2 2

o2 —
T K
2a00 ~ 2a0p

2
<1+ ¢ K> —1]
a—+ oy

o 2a a? 9
= +
2a |a+ og (a+ 09)?

s} aog 9
K K
a+ oo + 2(a+00)2

which proves the lower bound in inequality (2.26).

Part 5. First, combine the auxiliary result (2.27) and global bound (2.24) to get the inequality.

Vg

1 1 1
—D — Dy, (Y5, k) < —D ; — Dy, (Y5, Y0)-
1+ 7470 o (s Tr) + on Py (Y5, Yx) o o (T, T0) + %0 ¢y (Y5 Y0)
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As a consequence, we have that

Vg o) 1 1 . %
o< ——D , <—|—D , —Dy. . , 2.37
T+ o (T, TK) po— (TO o (T, T0) + 5o Doy (Y ’yo)) (2.37)
and
0< %D¢y* (Y5, Yk) < ;ODm(ﬂﬂs,wo) + ;ODW (Y5, Yo)- (2.38)

These inequality immediately imply that the sequence of iterates {:cK,y}‘(}}O:‘”l is bounded.
It follows from the definitions of the averages X i and Y7 that the sequence of averages

{(Xk,Y5)}>, is also bounded.

Now, thanks to Fact 1.2.4 there is a subsequence {(X,, Y}l)}fzolo that converges weakly to
some point (X,Y™) € X x Y*. We claim that (X, Y™) is a saddle point of the Lagrangian (2.9). To
see this, use inequality (2.23) with (x,y*) € dom g x dom h* and take the infimum limit [ — 400

to get

liminf £(Xg,,,,y*) — L(z,Y,,,) < lim inf

1 1
l—~400 l—+4o00 TKl-H ( bx (ac, iUO) + 70 By (y 7y0))

70

The lower semicontinuity property of the functions g and h* implies

0> liminf (£(Xk,,y*) — L(x,Y k,)) > L(X,y*) — L(2,Y™),

=400

from which we find

L(X.y*) < Lz, Y™

As the pair of points (x,y*) € X x Y* was arbitrary, we conclude that (X,Y ™) is a saddle point of
the Lagrangian (2.9). Moreover, we deduce from Remark 2.4.2 that X coincides with the unique

solution x of the primal problem (2.7), i.e., X = x.

Next, we show that the individual sequences {x)}{ > and {X x} 2% converge strongly to the

unique solution @ of the primal problem (2.7). The strong convergence of @y, is evident from (2.37),
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the limit limg_, 4o 0 = 400 from (2.25) and (2.26), and assumption (A5):

1
0< lim ol — x5 < Jm Dy, (@, k)

K—+o00 —+00
. 1+~v,10\ 00 (1 1
< 1 EREAL Y e ) : — Dy (¥, v
Kggoo( %Y >0K = 6 (s mo)+00 oy (Y5, Y0)
= 0.

We further deduce from Fact 1.2.2 that the sequence {X K}}C’:Ol converges strongly to the same

limit x.

Suppose now that )* is finite-dimensional. Since the sequence {(:Bk,yZ)}Zi‘i is bounded and
xj, converges strongly to x, there is some subsequence {(xx,, y,’gl)};g that converges strongly to a
point (xs,y%) € X x Y*. By Fact 1.2.2, the subsequence of averages {(Xkl,Y’,;l)},j;’ol also strongly
converges to (s, y%). A similar argument as the one described two paragraphs before shows then
that (zs,y}) is a saddle point of the Lagrangian (2.9), and moreover from Fact 1.2.7 we deduce

that y* is a solution to the dual problem (2.8). This concludes the proof.

O]

Remark 2.4.3 (Choice of the free parameter o). The accelerated nonlinear PDHG method (2.19)
converges at a rate determined by the average quantity Tk, which depends on the stepsize parameter

0. One possible choice for oq is to choose it so as to mazimize the coefficient multiplying K? in

the lower bound (2.26) of Tk . This coefficient is mazimized for the choice of o9 = 74/(2 ||A||C2)p)

2.4.2 Accelerated nonlinear PDHG methods for smooth convex problems

We present a variant of the first accelerated nonlinear PDHG method. It requires statement (A7)
to hold with 45+ > 0, and it is similar to method (2.19); it takes two free parameters 6y € [0, 1] and

7o > 0, a set parameter og = 1/(||A||§p 7p), an initial point y§ € dom Oh*, and the initial points
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x_1 = xy € dom Jg to generate the iterates

* * * * 1 * *
Yk41 = argmax {h (¥") + (¥, Alzg + Ok(zr, — T)-1))) — — Doy (y ,yk)} :
y*ey* Ok

. (2.39)
e v [ (4 12) Lm0,
TeEX Tk
where the parameters 7, oy, 05 for k € N satisfy the recurrence relations
0 L /0 d 0 (2.40)
= Tpi1 =T , and o1 = Ok- .
k+1 \/m k+1 k/Yk+1 k+1 k+10k

Under assumptions (A1)-(A4), Lemma 2.2.1 applies to method (2.39), and the method generates
points (xy,yj) that are contained in dom dg x dom 9h*. As such, method (2.39) is well-defined. If,

in addition, assumptions (A5) and (A7) hold, then this method satisfies the following properties:

Proposition 2.4.2. Assume (A1)-(A5) and (A7) hold. Let 6y € [0,1], 190 > 0 and o9 =
1/(||A||§p 70), let (xo,y) € dom g x dom Oh*, let * | = xf, and let (xs,y%) denote a saddle
point of the Lagrangian (2.9). Consider the sequence of iterates {(zx,y;)}5 | with K € N gener-
ated by the accelerated nonlinear PDHG method (2.39) and the recurrence relations (2.40) from the

initial points (xo,ys) and x_1 and initial parameters Ty, oo, and 6y, and define the averages

K K

K
Th—1 1 ZTk—l X 1 ZTk—l X
K T K Ty = 7 Trat Tk “— Vk

and for (x,y*) € dom g x dom h*, the quantity
oz, y") = ;kD¢X($awk) + ;kD¢y* (¥*, yp) + aDm (g, Tp—1) + Ok (Y — yp, A(Tp — TR—1)) -

Then:

(a) For every (x,y*) € dom g x dom h* and nonnegative integer k, the output (Tpy1,Yj,,) of

the accelerated nonlinear PDHG method (2.39) satisfies the descent rule

L(®k11,Y") = L(@,Yp11) < Ok(2,Y7) = 1 (2,Y7) /Oppa-



(b)

(¢)

(d)
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For every (x,y*) € dom g x dom h*, we have the estimate
* * T, *
Tie (£(X 1k y") = L@, Vi) < dol,y") =~ oxc(@,y")

and, for the choice of the saddle point (x,y*) = (xs,y:), the global bound

1 B
7D¢X(w57wK> 1

70
Dy (YY) < Ok (s, ) < —do(s, ).
- T T g Dov We ¥ie) S Ok (@, 95) < 7 200(@s )

The average quantity Ty satisfies the formula
2
Tx = || Allg, (& — 78)/(m+70)

and, with a = yp+ /(2 |]A||zp), the bounds

0 90 K2 < T < K + -2 K2.

K420
a+ 7o +2((L—i—7'())2 279

[Convergence properties] The sequence of iterates {(xy, yZ)},j;’? is bounded and the individual
sequence {y;};2 converges strongly to the unique solution of the dual problem (2.8). More-
over, the sequence of averages {( X k,Y k) }Ozol 1s bounded, it has subsequence that converges
weakly to a saddle point of the Lagrangian (2.9), and the individual sequence {Y 5} 322, con-
verges strongly to the unique solution of the dual problem (2.8). If, in addition, the space X

is finite-dimensional, then the individual sequences {xy}{ > and {Xx};25 each has a subse-

quence that converges strongly to a solution xs of the primal problem (2.8).

Proof. The proof is essentially the same as for Proposition 2.4.1 and is omitted. O



45

2.4.3 Accelerated nonlinear PDHG method for smooth and strongly convex

problems I

The second accelerated nonlinear PDHG method requires statements (A6) and (A7) to hold with
vg > 0 and 7y~ > 0. It takes the parameters

. 4)1A)2 1-0 1-6
Vg0 1 | HOp—l ., T= , and o= ——1, (2.41)

2(|A|2, Vg Vh+ Vg0 Vh0

an initial point &y € dom dg, and the initial points y*; = y; € dom Oh™ to generate the iterates

T)y1 = argmin {g(m) + <y,C +0(y; —yi_1), A:B> + =Dy, (x, :ck)} ,
xeX T (2 42)

* * * * 1 * *
Y1 = argmaX{—h (V") + (¥ Azpr1) — =Dy, (y ,yk)}-
y*ey* g

Under assumptions (Al)-(A4), Lemma 2.2.1 applies to method (2.42), and the method generates
points (xy,y;) that are contained in dom dg x dom 9h*. As such, method (2.42) is well-defined.

If, in addition, assumptions (A5)-(A7) hold, then this method satisfies the following properties:

Proposition 2.4.3. Assume (A1)-(A7) hold. Let (xo,y;) € dom g x dom Oh*, let y*; = yj,
and let (xs,y%) denote the unique saddle point of the Lagrangian (2.9). Consider the sequence of
iterates {(zy,y;) 1< | with K € N generated by the accelerated nonlinear PDHG method (2.42)
from the initial points g, yi and y*,, and the parameters 0, T, and o defined in (2.41). Define

the averages

K

Tg =) L X —1ZK:1 x, and Y*—LZ—l p
A T e K= e 2o =19k

and for (x,y*) € dom g x dom h*, the quantity

op(x,y") = ;Dqsx (z, a:k)—k;D%,* (y 7yk)+gD¢y* (Yks Y1) +0 <yk — Y1, Al — wk)> - (2.43)

Then:
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(a) For every (x,y*) € dom g x dom h* and nonnegative integer k, the output (Tyi1,Yj, ;) of

the accelerated nonlinear PDHG method (2.42) satisfies the descent rule
L(@ry1,97) = L(®, Yj11) < Ok(@,Y7) = Oppa(2,97) /0. (2.44)
(b) For every (x,y*) € dom g x dom h*, we have the estimate
Tic (E(X 16, y°) = £, Vi) < ol y) = oo (ay) (2.45)
and, for the choice of the saddle point (x,y*) = (xs,y%), the global bound

1 * * * *
EDQ%/* (ysny) < 5[((2135,3/3) < 9K60(xs,ys)' (2'46)

(c) [Convergence properties] The sequences {(xy,y;) 25 and {(Xk,Y k)} 2, both converge

strongly to the unique saddle point (xs,y?) of the Lagrangian (2.9).

Proof. We divide the proof into four parts, first deriving an auxiliary result, and then proving in turn
the descent rule (2.44) (Proposition 2.4.3(a)), the estimate (2.45) and global bound (2.46) (Propo-
sition 2.4.3(b)), and the convergence properties of the accelerated nonlinear PDHG method (2.42)

(Proposition 2.4.3(c)).

Part 1. First, we show that for every (x,y*) € dom g x dom h* and k € N, the quantity dx(x, y*)

satisfies the lower bound

* 1 * *

To do so, use Fact 1.2.1 with a = 1/(760 || A||,,) and use assumption (A5) to find

* * 1 * *
(Wi = i1 Al® = 20))| < Dy (@) + 70| Al1%, Doy (9 Ui 1)-
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From the choice of parameters in (2.41), we have the identity
ol || A2, = 1. (2.48)
Use this identity in the previous inequality to find

‘<yk —Yp—1, Al — wk)>| < @Dm (x, ) + ;D¢y* (Y Yr—1)- (2.49)
Substitute in §x(x, y*) to get

or(z, y*) 2 ;Dm(%mk) + ;D¢y* (¥ yr) + ;D¢y* (Y Yr—1)
1 1
~0 (Do) + 200, (v
1D * *
= Doy (¥ yp)-

This proves the auxiliary result (2.47).

Part 2. Let (x,y*) € dom g x dom h*. By assumptions (A1)-(A7), Lemma 2.2.1 holds, and
we can apply the improved descent rule (2.18) to the (k + 1)*® iterate given by the accelerated
nonlinear PDHG method (2.42) with the initial points (Z,y*) = (x,y}), intermediate points
(,9") = (Try1, Y5 + 0(Y; — Yi_1)), output points (£,9") = (Tky1,Yjy), the strong convexity

constants v, > 0, v+ > 0, and the parameters 7, o, and 6 defined in (2.41):

—_

‘C’(mk-l-lay*) - ‘C(ma '!/Z+1) < ; (D(bx (ma ch) - D(i)x(mk—&—la mk) - (1 + 797)D¢X (ZC, mk—i—l))

1 *
+ E (D¢y* (y*? y;;) - D¢y* (y2+17 yk) - (1 + Vh*U)D¢y* (y*7 y2+1))

+ (yp + 0(Ys — Y1) — Yk, Al — Tp11)) -
(2.50)

We wish to bound the last line on the right hand side of (2.50) to eliminate the Bregman
divergence term Dy, (Ty1,2r). To do so, first distribute the last line on the right hand side

of (2.50) as

0 (i — Ui 1, Al@ — Tp11)) — (Vi1 — i A@ — Tps1)) - (2.51)
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Write € — 41 = (€ — ) + (T — Tx+1) and substitute in (2.51) to get

0 (yi — i1, Al — 1)) — 0 (4} — vi1. Al — 1) (2:52)

— Uk — Uk Al@ — Tpp1)) -

Next, use inequality (2.49) with @ = x4 derived in Part 1 to bound the second bilinear form

in (2.52) as follows:

(yr — i1, Al@yr — )| < @Dw (Tky1, TE) + ;D¢y* (Yr> Yr—1) (2.53)

Finally, use (2.51), (2.52), and (2.53) to eliminate the Bregman divergence term Dy, (€541, ) on
the right hand side of the descent rule (2.50):

1+ g7
T

1+ ypo
g

umﬂwv—c@wau+< )Dw@wmﬂ+< )Dmewhﬂ

1 *
+ ED%;* (ylt-&-lv y;;) =+ <yk+1 - yZ, Az — $k+1)>

1

1 (2.54)
S “ Do (@, 2p) + — Doy, (47, )

4 ® ok * *
+ ;D¢y* (yk? yk—l) +0 <yk —Yi—1> A(Q? — :ck)>

We now want to express both sides of inequality (2.54) in terms of i (x, y*) and dx41(x, y*),

starting from the left hand side. Note that the choice of parameters in (2.41) implies
14+797=1/0 and 1+ y-0=1/6.
As such, the left hand side of (2.54) is equal to
L(wry1,y") — L(2, Ypy1) + (2, 97) /0,
and the right hand side of (2.54) is equal to dx(x, y*). Put together, we find

L(@k11,Y") = L(2, Ypp1) < Ok(@,Y7) = Oy (2, 97) /0. (2.55)
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This proves the descent rule (2.44).

Part 3. Use (2.55) and the averages Tx, X x and Y to compute the sum

‘ .

TKE(XIO 'y*) - [,(IIJ, Y*K> = k—1 (E(wkvy*) - ﬁ(wv yZ))

D

k—1 ((Sk—l(wa y*) - 5k(m7 y*)/e)
(2.56)

/AN
M= I 1
7
.

Y

S (2, y") /05 — O1(, ") /9’f)

=
I

1

o(@,y") — ok (@, y") /0"

Il
o

This proves the estimate (2.45). Finally, substitute the saddle point (x5, y?%) for (x,y*) in inequal-

ity (2.56) and use the saddle-point property L(xx,y:) — L(xs,y}) = 0 to get
5K(msa y:) < 9K50(m87 y:)

The global bound (2.46) follows from this upper bound and the lower bound (2.47) derived in Part
1.

Part 4. The global bound (2.46), assumption (A5), and Fact 1.2.8(viii) immediately imply that
the sequence of iterates {yZ}:;’OI converges strongly to y,. It follows from this and Fact 1.2.2 that

the sequence of averages {Y j }1>°, also converges strongly to y?.
Now, consider inequality (2.56) with (z,y*) = (x5, y;) written in full:

;Dqﬁx (xs, @) + ED¢y* (Vs> yi) + ;D¢y* (Wi yi1) + 0y — vt Azs — x1))
(2.57)

1 1 .
< 9K <7_D¢X(w57w0) + ;DQSy* (ysay8)> .

We wish to bound the bilinear form on the left hand side to obtain a bound on xj;. To do so, use
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Fact 1.2.1 with o = 1/(2760 || A||,,) and identity (2.48) to obtain the bound

1

1
\<y3’; — Y1, A(zs — mk)>’ < o s — k)5 + p Hyz - yz_l}

2
A
Substitute in (2.57) to get

;Dm (xs, Tk) + ED%;* (Ysyr) + ED¢3)* (Y Y1) — P Hyk - yk—l‘

1 1 * ok
< QK <7_D¢X(m87$0) + ;D(ﬁy* (y57y0)> :

2
= 1 s — il

Finally, use the inequalities Dgy..(y5,y5) = 0, Dy . (¥, ¥5_1) = 0, and Dy, (zs,xx) >

3 l@s — x5 (thanks to assumption (A5) and Fact 1.2.8(viii) with m = 1) to obtain

2 1 1 v x
b 0% <TD¢X (@, 0) + — Doy, (Y, yo)> :

Taking the limit & — +oo yields limy_, 1 T = xs. It follows from this and Fact 1.2.2 that the

sequence of averages {X K}}F(O:o1 also converges strongly to xs. This concludes the proof. O

2.4.4 Accelerated nonlinear PDHG method for smooth and strongly convex

problems 11

We present a variant of the accelerated nonlinear PDHG method (2.42). It requires statements
(A6) and (A7) to hold with 74 > 0 and vy, > 0 and it takes the parameters
2
YgYh* 4H14||0p 1-6 1-06

-1, 7= , and o=——+ (2.58)
2(|A|2, Vo Vi Vg0 Y0

the initial points *_1 = ¢ € dom d¢ and an initial point y; € dom Oh* to generate the iterates

* * * * 1 * *
i = argmax { 1) + (0" A+ 0~ 200) — 2Dy (4,31
vey (2.59)

. . 1
L1 = argmin {g(m) + <yk+1, A:c> + =Dy, (x, a:k)} .
xeX T
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method (2.59) and (2.42) differ only in that we update y* first. This change nonetheless yields
different global bounds and convergence estimates. Under assumptions (A1)-(A4), Lemma 2.2.1
applies to method (2.59), and the method generates points (xj,y}) that are contained in dom 0g x
dom Oh*. As such, method (2.59) is well-defined. If, in addition, assumptions (A5)-(A7) hold, then

this method satisfies the following properties:

Proposition 2.4.4. Assume (A1)-(A7) hold. Let (xg,yg) € dom 0g x dom Oh*, let x_; = =,
and let (xs,yk) denote the unique saddle point of the Lagrangian (2.9). Consider the sequence of
iterates {(zy,y;) 1 | with K € N generated by the accelerated nonlinear PDHG method (2.59)
from the initial points o, y§ and x*,, and the parameters 0, T, and o defined in (2.41). Define

the averages

W] 10K 1 &1 1 &1
TK:kzlekl = A= 0)gK—T XKg= TKkzleklazk and Y = T;(kzleklyz’
and for (x,y*) € dom g x dom h*, the quantity
0n(®,y") = — Do (@, 2) + — Doy (Y7, k) + — Do (@, 1) + 0" — yp, Al@p — h-1)) -

Then:

(a) For every (x,y*) € dom g x dom h* and nonnegative integer k, the output (Tk+1,Yjg1) Of

the accelerated nonlinear PDHG method (2.42) satisfies the descent rule
L(@py1,Y7) = L(®, Yjp1) < Ok(®,Y7) = Oppa(2,97) /0.
(b) For every (x,y*) € dom g x dom h*, we have the estimate
T (L(Xk,y") — L(z,Y)) < do(,y") — 9%51((13,1/*)
and, for the choice of the saddle point (x,y*) = (xs,y%), the global bound

1 *
;Dm(ib‘s,ﬂm) < Ok (@s, yh) < 0%60(xs, y%).
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(c) [Convergence properties] The sequences {(xy,y;) 25 and {(Xk,Y k)} 2, both converge

strongly to the unique saddle point (xs,y?) of the Lagrangian (2.9).

Proof. The proof is essentially the same as for Proposition 2.4.3 and is omitted. O

2.5 Connections between supervised machine learning algorithms

and Hamilton—Jacobi PDEs

This section presents some novel connections between a broad class of supervised machine learning
algorithms and first-order Hamilton—Jacobi partial differential equations. It is meant to be illus-
trative and is not exhaustive. In addition, we will only consider classical solutions of first-order HJ

PDEs with initial data.

Our starting point are the primal and dual problems (2.7) defined on the real vector spaces
X = R"™ and Y = R™. We present two approaches for connecting supervised machine learning
algorithms with classical solutions to first-order HJ PDEs with initial data. In the first approach,
we will express the primal problem (2.7) in such a way that it will correspond to the Lax—Oleinik
representation formula of the solution to an appropriate first-order HJ PDE. In the second ap-
proach, we will express the primal problem (2.7) in such a way that it will correspond to the Hopf
representation formula of the solution to an appropriate first-order HJ PDE. The first approach will
require us to impose strong conditions on the function h in the primal problem, while the second
approach will require us to impose strong conditions on the function g in the primal problem. These
approaches will lead to connections to constrained-type problems in machine learning, regularized
maximum entropy estimation problems, and Maximum-likelihood type estimators of generalized

linear models in statistics.
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First approach: strong assumptions on the initial data

We start by imposing certain conditions on the functions g and h as well as the matrix A in the

primal problem (2.7). First, for any ¢t > 0 and &’ € R" we set

g(x) = tH* (m, - w)

for some supercoercive function H* defined on R". Its convex conjugate is denoted by H and is
called the Hamiltonian. The proper, lower semicontinuous, convex, and supercoercive properties
of H* are equivalent to requiring the Hamiltonian H to be a convex function defined on R™ [215,
Theorem 11.8]. Next, we suppose that h is convex, uniformly Lipschitz continuous function on R™,
and twice continuously differentiable on R with uniformly bounded second partial derivatives.
Finally, we assume that the matrix A has full row rank, that is, A: R" — R™ is surjective. We

also define the function J: R™ — R through h by J(x) = h(Ax).

Now, let S: R"™ x [0,4+00) — R denote the value of the primal problem (2.7) parametrized in

terms of &’ and ¢. Under the assumptions above, S(x’,t) can be expressed as follows:

S(x',t) = wigﬂgn {g9(x) + h(Ax)}

— inf, {tH* <m/ - m> + J(m)} .

Moreover, this function is the classical solution to the first-order HJ PDE [16, Proposition 4.1]

(2.60)

8—S(w’,t) +H (VS t)) =0, @' €R" tel0,+00)
ot (2.61)
S(x',0) = J(z'), z' e R™.

The Hamiltonian and initial data of the HJ PDE are the functions H and J. The second line

in (2.60) is the Lax—Oleinik representation formula of the solution to the HJ PDE (2.61). The
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solution S(a’,t) can also be represented using the dual problem (2.8). We have
S(a',t) = sup {—g"(—A"y") - h*(y")}
y*ERm

= sup {(A"y"a') —tH(A™y") —h'(y")}.
y*eRm

(2.62)

The second equality in (2.62) is the Hopf representation formula of the solution to the HJ
PDE (2.61), although written in a slightly unconventional form. It can be written in conventional
form using the convex conjugate of the function J [137, Page 56, Theorem 2.2.1]:

J*(x*)= inf h*(y"). (2.63)

A*y* —x*

Since the matrix A has full row rank, its transpose A* has full column rank. The mapping
A*: R™ — R" is therefore injective, and hence one may replace the supremum taken over y* € R™
in (2.62) with the supremum taken over * € R™ under the constraint that A*y* = x*. That is to

say, we can write

S(x',t) = sup {<a:*,:1:’> —tH(x") — J*(a:*)},

x*eR”

which is the Hopf representation formula of the solution to the HJ PDE (2.62).

Examples of supervised machine learning algorithms. Different choices of Hamiltonians
and initial data yield different supervised machine learning algorithms. Here, the Hamiltonian H
plays the role of the convex function determining the constraints or plays the role of the regular-
ization term, the initial data J plays the role of the regression model or loss function, the matrix
A encodes the data for the problem at hand, and the parameter ¢ > 0 determines the constraint
or the relative importance between the Hamiltonian and loss function in the optimization problem.

For example, the choice

1 & _
H(zx)=|z|, and J(x)=h(Ax)= . Zlog <1 + e_[AwL>
i=1
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with ' = 0 and appropriate matrix A yields the ¢;-constrained logistic regression problem (2.1)

considered in the introduction. The same Hamiltonian with initial data
J(@) = h(Az) = —— || Az - b}
) = )= — ||Ax —
2m 2

with ' = 0, b € R™ and appropriate matrix A yields ¢;-constrained least squared regression, which
is also known as the constrained form of the Lasso in the machine learning literature [234]. The
same initial data with quadratic Hamiltonian H(x) = 1 Hw||§ and with @’ = 0 yield (3-regularized

logistic and linear regression, respectively.

Second approach: strong assumptions on the Hamiltonian

We start by imposing certain conditions on the functions g and h as well as the matrix A in the

primal problem (2.7). First, for any ¢t > 0 we set
g(x) = tH(z)

for some strictly convex and differentiable function H on R™. This function is, as before, called the

Hamiltonian. Next, we suppose that

h(y) = f(y) — (b, y)

for some b € R™ and f € I'o(R™). We also assume that the matrix A has full row rank, that
is, A: R™ — R™ is surjective. These conditions ensure that the function J*: R” — R U {400}
defined by J*(x) = f(Ax) is itself a proper, lower semicontinuous and convex function [137, Page
56, Theorem 2.2.1]. Finally, we assume that either a) the Hamiltonian H is supercoercive or that
b) H* is differentiable at any point where a subgradient exists, H is bounded from below by a

constant, and the function f in h is coercive.

Now, let p = A*b, let J denote the convex conjugate of J*, and let S: R™ x [0,400) — R
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denote the negative value of the primal problem (2.7) parametrized in terms of p and ¢ > 0. Under

the assumptions above, S(p,t) can be expressed as

S(p.t) =~ inf {g(x) + h(Az))

= —_inf {tH(z)+ f(Az) - (b, Az)}

(2.64)
= s {(b, Az) — tH(x) — f(Az)}
— sup {(p.a) - tH(z) - J'(2)).

Moreover, this function is the classical solution to the first-order HJ PDE [64, Lemma 2.1 and

Theorem 2.6]
oS
5 PO +H(VpS(p,1)) =0, peR? t€[0,+00),
¢ (2.65)
S(p,0) = J(p), pER”,

The Hamiltonian and initial data of the HJ PDE are the functions H and J. The fourth line
in (2.64) is the Hopf representation formula of the solution to the HJ PDE (2.65). The solution
S(p, t) can also be represented using the negative value of the dual problem (2.8). Using the identity
h(y*) = Sup {(v"y) - fy) + (by)}
yeRr™

W (y*) = f*(b+y"),

we have
S(p,t) = — sup {—g"(—-A"y") —r*(y")}
— inf {g"(—A"y") + h(y")} (2.66)

: * p *y* * *
= inf H | ——— | + .
y*leRm {t < t > /"y )}

The third equality in (2.66) is the Lax—Oleinik representation formula of the solution to the HJ
PDE (2.65), although written in a slightly unconventional form. It can be written in conventional
form using the convex conjugate of the function J [137, Theorem 2.2.1]:

J(x*)= inf f*(y"). (2.67)

y*eRm
A*y*::c*
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Since the matrix A has full row rank, its transpose A* has full column rank. The mapping
A*: R™ — R" is therefore injective, and hence one may replace the infimum taken over y* € R™
in (2.66) with the infimum taken over #* € R™ under the constraint that A*y* = «*. That is to

say, we can write

x*eR”

S(p,t) = inf {tH* <p_tw*> +J(m*)},

which is the Lax—Oleinik representation formula of the solution to the HJ PDE (2.66).

Examples of supervised machine learning algorithms. Different choices of Hamiltonians
and initial data yield different supervised machine learning algorithms. Here, the Hamiltonian H
in the function g plays the role of a regularization term, the function h plays the role of the loss
function and defines the form of the initial data J in the HJ PDE, the matrix A encodes the data for
the problem at hand, and the parameter ¢ > 0 determines the constraint or the relative importance
between the Hamiltonian and loss function in the optimization problem. As a first example, the

choice

H(z) = % || and h(Az)=log (; 26@:,@(1‘)))

i=1
with appropriate values p in (2.64) and {®(j)}, C R" leads to (3-regularized maximum en-
tropy estimation with uniform prior distribution. Regularized maximum entropy estimation will be
covered in detail in Section 3.3. As a second, and more detailed example, we consider ” Maximum-
likelihood type* estimators arising from generalized linear models in statistics [185, 246]. The

problem is detailed below.

Suppose we receive m samples {w;, b;}7"; C R™ x Z, where b; is some output or label from some
space Z. The samples are drawn independently and identically from an unknown distribution P. In
addition, we assume that P belongs to an indexed family of probability distributions {Pg, € R"}.
Our goal is to use the m samples {u;, b;}/"; to estimate or approximate the unknown parameter

Lyunknown € R™.

One possible approach for estimating the parameter x, is to construct a ”maximum likelihood-

type“ estimator, or M-estimator for short [185, 246]. These estimators consists of the sum of a
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loss function and a regularizer term. The loss function L: R"™ x (R™ x Z) — R measures the fit of
a parameter x € R™ to the m samples while the regularizer H: R™ — R enforces a certain type of
structure expected in the parameter x, e.g., sparsity. More precisely, M-estimators are the solutions

to the minimization problem

zar = argmin {L(x, {u;, b}) + tH(z)}
xeR™

whenever they exist. An M-estimator to the problem above, if it exists, may not be unique without
assuming additional assumptions on the loss function L and the regularizer H. The parameter ¢t > 0

weighs the relative importance between the loss function and the regularizer.

Suppose now that the conditional distribution of the response b € Z given the predictor variable

u € R” is modeled as an exponential family. That is,
Pe(b | u) = C(b)ebwz)—v(ua)

for some constant C(b) that depends only on the response b. The function ¢: R — R is the
log-partition function underlying the exponential family. The associated loss function L to this

conditional distribution is the scaled negative log-likelihood

L, s, b} ) =~ los([ Palbi | w))
=1
1 1
= > (g, x)) — <m Z bua:> :

=1

The corresponding M-estimator is then

xreR”

1 & 1 &
) = arg min {m Zw((ul,@) - <m Z biui,w> + tH(az)}
=1 =1
for some appropriate regularizer term H and t > 0. As an example, the M-estimator with

1 2
H(@) =3 e} and ()=
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corresponds to £3-regularized linear regression. The same function H with t(z) = log(1 + €*) and

Y(2) = e* correspond to £3-regularized logistic and Poisson regression.

The connections to HJ PDEs can now be made explicitly. Let b € R™ denote the m-dimensional
vector with entries (by/m,...,by/m) and let A denote the m x n matrix whose rows are the

predictor variables uy. In this case, one may express the loss function L as

m

Lw, {ue b)) = > w([Aa)) - (b, Az).

=1

In addition, let f: R™ — R denote the function given by f(y) = = Yot ¥([yli). Then the first

T~ m
term in the loss function is f(Ax). With this notation, the M-estimator can be expressed as

Ty = armgelIngin {f(Az) — (b, Ax) + tH(x)}

= argmax {(b, Ax) — tH(x) — f(Ax)}.

xreR™

This is exactly in the same form as the Hopf representation formula (2.64) (third line), except that

we take the arg max instead of the supremum.

Hence under appropriate conditions on the regularizer H, the samples {u;,b;}7", and the log-
partition function % in the exponential family, the M-estimator corresponds to the unique minimizer
associated to the Hopf representation formula of the solution to an appropriate first-order HJ PDE.
Specifically, the value function that the M-estimator minimizes is, as a function of p and ¢, the

solution

S(p,t) = Sup {{p,z) —tH(z) — J(z)}

to the HJ PDE (2.65) with initial condition given by the convex conjugate J of
m

J (@) = f(Az) = — Y w([Ax]y)

m “
=1

evaluated at the point

1 m
=
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The M-estimator xps, as a function of p and ¢, also admits the following characterization [64,
Proposition 3.1]:
zy(p,t) =p — tVH(Vp(S(p, 1))

The conditions needed for the M-estimator to be connected to the solution of an HJ PDE are

satisfied by several Hamiltonians H and log-partition functions 1. For example, the choice

2

1
H(@) =g llell; and (=) =5

satisfy these conditions, and the M-estimator corresponds to £3-regularized linear regression. For
the same Hamiltonian and choice ¥ (z) = log(1 + €*) and ¥ (z) = €®, the conditions are satisfied

and the M-estimators correspond to £3-regularized logistic and Poisson regression.

2.6 Discussion

This chapter introduced new accelerated nonlinear primal-dual hybrid gradient (PDHG) optimiza-
tion methods for solving large-scale convex optimization problems with saddle-point structure. We
proved rigorous convergence results, including results for strongly convex or smooth problems posed
on infinite-dimensional reflexive Banach spaces. It also presented some connections between clas-
sical solutions to first-order Hamilton—Jacobi partial differential equations and some supervised

machine learning algorithms.

The introduction presented an example with ¢1-constrained logistic regression to illustrate how
the new accelerated nonlinear PDHG methods are advantageous; because they use Bregman proxi-
mal operators to be flexible and because they can achieve an optimal convergence rate with stepsize
parameters that are simple and efficient to compute. For this example, and several other examples
discussed in the following chapter, the stepsize parameters can be computed on the order of O(mn)
operations, where m and n denote the dimensions to the dual and primal problems at hand. In

contrast, most first-order optimization methods, including the linear PDHG method, require on
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the order of O(min (m?n, mn?)) operations to compute all the parameters required to achieve an
optimal convergence rate. This gain turns out to be considerable in practice: In Section (3.2.4)
of Chapter 3, we will present some numerical experiments in which the nonlinear PDHG method
for ¢;-logistic regression (2.3) converges 5 to 10 times faster than the linear PDHG method (2.2).
Chapter 3 will also explore applications to maximum entropy estimation problems in detail, as well

as zero-sum matrix games with entropy regularization.



Appendix

2.A Proof of Lemma 2.2.1

We divide the proof into two parts, first proving that the output (&,4") is contained in the set

dom 9g x dom Oh* and then deriving the descent rule (2.11).

Part 1. Consider the functions
[f=9g+(A™y",-) and ¢ =ox.

By assumptions (A1)-(A3), the function ¢ is essentially smooth and essentially strictly convex,
we have that dom f N int(dom ¢) # @, and at least one of g and ¢ is supercoercive. If g is
supercoercive, then an elementary calculation shows that the function f is also supercoercive, and
therefore bounded from below by Fact 1.2.3. Hence we are guaranteed that f is bounded from below
or ¢ is supercoercive. In either case, we can invoke Fact 1.2.9(i) to conclude that the minimization

problem

-, 1 _
arg min {g(a:) + (A*y*, x) + =Dy, (w,w)}
TeEX T

has a unique solution & that is contained in the set dom dg N dom O¢x. A similar argument using
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assumptions (A1)-(A2) and (A4) shows that the minimization problem

. Xk * ~ 1 * =%
argmm{h (Y*) = (y*, AZ) + —Dy,,. (¥*, ¥ )}
y*ey* g

has a unique solution §* that is contained in the set dom Oh* N dom Jpy-«.

Part 2. To derive the descent rule (2.11), we apply inequality (1.18) to each minimization problem
in the iteration scheme (2.10). Note that inequality (1.18) can be used here because we showed in

Part 1 that the conditions of Fact 1.2.9 are satisfied by each minimization problem in (2.10).
First, use inequality (1.18) with the functions
f=g+(AF,) and 6= o,
the parameter t = 7, the element '’ = &, and the proximal point prOX(tf’D¢)($,) = Z to get
9(2) + (AG",2) + Dy (@,2) > g(&) + (A5, ) + © (D (,2) + Dy (,2)

Rearrange this inequality in terms of the difference g(&) — g(x) to get

9(2) = 9() < = Doy (,2) = Doy (2,2) — Doy (0 2)) + (A'F oz — ). (2.68)

A similar application of inequality (1.18) to the second line of the iteration scheme (2.10) gives

* Ak * * 1 * —k Ak —k * Ak * Ak ~
R*(9") — h*(y") < ;(Dw(y G°) = Dy, (§°.7%) — Dy, (y*, §7)) — (y* — %, AZ).  (2.69)

Second, add the difference of bilinear forms
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to both sides of inequality (2.69) and rearrange to get

(2.70)

Next, we combine inequalities (2.68) and (2.70). Add the left hand sides of inequalities (2.68)

and (2.70) and use the definition (2.9) of the Lagrangian function L(-,-) to get

(9(2) + (y*, Az) — h*(y")) — (9(=) + (§", Az) — h"(§7)) = L(&,y") — L(z,§"). (2.71)

Thanks to (2.71), the sum of inequalities (2.68) and (2.70) give

L(@,y*) - L(z,§7) < % (D¢X(m’:_v) - D¢X(§:7a_:) - D(bX(m’i))

4 2 Dy (0" 7) = Dy (5°.5") ~ Doy (4", 5) (272)
FAF @ 8)+ (" e - &) — (57 Al - @)
Now, write
(AF 2 3) = (7", Ale — @)
=y, Alxr—z+x—x))
- (7" Ale— 7)) - (7", Ale &)

and use this to express the last line on the right hand side of inequality (2.72) as

(Aghz—a)+(y", Az —2)) — (7", Ax —2)) = (7", A(z - 2)) — (§", Az — @))
+ (Y%Al —2)) - (§7, Az - 2))

=@ -9 Alz-2) —(y" -y, A - 2)).
(2.73)
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Finally, combine inequalities (2.72) and (2.73) to find

L | L
L(@,y") = L(x,§") < = (Dgy (2,2) — Dy (&,2) — Dy (, Z))
1 *  —% * =% k%
+ — (Doy. (¥, 5) = Doy, (57, 5°) = Doy (™, 97))

which is the desired result.

2.B Proof of Proposition 2.3.1

We divide the proofs into four parts, first deriving an auxiliary result, and then proving in turn the
descent rule (2.15) (Proposition 2.3.1(a)), the estimate (2.16) and the global bound (2.17) (Propo-
sition 2.3.1(b)), and the convergence properties of the nonlinear PDHG method (2.12) (Proposi-
tion 2.3.1(c)).

Part 1. We first show that for every (x,y*) € dom g x dom h* and nonnegative integer k, the

quantity o (x, y*) satisfies the bounds

1 1 %
0< (1= V77 [Ally) (3 Dor@ ) + 1 Doy ("5

<0u(@9) < (14 V7T [AlLy) (LDor(im) + D (07 00)).

(2.74)
To derive this, use fact 1.2.1 with the choice of a = /o /7 and (z/,y*') = (zk, y}) to get
* * \/E 2 \/’7— * * (12
0" i Alw — @)l < Al (57 o= aulle+ 57 " - wil-
1 2 1 * (12
V7 lAlly (5 o - ol + 5 I - wil3.) (279

1 1 %
<V Al (EDou@ ) + Doy 0 90)).

where in the last line we used assumption (A5) and Fact 1.2.8(viii) with m = 1. Inequality (2.74)

then follows from equation (2.14) and inequalities (2.75) and (2.13).
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Part 2. Let (z,y*) € dom g x dom h*. By assumption (A1)-(A4), Lemma 2.2.1 holds, and
we can apply the descent rule (2.11) to the (k + 1)*® iterate given by (2.12) with initial points

(,7*) = (xk, y;) and intermediate points (,¥*) = (2xx4+1 — xk, Yj) to get

* * 1
L(xpi1,Y") — L(T,Yps1) < ~ (Do (@, ) — Doy (Tht1, Tk) — Dy (T, Th41))

1
+ = (Do (" Y1) = Doy (Yiy15Uk) — Doy (W™, Y1)
o Y Y (2.76)
+ (Y — Yhy 1 Al — (2mpp1 — x1)))
— (" —yp A((2Tp41 — k) — Thr)) -
To proceed, we want to rewrite the last two lines of (2.76) to simplify the analysis. First, write the

penultimate line on the right hand side of (2.76) as

<yZ —Yii1 Al — 2@pg — azk))> = <yZ — Y1 Al — Tpg1) — A(Tpgr — wk)>

= (Yk — Yir1, Alz — zp11))
+ (Yis1 — i Al@hsr — )

= (¥ — Y1, Al® — ®p11))
— (Y —yp, Al® — @p11))

(2.77)

+ (Vi1 — Yo A(@pg1 — @)

= (Y — Y1, Al® — Tp11))
+(Y" = Y A(Zp1 — Tk))
— (" —yp, Az — xp))

+ <yz+1 - y;:;y A(mk-f—l - $k)> )

The bilinear form on the last line of (2.76) simplifies to
(" = yp, A(Cor1 — 1) — ®rt1)) = (Y — Y, A@ip1 — 1)) - (2.78)
Combine equations (2.14), (2.77) and (2.78) together to write inequality (2.76) as

L(xpi1,Y") — L(x,y5yq) < 0u(@,Y") — Opr1 (2, Y") — 01 (1, Yi)-
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Thanks to inequality (2.74),

—Op41(x, ) <O,

and hence

L(®e11,y") — L(2, Ypi1) < 0k(@,y7) = Oppa (2, y7).

This proves the descent rule (2.15).

Part 3. Sum inequality (2.15) from k =1 to K on both sides to obtain

K
S L@ y*) - L@ yh) < do(@,y*) — Ok (@, 97). (2.79)
k=1
Use the averages
1 & 1 &
Xk = K;mk and Y7 = K;yz,

the convexity and concavity in the first and second arguments of the Lagrangian (2.9), respectively,

and inequality (2.79) to bound the difference of Lagrangians £L(X g, y*) — L(x, Y %) as follows:

K
S (L(@i,y*) - Ll yh)
=1 (2.80)

(50($7 y*) - 5K(x7y*)) :

L(Xr,y") = L(@, V)

<

| = N\H

Finally, use the lower and upper bounds (2.74) in (2.80) to get

LXK, y*) — L(z,Yk) <

1—|—\/TO'HAH 1 1 . .
= (TD(ﬁx(mamO) + ;D¢y* (y 7y0)>

1 - \/TUHAHop (

1 *
Do) + Dy (07970 ).
This proves the estimate (2.16).

Now, let (z,y*) = (s, y?) in estimate (2.16) and use the saddle point property

E(XKvy:) - E(m&Y*K) 20



68

and rearrange to get

1 1 . ok
(1 - \/Tio'HAHOp) (TD¢)X(w57wK) + g-Dd)y* (ysayK)>
1 1 * *
<1+ VT [Aly) (2Dor(@n0) + ) Doy 0 00))

Since 7o HAHgp <1, the number (1 — /70 |[A,,) is strictly positive and we can divide both sides

of the previous inequality by (1 — /7o [|Al|,,) to get

1 1 L+ 7o |lAl,, /1 1
-D -D * * < P -D D § *’ * .
o ¢x(mS>mK)+ pu Py (Ys: Yk) 1_ \/EHAHop <7_ ¢X(m8aw0)+ pu oy (5 y0)>

This proves inequality (2.17).

Part 4. First, note that the global bound (2.17) implies that the sequence of iterates {(xy, y}) 3
is bounded. It follows immediately from the definitions of the averages X g and Y7 that the

sequence of averages {(X i, Y5 )} 1>, is also bounded.

From Fact 1.2.4, there is a subsequence {(X ,, Y %,) ;"7 that converges weakly to some point
(X,Y™*) € X x Y*. We claim that (X,Y™) is a saddle point of the Lagrangian (2.9). To see this,

use inequality (2.16) with (@, y*) € dom g x dom h* and take the infimum limit [ — 400 to get

o . \ Ve Al (1 1 .
lllinﬁgof [L(Xk,,y"*) — L(z, YKZ)] < lllinﬁ&f I P <TD¢X (x,x0) + ;Dq;y* (y ,y0)>

=0.

The lower semicontinuity property of the functions g and A* implies

0 > lim inf (‘C(XKlay*) - ﬁ(m7Y}<(l)) > ‘C(va*) - ‘C(va*)>

l—+o00

from which we find

L(X,y") < Lz, Y™).

As the pair of points (xz,y*) € X x Y* was arbitrary, we conclude that (X,Y ™) is a saddle point
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of the Lagrangian (2.9).

Assume now that the spaces X and Y* are finite-dimensional. Since the sequence of iterates

{(zr, y3) g:“i is bounded, by Fact 1.2.4 there is a subsequence that converges strongly to some

point (x.,y’). Note that (x.,y}) is a fixed point of the nonlinear PDHG method (2.12), and

therefore we can invoke Lemma 2.2.1 to conclude that (x.,y}) € dom dg x dom Oh*.

We claim that (@, y}) is a saddle point of the Lagrangian (2.9). To see this, consider the

descent rule (2.15) with arbitrary (x,y*) and the subsequence {(azkl,yzl) ;;of

Ly, y") — L(,yx,) < O (2, Y") = Ok, (T, 97).

By the strong convergence of the subsequence {(mkl,yzl)};;of to (x,yr) and Fact 1.2.8(vii), we

have the limits

lim Dy, (z,xy,) = Dy, (x,z.) and l_l)iinoo Dg,,. (V" yr) = Dy, (y*,y.).

l—+o00
Hence

lim 5kl<x7y ) = ;D¢X(x7xc) + ;D(by* (y ayc) - <y* - yc7A(x - wC)> ’

l—+o00

and we conclude, from the completeness property of the real numbers, that
l;g:_l&f Ok, (2, Y") — Opy, (2, 97) = 0.
We therefore deduce the infimum limit

liminf £(zy,, y*) — L(z,y},) < 0.

l—+o0

The lower semicontinuity property of the functions g and h* implies

0 > liminf (L(zy,, y*) — L(z, y,)) = L(ze, y*) — L(z, y}),

l—+o00
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from which we find

L(z,y.) < L(xe, y").

As the pair of points (x,y*) € X x Y* was arbitrary, we conclude that (z.,y}) is a saddle point of

the Lagrangian (2.9).

It remains to prove that the sequence of iterates {(z, y;) /5 converges strongly to the saddle
point (x.,y}). To do so, consider the descent rule (2.15) with the choice of saddle point (x,y*) =

(¢, ). From the saddle-point property L(xy,y;) — L(x.,y;) = 0 and inequality (2.74), we have
0 < 0k(®e, Yr) < Ok—1(Te, Ye)-

The sequence of real numbers {0y (x., yz)};;’? is non-increasing in [, and as such, it has a limit.
By Lemma 2.2.1, Fact 1.2.8(vi), and the strong convergence of the subsequence {(x,, yzl)};;olo to
(zc,y?), we have

lim Dy, (xc, ®r,) =0, lim Dy . (yz,yg) =0, and lim <yi — Yp AT — :Ekl)> =0.

l—+o00 l—+o00 l—+o00

We deduce the limit

lim 0g(xc,ys) =0.

k——+o0

Now, from this limit and the lower bound (2.74) with (z,y) = (., y}), we have

0< (1 — V70O ||A||op) (TD¢X ($C7 mk) + ;D¢y* (yc’ yk’)) < kEIJPOO 5k(wc7yc) =0.

lim
k—+o00
Since (1 — /70 || A||,,) > 0 and assumption (A5) holds, we deduce the limits

1 2 :
0< kgrfoo 2 lze = @il < kEI-ll-loo Doy (@e, 1) =0

and
0< i 71 lys — *H2 < I Dy . (y:yr)=0
< lim , < lim y , =0.
. 5 Ye — Yilly . py+ \Ye> Yk

This proves the strong convergence of the sequence of iterates {(mk,y};)};ﬁ? to the saddle point
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(xc,y?). Finally, we deduce from Fact 1.2.2 that the sequence of averages {(X g, Y 5 )} 5>, con-

verges strongly to the same limit (., y}). This concludes the proof.



Chapter Three

Variational methods for machine learning algorithms
and connections to Hamilton—Jacobi PDEs II:

Applications
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3.1 Introduction

This chapter applies the accelerated nonlinear PDHG methods developed in the previous chapter
to sparse logistic regression, regularized maximum entropy estimation, and entropy-regularized
matrix games. We discuss each problem in detail and provide an accelerated nonlinear PDHG
optimization method to solve it efficiently. Finally, we present numerical experiments to illustrate
that the accelerated nonlinear primal-dual hybrid gradient methods are considerably faster than

competing methods.

In all problems, the real reflexive Banach spaces X and ) are taken to be finite dimensional
Banach spaces with norms ||-||,, and ||-||y, chosen suitably for each example. In each forthcoming
example, we will choose the norms ||| and |[|-||;, and Bregman functions ¢x and ¢y to obtain
an explicit accelerated nonlinear PDHG method for which the stepsize parameters and updates
are simple and efficient to compute. To see how this works, consider the case where X = R"
and Y = R™. Table (3.1.1) below illustrates that with these spaces, certain combinations of
norms make it possible to compute the induced operator norm in O(mn) operations, down from
O(min(m?n, mn?)) complexity with the classical choice |-, = [[l}, = [I‘ll,- In addition, we
can choose the Bregman functions ¢y and ¢y« in conjunction with these norms to ensure that
assumptions (A1)—(A5) from the previous chapter hold. This is our strategy. For certain choices
of norms adapted to the problem at hand, we will obtain an accelerated nonlinear PDHG method

that is both explicit and significantly more efficient compared to other competing methods.

Codomain
R™, []-ll,) (R™, [|-[]5) (R™, [|[lo0)
®, [1l,) Max. ¢1 norm of Max. #5 norm of Max. /o norm of
P g column (~ O(mn)) | a column (~ O(mn)) | a column (~ O(mn))
. n Largest singular value Max. ¢ norm of
Domain | (R",|[-[|3) NP-hard (~ O(min (m?n, mn?))) a row (~ O(mn))
" Max. ¢ norm of
R™, |loo) NP-hard NP-hard o o (L O(mn)

Table 3.1.1: Table of some operator norms of A with their associated computational complexity.
Table extracted from [239, Section 4.3.1].
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3.2 Sparse logistic regression

Logistic regression is a widely used statistical model to describe the relationship between a binary
response variable and features in data sets [142]. It is often used in machine learning to identify
important features [93, 259]. This task, variable selection, typically amounts to fitting a logistic
regression model regularized by an ¢; penalty. Variable selection is frequently applied to problems
in medicine [11, 37, 123, 195, 210, 252, 260], natural language processing [26, 174, 118, 208, 230],

economics [170, 232, 257, 258], and social science [1, 153, 183], among others.

Since modern big data sets can contain hundred of thousands to billions of features, variable
selection methods require efficient and robust optimization algorithms to scale well [171]. State-
of-the-art algorithms for variable selection methods, however, were not traditionally designed to
handle big data sets; they either lack scalable parallelism or scale poorly in size [57, 161] or are
prone to produce unreliable numerical results [34, 167, 255, 256]. These shortcomings in terms of
efficiency and robustness make variable selection methods on big data sets essentially impossible

without access to adequate and costly computational resources [77, 224].

This section proposes an accelerated nonlinear PDHG method designed to overcome the short-
comings described above for variable selection via £1-constrained logistic regression. This method,
as we will describe soon, provably computes a solution to fi-constrained logistic regression in
O(md/+/€) operations, where € € (0,1) denotes the tolerance and m and d denote the number of
samples and features present in the logistic regression problem. This result improves on the known
complexity bound of O(min(m?2d, md?)/+/€) for first-order optimization methods such as the linear
PDHG method or forward-backward splitting methods. This gain turns out to be considerable
in practice: for instance, in Section 3.2.4 we present some numerical experiments in which the
accelerated nonlinear PDHG method converges 5 to 10 times faster than its linear counterpart, an

order of magnitude speed-up.
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3.2.1 Description of the problem

Suppose we receive m independent samples {w;, b;}I", each comprising a d-dimensional vector of
features u; and a response variable b; € {—1,+1}. The goal of variable selection is to identify
which of the d features best describe the m response variables. A common approach to do so is to

fit a logistic regression model constrained by an ¢; norm:

1 m
inf f(v;A)= inf —>"1 (1+ —bi<“iv“>) 3.1
vlngf( ) vIEI}Rd m3 o8 ¢ (3:1)
lll<x =

where A > 0 is a tuning parameter. The ¢;1-constrained logistic regression problem is often rewritten
in non-constrained form as

1 m
inf — lo <1+e_b"<”i’”>> +tl|lv 3.2
gD ol (32)

where ¢ > 0 and there exists a one-to-one correspondence between A and ¢ such that the solution is
the same for each problem. We shall focus in this section on the constrained-form of sparse logistic

regression, that is, on problem (3.1).

The constraint on the #; norm regularizes the logistic model in two ways. First, it ensures
that problem (3.1) has at least one solution [92, Page 35, Proposition 1.2]. Second, it promotes
solutions to have a number of entries that are identically zero [109, 93, 259]. The non-zero entries
are identified as the important features, and the zero entries are discarded. The number of non-zero

entries itself depends on the value of the tuning parameter .

In most applications, the appropriate value of A proves challenging to estimate. To determine
it, variable selection methods first compute a sequence of minimums v*(\) of problem (3.1) from a
chosen sequence of values of the parameter A and then choose the parameter that gives the preferred
minimum [34, 112]. Variable selection methods differ in how they choose the sequence of parameters
A and how they repeatedly compute global minimums of problem (3.1), but the procedure is

generally the same. The sequence of parameters thus computed is called a regularization path [112].
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Unfortunately, computing a regularization path to problem (3.1) can be prohibitively expensive
for big data sets. To see why, fix A > 0 and let v.(\) € R™ with ¢ > 0 denote an e-approximate

solution to a global minimum v*(\) in (3.1), that is, the objective function in (3.1) satisfies

Fc(A);A) = f(0* (M) A) < e

Then the best achievable convergence rate for computing v.(A) in the Nesterov class of optimal
first-order methods is sublinear, that is, O(1/4/€) in the number of iterations [187]. While optimal,
this convergence rate is difficult to achieve in practice. Indeed, letting B denote the m x d matrix
whose rows are the elements —b;u;, one requires a precise estimate of the largest singular value of the
matrix B to achieve an optimal convergence rate. This quantity, however, is essentially impossible
to compute for large matrices due to its prohibitive computational cost of O(min (m?d, md?))
operations [130]. This issue generally makes solving problem (3.1) difficult and laborious. As
computing a regularization path entails repeatedly solving problem (3.1) for different values of A,

this process can become particularly time consuming and resource intensive for big data sets.

3.2.2 State-of-the-art optimization methods

The issue of solving sparse logistic regression and constructing regularization paths has driven
much research in the development of robust and efficient methods to minimize costs and maximize
performance. Most optimization methods developed in this vein focus on the equivalent non-
constrained form (3.2) of sparse logistic regression. The state-of-the-art is based on coordinate
descent algorithms [111, 112, 131, 227, 228, 235, 251, 256]. These algorithms are implemented, for
example, in the popular glmnet software package [131], which is available in the Python, MATLAB,
and R programming languages. Other widely used variable selection methods include those based
on the least angle regression algorithm and its variants [91, 134, 161, 236, 263], and those based
on the forward-backward splitting algorithm and its variants [23, 48, 74, 225, 226]. Here, we focus
on these algorithms, but before doing so we wish to stress that many more algorithms have been

developed for sparse logistic regression; see [27, 93, 163, 243, 259] for recent surveys and comparisons
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of different methods and models.

Coordinate descent algorithms are considered the state of the art for computing regularization
paths because they are scalable, with steps in the algorithms generally having an asymptotic space
complexity of at most O(md) operations. Some coordinate descent algorithms, such as the one
implemented in the popular glmnet software [131], also implement selection rules to exploit the
sparsity of the matrix B and a priori knowledge of the sparsity of the solution. Despite these
advantages, coordinate descent algorithms for constructing regularization paths generally are non-
parallelizable and generally lack robustness and good convergence properties. For example, the
glmnet implementation offers no option for parallel computing. The implementation also depends
on the sparsity of the matrix B and a priori knowledge of the sparsity of the solution to converge
fast [263]. It is also known to be slowed down when the features are highly correlated [111]. It
would be desirable to have a fast algorithm for when the matrix B is dense and for when the
features are highly correlated, as these occur often in practice. Another issue is that the glmnet
implementation approximates the logarithm term in sparse logistic regression with a quadratic in
order to solve the problem efficiently. Without costly step-size optimization, which glmnet avoids
to improve performance, the glmnet implementation may not converge [112, 161]. Case in point,
Yuan et al. [255] provides two numerical experiments in which glmnet does not converge for the
non-constrained problem (3.2). Although some coordinate descent algorithms recently proposed
in [41] and in [102] can provably solve the logistic regression problem (3.2), in the first case, the
convergence rate is strictly less than the achievable rate, and in the second case, the method fails
to construct meaningful regularization paths to problem (3.2), in addition to having large memory

requirements.

The least angle regression algorithm is another popular tool for computing regularization
paths. This algorithm, however, scales poorly with the size of data sets because the entire se-
quence of steps for computing regularization paths has an asymptotic space complexity of at most
O(min (m?n + m3, mn? + n3)) operations [91]. Tt also lacks robustness because, under certain con-
ditions, it fails to compute meaningful regularization paths [34, 167]. Case in point, Bringmann

et al. [34] provides an example for which the least angle regression algorithm fails to converge.
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The forward-backward splitting algorithm and its variants are widely used because they are
robust and can provably compute e-approximate solutions of (3.1) and (3.2) in at most O(1/+/€)
iterations. To achieve this convergence rate, the stepsize parameter in the algorithm needs to be
fine-tuned using a precise estimate of the largest singular value of the matrix B. As mentioned
before, however, computing this estimate is essentially impossible for large matrices due to its
prohibitive computational cost, which has an asymptotic computational complexity of at most
O(min (m?d, md?)) operations. Line search methods and other heuristics are often employed to
bypass this problem, but they come at the cost of slowing down the convergence of the forward-
backward splitting algorithm. Another approach is to compute a crude estimate of the largest
singular value of the matrix B, but doing so dramatically reduces the speed of convergence of the
algorithm. This problem makes regularization path construction methods based on the forward-
backward splitting algorithm and its variants generally inefficient and impractical for big data

sets.

In summary, state-of-the-art variable selection methods for sparse logistic regression and com-
puting regularization paths to problems (3.1) and (3.2) either scale poorly in size or are prone
to produce unreliable numerical results. These shortcomings in terms of efficiency and robustness
make it challenging to perform variable selection on big data sets without access to adequate and
costly computational resources. We shall present here an efficient and robust accelerated nonlinear

PDHG optimization that addresses these shortcomings.

3.2.3 Derivation of the accelerated nonlinear PDHG method

To derive an appropriate accelerated nonlinear PDHG method for ¢;-constrained logistic regression,
we will express problem (3.1) as an minimization problem over the 2d-dimensional unit simplex
Asy. We can do so because every polytope, including the £1-ball, can be represented as a convex

hull of its vertices in barycentric coordinates [128, 145]. Here this means for every v inside the
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£1-ball of radius A, there exists a point @ in Ay for which
v = AMIaxa | —Iaxa)®, (3.3)
where (Ijxq | —I4xq) denotes the horizontal concatenation of the identity matrices Iy g and —Iy .

We now apply the change of variables (3.3) to problem (3.1). Let B denote the m x d matrix
B whose rows are the elements —b;u;, let A = \(B | —B), and let n = 2d. Then problem (3.1)

becomes equivalent to

1 m
inf — S 1 (1 [Amh) , 3.4

wlenAn m ; 8 T ( )
where A,, denotes the n-dimensional unit simplex. This is the primal problem of interest. Its

associated convex-concave saddle-point problem is

inf sup {{y*, Az) —¥(y")} (3.5)
TEAn yrcR™

where ¥: [0,1/m]™ — R denotes the average negative sum of m binary entropy terms,

% > mly*ilog (mly];) + (1 — my]:) log (1 —mly*];) ify* € [0,1/m]™,
(y*) = i=1 (3.6)

400, otherwise.

The dual problem is

sup {vecmax(—A%y") —¢(y")} (3.7)
y-cim

where vecmax(y) = max ([y]i,...,[ylm) for y € R™. Due to the strong concavity of the
dual problem (3.7), the convex-concave saddle-point problem (3.5) has at least one saddle point
(zs,y%) € A, x R™, where @ is a global solution to the primal problem (3.4) and y? is the unique

solution to the dual problem (3.7). They satisfy the optimality conditions

1

Ts € BVeCInaX(—A ys) and [ys]l = m

fori e {1,...,m}. (3.8)

The solution wvg of the original problem (3.1) follows from @5 and the change of variables for-
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mula (3.3). In addition, the first optimality condition in (3.8) can be used to identify the zero
entries of x5 as follows [215]: Let J(—A*y%) denote the set of indices j € {1,...,n} with

vecmax(—A*y}) = [-A*y}];. Then [x,]; = 0 whenever j & J(—A*y}).

Accelerated nonlinear PDHG method

We propose to solve the ¢1-constrained logistic regression problem (3.1) through (3.4) and (3.3) using
the accelerated nonlinear PDHG method (2.39) with the following choice of norms and Bregman

functions:

1

y- =llllz,  ¢x =Hn, and gy =,

-l = MMl s -]

where H,,: A, — (—00,0] denotes the negative entropy function,

n

Ho(x) =Y _[a];log([z];).
j=1
The negative entropy function induces the Bregman divergence Dy, : A, xint A,, — [0, +00) given
by

n

Dy, (z, @) = _[z];log ([];/[2];) -

j=1
This Bregman divergence is the so-called Kullback—Leibler divergence or relative entropy. The
Bregman function ¢y« is, up to a factor of 1/4m, the average negative sum of m binary entropy

terms (3.6). It induces the Bregman divergence Dy, /4, [0,1/m]™ x (0,1/m)™ — [0, 4+00) given by

With these choices, assumptions (A1)-(A5) and (A7) hold with v« = 4m. In particular, assumption
(A5) holds because H,, is 1-strongly convex with respect to the ¢; norm over the unit simplex A,,.
This fact is a direct consequence of a fundamental result in information theory known as Pinsker’s

inequality [22, 63, 152, 158, 203]. Moreover, the induced operator norm is the maximum ¢ norm
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of the columns of A, i.e.,

1Al = 1A

= sup |Az|,= max
b2 ||, =1 2 je(llm)

For this method, we set the initial stepsize parameters to be 6y = 0, 79 > 0 and 09 = 1/(HAH%2 70).
Given x_; = x¢ € int A, and y§ € (0,1/m)™, the corresponding accelerated nonlinear PDHG
method for problem (3.4) consists of the iterations
* * * 1 * *
Yht1 = arg MAX —(y*) + (¥, A(zp + Okl — zp—1])) — ;kD¢/4m<y S YE) (s
y*e m

: * * 1
ors = argmin { (A°03.1,2) + - Do, (2.

b ISYANS

0k+1 = 1/\/1 + 4dmo s Tk+1 = Tk/9k+1, and Ok4+1 = 0k+10k'

The updates y;,; and @41 can be both computed explicitly. For the first update, define the

auxiliary variable

[wg]i = log (m[yr]i/(1 —mly;]i)) fori e {1,...m}.

Then we can update yj;_ ; in two steps:
Wiyl = (4makwk + dmo0; (:ck - askfl) + wk) /(1 + 4mak)

and
1

m + me~ [We+1li

[Yis1li = fori € {1,...,m}.

For the second update, a straightforward calculation gives

[),] e KA Vials
[mk-&-l]j = ’ - T
2 e k] jem T Yh
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for j € {1,...,n}. Hence the iterations are given by

Wpt1 = (4m0k:1:k + dmoy0y (mk — ack_l) + wk) /(1 + 4mak)
1

m + me[Wrt1li
—ml ATyl (3.9)
forje{1,...,n}

[Yis1li = [Yrtali = forie {1,...,m}

__ [mle
[mk,‘—‘rl]] - E;n:l[wk]je—Tk[A*y;;+1]j

9k+1:1/\/1+4m0 s Tk+1:7'k/6k+17 and Uk+1:9k+1(7k~
All parameter calculations and updates can be performed in O(mn) operations. According to
Proposition 2.4.2 and the optimality conditions (3.5), we have the strong limits

1
lim yp=y; and lim [y;]; =

The convergence is O(1/k?) in the number of iterations k, which is the best possible achievable
rate of convergence for this problem in the Nesterov class of optimal first-order methods [188]. In
particular, this means that for a given A > 0 and € > 0, the nonlinear PDHG method provably

computes an e-approximate solution to a global minimum v*(\) of (3.1) in O(mn/+/€) operations.

3.2.4 Numerical experiments

We present here some numerical experiments to compare the running times of the accelerated
nonlinear PDHG methods proposed for sparse logistic regression to other commonly-used first-
order optimization methods. These methods include the accelerated linear PDHG method [46, 47]
and the forward-backward splitting method [23, 48]. These methods are described below and were
implemented in MATLAB. All numerical experiments were performed on a single core Intel(R)

Core(TM) i7-10750H CPU @ 2.60 GHz.
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Data generation and optimization methods

We consider the setting where the m vectors of features (uq, ..., u,,) are independent and the true
solution is sparse. Specifically, we draw m independent samples (uq, ..., u,,) from a d-dimensional
Gaussian distribution with zero mean and unit variance. Letting v € R™ denote the true solution
to be estimated, we set 1% of the coefficients of v to be equal to 10 and the other coefficients to
be zero. Finally, letting £ denote d-dimensional Gaussian distribution with zero mean and unit
variance, we define the response model as

+1 if (ug,v) +[€]; =0,
[b]; =

—1 otherwise.
This setting allows us to process dense, large-scale data sets with sparsity structure. We choose the

number of samples to be smaller than then number of features, with m = 10000, and d = 10000,

25000, 50000, 75000, 100000, 125000 and 150000. We set the tuning parameter to be A = 1.

We perform simulations using the accelerated nonlinear PDHG method (3.9), the accelerated lin-
ear PDHG method (2.2) described in the introduction, and the forward-backward splitting method
as applied to problem (3.1). The initial values, parameters and numerical criteria for convergence

of each method are described below.

Accelerated nonlinear PDHG method (3.9). We set [yj]; = 1/2m for each i € {1,...,m},
we set [x_1]; = [@o]; = 1/n for each j € {1,...,n}, and we set 1) = 2m/HAHiQ, oo = 1/2m
and 6y = 0. We compute the time required for convergence in the dual variable y; and also the
time required for convergence in the average dual variable Y* as defined in Proposition 2.4.3. The

iterations were stopped once ||y}, — yZH2 <107 HyZHHQ and || Y5, — *KH2 <107 HY*K-HHQ‘

Accelerated PDHG method (2.2). We set [yjli = 1/2m for each i € {1,...,m}, we set
[v_1]; = [vo]; = 1/d for each j € {1,...,n}, and we set 79 = 4m/2 HAH;Q, oo =1/2m and 6y = 0.

We evaluate the update in wyy; using the forward-backward splitting method and we evaluate
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the update vj41 using the ¢1-ball projection algorithm described in Condat [60]. We compute the
time required for convergence in the dual variable y; and also the time required for convergence

in the average dual variable Y* as defined in Proposition 2.4.3. The iterations were stopped once

lwier = willy <107 [[yiaally and [Yiess = ¥icll, <1074 [¥ e,

Forward-backward splitting method. We compute the iterates

wy, = v, + Br(vgp — vi—1),

V41 = arg min {’U — [wk — TB*/(m + me_B“’k)]} ’
vl <A

14 4/14 4¢3 o1
S and ﬁkH:(k )

2 tht1

th+1 =

where 7 = 4m/ HBH;w q=A/(1+ A7), [v_1]j = [vo]; = 1/d for j € {1,...,d} and ty = By = 0.
We evaluate the update vy using the ¢1-ball projection algorithm described in Condat [60]. We

compute the time required for convergence in the variable v;. The iterations were stopped once

[vks1 — vklly <107 logga ;-

Numerical results. Table 3.2.1 shows the time results for the forward-backward splitting, linear
PDHG and nonlinear PDHG methods. For the linear and nonlinear PDHG methods, we also show
the time results for convergence with the regular and ergodic sequences as described before. We
observe that the nonlinear PDHG method is considerably faster than both the forward-backward
splitting and linear PDHG methods; the nonlinear PDHG method achieves a speedup of about 4

to 6.

3.3 Regularized maximum entropy estimation problems

Maximum entropy (Maxent) models are widely-used statistical models for estimating probability

distributions from data. These models use the maximum entropy principle [146] to construct
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Number of features d
10000 \ 25000 \ 50000 \ 75000 \ 100000 \ 125000 \ 150000

Methods Timings (s)
Forward-backward splitting | 40.55 | 114.82 | 269.25 | 437.52 | 725.81 | 839.24 | 1281.77
Linear PDHG (Reg.) 40.56 | 111.60 | 254.41 | 408.79 | 670.57 | 739.37 | 1122.36
Linear PDHG (Erg.) 46.96 | 126.51 | 284.25 | 447.06 | 717.33 | 810.46 | 1180.35

Nonlinear PDHG (Reg.) 9.72 | 26.23 | 58.60 | 87.67 | 112.95 | 177.50 | 203.10
Nonlinear PDHG (Erg.) 13.52 | 32.47 | 64.71 | 93.97 | 125.65 | 190.25 | 193.36

Table 3.2.1: Time results (in seconds) for solving the ¢;-restricted logistic regression problem (3.1)
with the forward-backward and linear PDHG methods and time results for solving the equivalent
problem (3.4) with the nonlinear PDHG method.

probability distributions that reproduce key statistics of data sets as closely as possible. Historically
applied to problems in physics [146], engineering [149, 129, 25] and statistics [247], Maxent models
are now frequently applied to problems in natural language processing [26, 55, 76, 172, 211, 240],
social science [132, 159, 184], neuroscience [122, 238, 218| and ecological modeling [87, 88, 94, 148,

180, 200, 201, 202, 223, 222|, among others.

Large-scale Maxent models require estimating probability distributions from massive data sets
comprising hundred of thousands to billions of features [171]. Due to this enormous number, large-
scale Maxent models need efficient and robust algorithms to perform well. However, state-of-the-
art algorithms for Maxent models were not originally designed to handle massive data sets. These
algorithms either rely on technical devices that may yield unreliable numerical results [105], or
lack scalable parallelism or scale poorly in size [73, 76] or depend on assumptions (e.g., smoothness
properties) that are not satisfied by many Maxent models in practice [172]. These limitations make
it practically impossible to construct large-scale Maxent models for applications without adequate

and costly computational resources [77, 233].

Further exacerbating this issue is that machine learning applications, in general, strongly rely on
increases in computing power to manage growing data sets and improve performance [80]. Without
more efficient and robust algorithms to minimize monetary and energy costs, this progress will
quickly become economically and environmentally unsustainable as computational requirements
become a severe constraint [233]. This constraint on computational requirements, in particular,

has been recently identified as a crucial challenge to overcome for Maxent models used in climate
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change ecological studies in order to create realistic environmental predictors within a reasonable

amount of run time [223, 222].

This sections proposes accelerated nonlinear PDHG methods designed to overcome the short-
comings of present state-of-the-art methods used for constructing large-scale Maxent models. These
methods, as we will describe soon, provably compute solutions to a broad class of Maxent models,
including models with ¢; and £3 penalties, with computations requiring on the order of O(mn/+/€) or
O(mnlog(1/e)) operations (the order depending on strong convexity assumptions), where € € (0,1)
denotes the tolerance, m denote the number of features in the Maxent model, and n denote the
dimensionality of the Maxent model. This result improves on the known complexity bound of
O(min(m?n, mn?)/\/€) and O(min(m?n, mn?)/log(1/¢)) for first-order optimization methods such
as the linear PDHG or forward-backward splitting methods. These gains turn out to be consid-
erable in practice: for instance, in Section 3.3.4 we present some numerical experiments in which
an accelerated nonlinear PDHG method tailored to £3-regularized maximum entropy estimation

converges 3-4 times faster than the classical accelerated linear PDHG method.

3.3.1 Description of the problem

Suppose we receive [ independent and identically distributed samples {vy,...,v;} C Z from an
unknown distribution D. We assume throughout this section that the input space Z is discrete
with n elements, and without loss of generality Z = {1,...,n}. In addition, suppose we are given
some prior probability distribution pprior on Z that encapsulates some prior knowledge about the
samples or unknown distribution. Finally, suppose we have access to a set of features from the
samples via a bounded feature map ®: Z — R™, with supjcqy, ) [|2(j)]ly < r for some r > 0.
Then, how do we estimate the unknown distribution D from the prior distribution pprior, the samples

{v1,...,u} and the feature map ®?

The maximum entropy principle offers a way to answer this question. It states that the distri-
bution that best estimates the unknown distribution D is the one that remains as close as possible

to the prior probability pprior While matching the features {®(vy),..., ®(v;)} exactly or as closely
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as possible, in some suitable sense. We measure closeness of a probability distribution p € A,
where A,, denote the n-dimensional probability simplex, to the prior probability pprior € Ay, using

the Kullback-Leibler divergence:

DHn (pvpprior) = Zp(j) IOg <p(])> . (310)

2 Porior ()

The symbol H,, stands for the negative entropy function with respect to the probability simplex
A,. We measure how the average of the features induced by a probability distribution p match
the empirical average of the features {®(v1),...,®(v;)} as follows. Let D denote the empirical

distribution induced by samples {vy,...,v;}, that is,
A 1 . .
D(J):j|{1<1<l|vizj}|- (3.11)

Let [E,[®] denote the average induced by the probability distribution p and let Ex[®] denote the

empirical average induced by the samples {vy, ..., v;}, that is,

and

n
Ep[®] =) D(H)®().
j=1
Formally, we measure how the averages E,[®] and E5[®] are close to each other via an arbitrary
proper, lower-semicontinuous and convex function H*: R™ — R U {+o00}. Maxent models seek to
minimize the sum

E-l®| —-E,|®
ing )= inf { Do o) + o007 (F2E 2R ] (3.12)

where ¢t > 0 is a free parameter that is typically either chosen by the user or estimated using
cross-validation with testing data. The function H* is also typically assumed to be finite at O,
meaning that the probability distribution p = D is a feasible point of the optimization problem.

Following the ecological modeling literature, we will call H* the potential function of the Maxent
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model (3.12).

Dual formulation

The generalized Maxent problem (3.12) admits a dual problem that corresponds to regularized
maximum a posteriori estimation [6]. To derive the dual problem, we first write the second term
on the right hand side of (3.12) in terms of its convex conjugate:

LH* <w> = sup {<w,E@[<I>] —Ep[‘I’]> —tH(w)},

weR™

where we abused the notation to write the convex conjugate of H* as H. We can now express

problem (3.12) in saddle-point form as

nf sup {(w,Ep[@] ~ Ey[@]) ~ tH(w) + D, (7. pprir)} - (3.13)

Assuming that the potential function H* is proper, lower semicontinuous, convex and finite at 0,
the infimum and supremum can be swapped [92, Page 61, Statement (4.1)]. In that case, we can

use the convex conjugate formula

n
plenAf {DHn (p7pprior) - <'w,JEp[¢I>]>} = —log prrior(j)e<w’¢’(])>
n =

to obtain the dual problem of (3.12):
weR™

sup § (w, Ep[®]) — tH (w) —log | Y pprior(7)e™ UV | 5. (3.14)
j=1

The dual problem (3.14) is a regularized maximum likelihood estimation problem over the family

of Gibbs distributions [6, 181].



89

Examples of Maxent models

Different Maxent models vary in the choice of the prior distribution pprior, the potential function
H*, and the free parameter ¢. In most models used in practice, the prior distribution is the uniform
distribution and the free parameter is either pre-selected or trained over testing data. The choice
of the potential function depends on the application. We give here three examples of potential
functions. The first example is the indicator function

0, ifu =0,
u— H*(u) =

+o00 otherwise.

This potential function yields the classical maximum entropy estimation problem

inAf D3, (p, Pprior)  such that Ex[®] = E,[®]. (3.15)
PEAR

The second example is the conjugate of the /1-norm, which is the characteristic set of the unit

ball defined with respect to the 1 norm:
ur H (u) = ||ul|]] = {v e R" | |uj —vj| < 1forj € {1,...,m}}.

This potential function yields the ¢;-regularized maximum entropy estimation problem

HE@[‘I’] t—Ep[<I>]

} . (3.16)

1

pIglAril {DHn (papprior) +1

This Maxent model allows the average E,[®] to be close to the empirical average E;[®] without
having to be equal to it. This model has been extensively studied and is frequently applied to prob-
lems in natural language processing and ecological modeling [240, 88, 61, 181]. The corresponding

dual problem is

sup <w7 Eﬁ[(ﬁb —1 ”wH1 - log prrior(j)€<w7{>(j)> . (3.17)

weER™ j=1
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The third example is the quadratic w — H*(u) = 3 |lu[[3. This potential function yields the

(2-regularized maximum entropy estimation problem

. 1
min {Dm (P, Pprior) + 5 || Ep[®] — Ep[‘ﬁ]Hi} : (3.18)

This Maxent model, like the ¢;-regularized Maxent model (3.16), has been extensively studied and
applied to problems in natural language processing and ecological modeling [55, 160, 88, 181]. The

corresponding dual problem is

t - , ,
Sélﬂg) <UJ,E1~)[‘1’]> - 5 ”ng — log prrior(])e<w7q>(3)> . (3.19)
wER™ st

Challenges in computing large-scale Maxent models

Estimating a probability distribution from the Maxent model (3.12) can be prohibitively expensive
for big data sets. To see why, fix ¢ > 0 and suppose that the Maxent model (3.12) has a global
solution ps(t). Let pe(t) € A, with € > 0 denote an e-approximate solution to the global solution

ps(t), that is, the objective function f in (3.12) satisfies

f(pe();t) — fps(t);t) < e

Then for a strongly convex potential function H*, the best achievable rate of convergence for
computing pe(t) in the Nesterov class of optimal first-order methods is linear, O(log(1/¢)), in the
number of iterations [187]. Without strong convexity, the optimal rate convergence is sublinear,
O(1/+/€), in the number of iterations. While optimal, these rates of convergence can only be
achieved if a precise estimate of the largest singular value of the linear operator A: A, — R™

defined by

Ap =" p(§)®(j) = E,[®] (3.20)
j=1

is available.
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Unfortunately, this quantity is essentially impossible to compute for large matrices due to its
prohibitive computational cost of O(min (m?n, mn?)) operations [130]. This issue generally makes
solving the Maxent model (3.12) difficult and laborious. Even worse, in some applications the
appropriate value of the free parameter ¢ in (3.12) is difficult to guess and must be selected by

repeatedly solving (3.12) from a large pool of values of ¢, a process that can become particularly

time consuming and resource intensive for big data sets.

3.3.2 State-of-the-art optimization methods

Estimating probability distributions from large-scale Maxent models has driven much research in
the development of robust and efficient algorithms to minimize computational costs and maximum
model performance. The current state of the art is based on a technical device called infinitely
weighted logistic regression (IWLR) [105, 202], a technical device that makes it possible to fit Max-
ent models using coordinate descent algorithms [111, 112, 131]. The IWLR method is implemented,
for instance, in the Maxent package available in the R programming language [202], and it is widely
used by the ecological modeling community. Other popular methods for solving Maxent models
include those based on limited-memory BFGS algorithms [172, 7] and first-order optimization al-
gorithms such as forward-backward splitting [23, 48, 74]. We focus here on these methods, but we
wish to mention that many more algorithms have been developed to estimate probability densities
from the general Maxent model (3.12) (see, e.g., [86, 172, 173, 181] for surveys and comparisons of

different algorithms).

The IWLR method is considered the state of the art because it makes it possible to fit the
Maxent model (3.12) as if it were a logistic regression model. This technical device makes it
possible to fit Maxent models using coordinate descent algorithms [111, 112, 131]. Coordinate
descent algorithms have been popular for fitting logistic regression models because they are generally
scalable, with steps in the algorithms having at worse an asymptotic space complexity of O(mn)
operations. However, despite these advantages, IWLR is an approximate technical device that

may yield unreliable numerical results and that largely depends on coordinate descent algorithms
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to perform well. Coordinate descent algorithms themselves are generally non-parallelizable and
may lack robustness and good convergence properties. The coordinate descent implementation
in the popular glmnet software package, for instance, depends on the sparsity of the matrix A
to converge quickly [263]. It would be desirable to have a fast optimization method for when the
matrix A is dense, as this often occurs in practice. Another issue is that the glmnet implementation
approximates the logarithm term in logistic regression models with a quadratic term to fit them
efficiently. Without costly step-size optimization, which glmnet avoids to improve performance, the
glmnet implementation may not converge [112, 161]. Case in point, Yuan et al. [255] provides two

numerical experiments in which glmnet does not converge.

The limited-memory BFGS is an iterative algorithm that uses an estimate of the inverse Hessian
matrix to solve sufficiently smooth optimization problems. This algorithm, in particular, has been
called the algorithm of choice for solving the f(3-regularized Maxent model (3.18) [172, 7]. It
has been proposed as a faster alternative to iterative scaling methods [73, 76] for constructing
Maxent models as well. The limited-memory BFGS method requires some degree of smoothness
and differentiability to work, which may not be present in a given Maxent model, but some variants
of this method do not require differentiability of the objective function [7]. The main disadvantage
of the limited-memory BFGS method is that it requires to be initialized somewhat close to the
true solution to converge quickly. Without this, it may converge slowly and fail to be competitive

compared to other methods, such as coordinate descent, or fail outright to converge [254].

The forward-backward splitting algorithm and its variants are widely used because they are ro-
bust and can provably compute e-approximate solutions of (3.12) (under appropriate conditions on
the potential function H*) with an optimal rate of convergence. To achieve this convergence rate,
however, the step size parameter in the algorithm needs to be fine-tuned using a precise estimate
of the largest singular value of the matrix of features A (3.20). As mentioned before, however,
computing this estimate is essentially impossible for large matrices due to its prohibitive compu-

Zn,mn?))

tational cost, which has an asymptotic computational complexity of at most O(min (m
operations. Line search methods and other heuristics are often employed to bypass this problem,

but they slow down the convergence of the forward-backward splitting algorithm. Another ap-
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proach is to compute a crude estimate of the largest singular value of the matrix A, but doing so
significantly reduces the speed of convergence. This problem makes the forward-backward splitting
algorithm generally inefficient and impractical to estimate probability densities from large-scale

Maxent models.

In summary, state-of-the-art and other widely used algorithms for estimating probability den-
sities from Maxent models either scale poorly in size or may fail to converge or may be prone
to produce unreliable numerical results. These shortcomings in terms of efficiency and robust-
ness make it challenging to use large-scale Maxent models without access to adequate and costly
computational resources. We shall present here efficient and robust accelerated nonlinear PDHG

optimization methods that address these shortcomings.

3.3.3 Derivation of the accelerated nonlinear PDHG method

We present here accelerated nonlinear PDHG methods for solving the generalized maximum entropy
estimation problem (3.12). In terms of the abstract primal and dual problems (2.7) and (2.8) from
Chapter 2, we set the real reflexive Banach spaces to be X = (R™, ||-[|;), Y = (R™,||-||5), we set the
functions g and h as

D'Hn (pvpprior) 1fp € Anv
p—g(p) =
400 otherwise,

and

w e h(u) = tH* (E@[i] - ")

for arbitrary ¢t > 0. We assume that H* is a proper, lower semicontinuous, convex function that is
finite at 0. This ensures that assumption (Al) from Chapter 2 holds for any ¢ > 0 [92, Page 61,

Statement (4.1)][136, Propositions 2.2.1 and 2.2.2]. For the Bregman functions ¢x and ¢y~, we set

n

p éx(p) = > p(j)logp(j)

Jj=1
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and

L2
w e Gy (w) = 3wl

Implicit in the choice of ¢y« is that the linear proximal operator

1
inf {2 Jw — wl|3 + tH(w)}

weR™

can be computed explicitly or can be quickly evaluated numerically. Depending on the form of the
potential function H*, it may be more advantageous to use a different Bregman function, potentially
with a different norm on R™. Nonetheless, for simplicity and the forthcoming numerical experiments

we fix ¢y to be a quadratic.

With these choices, assumptions (A1l)-(A6) from Chapter 2 hold with 7, = 1. Indeed, as-
sumption (A6) holds because the Bregman function ¢y naturally induces the Kullback—Leibler
divergence as its Bregman divergence and because the Kullback—Leibler divergence is 1-strongly
convex with respect to the £1 norm over the unit simplex A,. As mentioned in Section 3.2, this
fact is a direct consequence of a fundamental result in information theory known as Pinsker’s in-
equality [22, 63, 152, 158, 203]. Moreover, the induced operator norm is the maximum ¢3 norm of

the columns of A, i.e.,

1Al = Al

= sup [|Apll, = max [|®(j)]l,.
Y2 gl =1 27 jefln) 2

Note that the induced operator norm is always bounded because the map ® defining the features
is bounded with respect to the input space Z. It can also be computed in optimal ©(mn) time.
This is unlike in most first-order optimization methods, such as the forward-backward splitting
algorithm, where instead the equivalent operator norm is the largest singular value of A, which takes
O(min(m?n, mn?)) operations to compute. This point is crucial: the smaller computational cost
makes it efficient to compute the operator norm and all subsequent parameters of the accelerated

nonlinear PDHG method, which is needed to achieve an optimal rate of convergence.

From there, the choice of accelerated nonlinear PDHG method depends on whether the potential
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function H* is strongly smooth or not. We describe below the appropriate method for each case.

Accelerated nonlinear PDHG method for non-strongly smooth potential function H*

For this case, we solve the regularized Maxent problem (3.12) using the accelerated nonlinear
PDHG method (2.19) with v, = 1. We set the initial stepsize parameters to be 6y = 0, o9 > 0 and
=1/ (HA||?2 00), and we pick an initial probability distribution py € int A,, and initial values
w_1 = wy € R™. The corresponding accelerated nonlinear PDHG method for (3.12) consists of

the iterations

. 1
P41 = arg min {DHn (p, Pprior) + (Wi + O (wi — wy_1),E5[®] — E,[®]) + ?kDHn (p pk)}

pGAn
1
W) = argmax {—tH(w) + <w,IE@[<I'] —E k1) [‘I’]> ~ 9 l|lw — wkH%}
weR™ Ok

Opr1 =1/V1+75 Ths1 =017k, Okt1 = 0k/Ok+1,

where we omit the dependence of the probability distribution p on j € {1,...,n}.
The update piy1 can be computed explicitly. First, let
zr = wi + O (wy — ’wkfl)

and introduce a Lagrangian variable £ to express the first update as

P€(0,4-00)™

. 1 "
Pk+1 = argimin DHn (papprior) - <zk7Ep[q)D + ED'Hn (pvpk) - 5 1- E p(])
=1
£eR J

Taking the gradient with respect to p and setting it to zero gives the optimality condition

1
IOg (pk—l-l/pprior) +1- <zk7 {)> + ?k [log (pk—l—l/pk) + ” + § =0



We can rearrange this as

(1 + 71) log(prt1) = 7k log(pprior) + log(pr) — k(1 + & — (2x, ®)) — 1.

Solving for py41 yields

Pt = Pl A7) =i (1€ @)/ (L4 7) 1/ 47

Since the probabilities sum to one, we must have, for every j € {1,...,n},

pprior(j)Tk/(1+Tk)pk(j)1/(l+Tk)eTk(zka‘I’(j)>/(1+Tk)
(5)™/ At py () 1/ (A+70) e (206, B(5)) / (1470)

Per1(j) = >

n .
j=1 Pprior

For the second update w41, we can express it as the proximal mapping

1 2
Wy = arg min { Hw — (wk + ok [Eﬁ[‘I)] — Epktn) [‘IJ}D H + takH(w)}
wER™ 2 2

Hence the iterations are given by

z = wy, + O (wy — wy_1),
pprior(j)Tk/(1+Tk)pk(j)l/(l-l—Tk)eTk(zkﬁf’(j))/(l-i-ﬁc)

penld) = 31 Pprior () ™/ UH ) pyy () 1/ O 4Tk e (20, 200/ (1 m) forj € {L,..om},

1 2
Wg41 = argmin { Hw - (wk + 0% [E@[@] — E 1) [‘I’]D H + tokH(w)} ,
wER™M 2 2

9k+1:1/\/1+7', Tk+1:9k+17'k7 O'k+1:0'k/0k+1'

The iterations in (3.21) simplify for the choice of initial probability py = pprior. Let
2k = 7 (Zk—1 + (W + Op[wy, — wi—1])) /(1 + 71)

with 2z_1 = 0. Then we have

AR pprior(j)€<2k’q>(j)> .
karl(J) - Z?:1 pprior(j>6<’%k7¢(j)> for VRS {17 cee ,n}.

96

(3.21)

(3.22)
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To show this, we induct on k. For the update p;, a short calculation gives

. (7)elTowo/(1+70),8(j)) . (1) el20,2(5)
pprlor(])6 _ ppnor(])e for ] c {1’ o 7n}.

)= E?zl pprior(j)e<20’¢.(j)> Z?:l pprior(j)€<20’®(j)>

Suppose that this holds for k£ € N, namely

Pprior (j)€<2k*1"1’(j)>
Z?:l pprior(j)e(’%k—lv@(j»

pe(j) = forj e {1,...,n}.

The next update is then proportional to

Pri1(5) X Pprior ()™ Frm1t (Wit Orlwi—wia])/A47). 20 for j € {1,...,n}.
The term on the left hand side of the inner product is the term 2j. Since the probabilities sum to
one, the update for the probabilities is then precisely (3.22). Hence, for the choice of py = pprior

the iterations for this generalized Maxent problem are given by

Zp =7 (Zr—1 + (Wi + Op[wy, — wi—1])) /(1 + 71),

N pprior(j)€<2k7<l>(j)> .
prstld) = S Pprior (7)e 6 20)) for j € {1,...,n},

1 2
Wy = arg min { H’w - (wk + 0%, [Eﬁ[é] - Ep<k+1>[<I>]D H + takH(w)} ,

(3.23)

Orbe1 =1/V1+7Th, Thy1r =Ot1Ths Okt = Ok/Ok11-

where z_; = 0. All parameters calculations and updates can be performed in O(mn) operations.
The convergence is O(1/k?) in the number of iterations k, which is the best possible achievable rate
of convergence for this problem in the Nesterov class of optimal first-order methods [187]. In partic-
ular, this means that for a given ¢t > 0 and € > 0, this nonlinear PDHG method provably computes
an e-approximation solution to a global minimum p.(¢) of the regularized Maxent problem (3.12)

in O(mn/\/€) operations.
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Accelerated nonlinear PDHG method for strongly smooth potential function H*

For this case, we solve the regularized Maxent problem (3.12) using the accelerated nonlinear PDHG

method (2.42) with 74 =1 and 5+ > 0. We set the initial stepsize parameters to be

) [ 4)A)? 1-0 1-6
(9:1—797’)%2 1+w—1 , T = , and o0=——,
2| Allf Yo Vh* Vgt Vr+0

and we pick an initial probability distribution py € int A,, and initial values w_; = wy € R™. The

corresponding accelerated nonlinear PDHG method for (3.12) can be derived as in the non-strongly

smooth case. It consists of the iterations

Zr = W + Q(wk — ’wkfl),
Pprior (1) ATy () 1/ (47 7 (28, 2(5))/(1+7)

P S o )T D () D @GN /1) (3.24)

1 2
W1 = arg min { Hw — <wk +o [Eﬁ[q)] —E k) [@]D H + taH(w)} .
wER™M 2 2

As before, the iterations in (3.24) simplify for the choice of initial probability py = pprior- In

this case, we have

ﬁk = T(ék—l + (wk + G[fwk — wk_l])) /(1 + 7'),

AR pprior(j)fi(%k’q)(j» ‘
Pt 271 Dprior (7)eFr W) forj €11,...,n}, (3.25)
e =g 5 Hw — (wk + 0 [Ep[@] ~ E,u [@]]) H2 +toH (w)
weR™ 2 D p )

where 2_1 = 0. All parameters calculations and updates can be performed in O(mn) operations.
The convergence is O(#*) in the number of iterations k, which is the best possible achievable rate of
convergence for this problem in the Nesterov class of optimal first-order methods [187]. In particu-
lar, this means that for a given ¢ > 0 and € > 0, this nonlinear PDHG method provably computes
an e-approximation solution to a global minimum p.(t) of the regularized Maxent problem (3.12)

in O(mnlog(1/e€)) operations.
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3.3.4 Numerical experiments

We present some numerical experiments to compare the running times of the accelerated nonlinear
PDHG methods proposed for regularized maximum entropy estimation to the accelerated linear
PDHG method [46, 47]. We consider here regularized Maxent for which the potential function is
a quadratic. All methods are described below and were implemented in MATLAB. All numerical
experiments were performed on a Laptop with single core Intel(R) Core(TM) i7-10750H CPU @
2.60 GHz.

Data generation and optimization methods

We generate | = 200, 000 independent and identically distributed outcomes from a binomial distri-
bution with parameters (n — 1) and p = 0.5. These outcomes are used to construct an empirical
distribution D (see (3.11)) with support in {1,...,n}. For the feature maps ®(j), we generate
n independent and identically distributed m-dimensional Gaussian vectors with zero mean and
normalized so that || ®(j)|, = 1 for every j € {1,...,n}. We select the prior probability pprior to
be uniform, that is, pprior(j) = 1/n for each j € {1,...,n}. We set the regularization parameter
t = 0.0025 and we choose the dimensionality n to be smaller than the number of features m, with

n = 1000 and m = 100000, 250000, 500000, 750000, 1000000, 1250000 and 1500000.

We perform simulations using the accelerated nonlinear PDHG method (3.25) with H = 3 113
and its accelerated linear PDHG method counterpart. The initial values, parameters, and numerical

criteria for convergence of each method are described below.

Accelerated nonlinear PDHG method (3.25) with H = %HH% We set po(j) = pprior(j) =

1/n for each j € {1,...,n}, we set w_; = wy = 0 € R™. For the parameters, we set

41| A2 1— 1—
‘9:1—# 1+M—1 , 7':79, and 0:79,
2 t t0 9
2[| A} 5
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The third update in (3.25), with H = |-I3, can be expressed analytically as follows:
Who1 = (wk Yo [Eﬁ[é] . o [@]} ) /(1 +to). (3.26)

We compute the time required for convergence in the primal variable py11 and also the time required

for convergence with the ergodic average

1 & Ko 1— 9K
Pr =g > grpe with Tie =) gy = (1—0)6K-1
k=1 k=1

as defined in Proposition 2.4.3 (with X substituted for P;). The iterations were stopped once

IDks1 = prlly <107 and [|Pyyr — Pell, < 1074

Accelerated linear PDHG method. We compute the iterates

. 1
Dk+1 = al"ngmn {DHn(papprior) + (wi + 0wy, — wy_1),E5[®] — E,[®]) + > lp —png} ;
PEAR

t 1
win = arguma { -l + (. Epf#] - Byen [8]) - o o - wil ]
weR™ g

To compute these iterates, we apply Moreau’s identity (3.26) in the first update and use for-

mula (3.26) to express these updates as

xp = pi + TA" (Wi + Olwy, — wi_1])

| n o
Pk+1 = ¥ — arg i 9 lx — mk“% + 7log prrior(])e[m]]/

reR™ j=1

wia = (wi 0 [Ep[®] ~ Eywn [2]] ) /(1 +10).

We use the forward-backward splitting method [48, Algorithm 5] to compute the second line.
Here we use the same initial values as for the accelerated nonlinear PDHG method, and for the

parameters we set

1 1-6 1-46
9:1—(w1+4HA@2—1), T="—" and o0=——.
2| All5 ’ 0 0
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We compute the time required for convergence in the primal variable py1 and also the time required

for convergence with the ergodic average

1 & Ko 1— 6K
Pre=—3S ith Ty = —
K= Ty ; gr-1PE VI LK ; g1~ (1— )oK

as defined in Proposition 2.4.3 (with X, substituted for P). The iterations were stopped once

Ikt — pell, < 107 and [[Prsy — Py, < 1074

Numerical results Table 3.3.1 shows the time results for the accelerated linear and nonlinear
PDHG methods. For both methods, we show the time results for convergence with the regular and
ergodic sequences as described before. We observe that the nonlinear PDHG method is considerably

faster than its linear counterpart; the nonlinear PDHG method achieves a speedup of about 3-4.

Numbers of features m
100000 | 250000 | 500000 | 750000 | 1000000 | 1250000 | 1500000
Methods Timings (s)
Linear PDHG (Reg.) | 28.23 | 72.95 [ 156.8 | 262.65 | 332.73 | 486.16 | 620.72
Linear PDHG (Erg.) | 3291 | 84.81 | 179.18 | 295.90 | 374.72 | 539.58 | 700.94
Nonlinear PDHG (Reg.) | 10.86 | 28.85 | 62.76 | 93.39 | 129.37 | 185.14 | 217.86
Nonlinear PDHG (Erg.) | 11.64 | 30.67 | 61.50 | 96.89 | 124.48 | 170.06 | 210.15

Table 3.3.1: Time results (in seconds) for solving ¢3-regularized maximum entropy estimation with
the linear and nonlinear PDHG methods.

3.4 Zero-sum matrix games with entropy regularization

3.4.1 Description of the problem

Two-player zero-sum matrix games are a class of saddle-point optimization problems that model
one of the basic forms of constrained competitive games [42]. We focus here on zero-sum matrix
games with entropy regularization, the latter which models the imperfect knowledge of the payoff
matrix A by the two players [179]. Let A,, and A,, denote the unit simplices on R™ and R", and

let A denote an m X m matrix, called the payoff matrix. Zero-sum matrix games with entropy
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regularization are formulated as follow:

i A n *,A - A m * ) 2
mnggi ygézxA}cm{ Hn(x) + (y x) Ho(y")} (3:27)

where A > 0 and H,(x) = >_7_, [#];log([z];) and Hm(y*) = >, [y*]i log([y*];) denote the nega-

tive entropies of the probability distributions & and y*.

The primal and dual problems associated to the entropy regularized zero-sum matrix game (3.27)

are given by

;IGIRln {)\’Hn(m) + Alog (Z e[Am}"/’\> } (3.28)

i=1
and

— —ATy /A *
nax Alog jz::le Yl Ao (y*) (3.29)

Due to the strong convexity of the primal problem (3.28) and strong concavity of the dual prob-
lem (3.29), the saddle-point problem (3.27) has a unique saddle point (xs,y?%) € R” x R™, which
are also the unique solutions to the primal and dual problems above. They satisfy the optimality
conditions

olAz]i/A

(A"l = A1+ log([];)) and (3.30)

[ys]l = Zml e[Ams]i/)\'

1=

Accelerated nonlinear PDHG method

We propose to solve the zero-sum matrix game with entropy regularization (3.27) using the accel-

erated PDHG method (2.59) with the following choice of norms and Bregman functions:

=y = Mo = Iy =1y ¢x =Ha,  and oy~ = H.

The Bregman divergences induced by ¢x and ¢y- are the Kullback—Leibler divergences

n m

Dy, (@,@) =) _[z;jlog ([z];/[2];) and D, (y" ") =Y lylilog ([y*]i/[§]:)
j=1 i=1
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where € A, € int A, y € A, and g* € int A,,. With these choices, assumptions (A1)-(A7)
hold with the strong convexity parameters v, = 5+ = A. In particular, assumption (A5) holds
because both H,, and H,, are 1-strongly convex with respect to the /; norm over their respective
unit simplices, due to Pinsker’s inequality [22, 63, 152, 158, 203]. Moreover, the induced operator

norm is the entry of the payoff matrix A with largest magnitude:

|Allyp = Al oo = sup [JAz| = max [Aj].
[l|l, =1 l§ 1,....,m}
Je{l,...7n}

The stepsize parameters 6, 7, and o are accordingly

A2 [ 4)AlL 1-6
0=1— —F— 1+ ——— -1 and T=0=—-—.
2| All} A A

Given y; € R™ and «* | = xj € R", the corresponding accelerated nonlinear PDHG method for
the matrix game (3.27) consists of the iterations
* * 1 * %
Yhe1 = arg max {_)‘Hm(y )+ (Y7 Ak — 0@k — 25-1))) = — D, (y ,yk)} ;
Y EAm

. . 1
T)41 = argmin {)\Hn(m) + (Y1, Ax) + =Dy, (, wk)} .
TEA, T

The updates g1 and yj,, can be both computed explicitly. A straightforward calculation

gives the updates
[y )i THA@— @)l (HA)

[Yitli = S ([yﬂie—r[A(a:k—H(mk—mk—l))}i)1/(1+)‘U)
(e 1 (+am) (3.31)
[Tp+1]; = T
Z;'L:l <[x2]j6_T[A*yZ+1]j)1/(1+)\ )
fori e {l,...,m}and j € {1,...,n}. All parameter calculations and updates can be performed in

O(mn) operations. According to Proposition 2.4.4 and the optimality conditions (3.30), we have

the strong limits

lm xp, ==« lim vyi =y
k—+o00 5 k—+o0 Yk Ys:
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(A /)

kgffoo —[A%y]; = A1 +log([zs];)), and kggloo[yk]z = S ez /N)

1=

3.4.2 Numerical experiments

We present here some numerical experiments to compare the running times of the accelerated non-
linear PDHG methods proposed entropy-regularized zero-sum matrix games to other commonly-
used first-order optimization methods. These methods include the accelerated linear PDHG
method [46, 47] and state-of-the-art Predictive Update (PU) and Optimistic Multiplicative Weights
Update (OMWU) methods from Cen et al. [42]. These methods are described below and were imple-
mented in MATLAB. All numerical experiments were performed on a single core Intel(R) Core(TM)
i7-10750H CPU @ 2.60 GHz.

Data generation and optimization methods

Following the methodology described in [42, Section 2.3], we generate each entry of the payoff
matrix A from the uniform distribution on [—1, 1] and we set A = 0.1. Here, we set m = n, with

n = 10000, 15000, 20000, 25000, 30000, 35000 and 40000.

We perform simulations using the accelerated nonlinear PDHG method (3.31), the accelerated
linear PDHG method, and the Predictive Update (PU) and Optimistic Multiplicative Weights
Update (OMWU) methods from Cen et al. [42]. The initial values, parameters and numerical

criteria for convergence of each method are described below.

Accelerated nonlinear PDHG method (3.31). We generate the entries of the initial vectors

ys and [z_1]; = [xo]; for j € {1,...,n} uniformly at random in (0,1/m) and (0,1/n), respectively,
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and normalized their entries so that > [y¢l; = 1 and 37, [®o]; = 1. For the parameters, we set

A2 [ 4)Al 1-0
f=1——-5— 1+ ——5——-1 and T=0= .
2| Allf o A? A

We compute the time required for convergence in the dual variable y; and also the time required
for convergence in the average dual variable Y™ as defined in Proposition 2.4.4. The iterations were

stopped once [~ wil, < 10 i |, and [¥icar — Vi, €104 [ Ve,

Accelerated linear PDHG method. We compute the iterates
* ]' X
i = argmax { X (7) + (0", Al + 0lan o)) = o "~ vl |
Y*EA, 20

. * 1
oxs1 = angmin { XH, (@) + (y . A2) + 5o — a3}

rEA,

To compute these iterates, we use Moreau’s identity [182] to express them as follows:

v =y + 0 A(xy + Oz — xK_1]),

* 3 1 2 - I
Yp41 = Vg — argin {2 |z — vi5 + Ao log (Z el#li/ ") } ,

zER™ i=1

wy =z — TA Y},

1 m
Tpy1 = Wi — argmin {2 |z — wk”% + A7 log (Z e[zh/M) } _

zeR™? i—1

We use the forward-backward splitting method [48, Algorithm 5] to compute the second and fourth
line. Here we use the same initial values as for the accelerated nonlinear PDHG method (3.31),

and for the parameters we set

A2 [ 4]Al, 1-¢
0=1— ——5— 1+ ———+— -1 and T=0=—-—.
2| All3 A A0

We compute the time required for convergence in the dual variable y; and also the time required

for convergence in the average dual variable Y* as defined in Proposition 2.4.4. The iterations were
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stopped once [[yj1 — illy <107* |[yis [l and |[YVieys = Viell, <1074 [ ¥ .

Predictive Update and Optimistic Multiplicative Weights Update methods. For the

PU and OMWU, we use Algorithms 1 and 2 as described in [42] with the learning rates

1 . 1 1
npy = -~ and nomwuy = min , .
2+ Al o {2+2||AH1,00 4HA”1,oo}

Numerical results. Table 3.4.1 shows the time results for the PU, OMWU, and linear and
nonlinear PDHG methods. For the linear and nonlinear PDHG methods, we also show the time
results for convergence with the regular and ergodic sequences as described before. We observe
that the nonlinear PDHG method is considerable faster than both the linear PDHG method and
the state-of-the-art methods PU and OMWU for solving the entropy regularized zero-sum matrix
game (3.27); the nonlinear PDHG method achieves a speedup of 5 to 11 compared to linear PDHG

method and a speedup of 3 to 5 compared to the state-of-the-art methods PU and OMWU.

Numbers m =n
10000 \ 15000 \ 20000 \ 25000 \ 30000 \ 35000 \ 40000

Methods Timings (s)
PU 34.16 | 55.01 | 88.48 | 137.14 | 197.66 | 289.49 | 353.61
OMWU 44.89 | 81.67 | 142.53 | 221.23 | 318.65 | 493.73 | 568.94

Linear PDHG (Reg.) 42.47 | 100.65 | 218.26 | 366.52 | 601.11 | 938.18 | 1094.25
Linear PDHG (Erg.) 44.43 | 104.61 | 225.52 | 379.71 | 608.78 | 949.36 | 1114.24
Nonlinear PDHG (Reg.) | 8.56 15.88 | 24.68 | 38.40 | 55.13 | 82.52 | 103.50
Nonlinear PDHG (Erg.) | 12.02 | 19.05 | 31.45 | 48.70 | 70.27 | 105.26 | 129.28

Table 3.4.1: Time results (in seconds) for solving the entropy regularized zero-sum matrix
game (3.27) with the PU, OMWU, and linear and nonlinear PDHG methods.

3.5 Discussion

This chapter presented practical implementations of accelerated nonlinear PDHG methods
for sparse logistic regression, regularized maximum entropy estimation problems and entropy-

regularized zero-sum matrix games. The accelerated nonlinear PDHG methods are particularly
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useful to solve such problems because they involve a logistic regression model or are defined on the
unit simplex or both. For these problems, one may choose to use a Bregman divergence defined
in terms of the average negative sum of binary entropy terms or the relative entropy to arrive
at a straightforward and efficient optimization method. Numerical experiments showed that the

nonlinear PDHG methods are considerably faster than competing methods.

The new nonlinear PDHG methods are advantageous because they can achieve an optimal
convergence rate with stepsize parameters that are simple and efficient to compute. They can be
typically computed on the order of O(mn) operations where m and n denote the dimensions to the
dual and primal problems at hand. In contrast, most first-order optimization methods, including
the linear PDHG method, require on the order of O(min (m?n, mn?)) operations to compute all
the parameters required to achieve an optimal convergence rate. This gain in efficiency can be
considerable: in our numerical experiments for £;-constrained logistic regression, ¢3-constrained
regularized maximum entropy estimation, and zero-sum matrix games with entropy regularization,

we were able to get a speedup of 3 to 10 compared to other competing optimization methods.

We expect the accelerated nonlinear PDHG methods described in this work to provide efficient
methods for solving large-scale supervised machine learning. In particular, these applications to
strongly convex and smooth problems defined on the unit simplex, such as v-support vector ma-
chines with squared loss, boosting and structured prediction problems in machine learning, will be
pursued in future work. It would be interesting to extend the accelerated nonlinear PDHG methods
described here to the stochastic case for problems that are separable in the dual variable, and to
the non-convex case to deal with large-scale non-convex problems, such as those arising in deep

learning. These extensions will be pursued in future work as well.



Chapter Four

Bayesian methods for imaging science and connections

to Hamilton—Jacobi PDEs



109

4.1 Introduction

Overview

Image denoising problems aim to remove noise from noisy images while accounting for underlying
uncertainties. Among several proposed approaches for denoising images, two fundamental ones
are variational and Bayesian methods. Variational methods formulate image denoising problems as
optimization problems. These problems typically minimize the weighted sum of a data fidelity term
and a regularization term, where the former embeds properties of the noise corrupting the noisy
image and the latter embeds properties of the image to denoise. The solution to such a problem
then gives an estimate that hopefully accounts well for the data fidelity term and the regularization
term [48, 64]. Bayesian methods formulate image denoising problems in a probabilistic framework
that combines observed data through a likelihood function which models the noise corrupting the
unknown image and prior knowledge through a prior distribution which models known properties of
the unknown image to generate a posterior distribution. An appropriate decision rule then selects
a meaningful estimate of the actual image from the posterior distribution that hopefully accounts
well for both the prior knowledge and observed data [78, 229, 231, 237, 244]. This decision rule
is usually chosen to minimize the posterior expected value of some loss function and is called a
Bayes estimator. A standard example is the posterior mean estimator, the mean of the posterior
distribution [150, pages 344-345|, which minimizes the mean squared error and, more generally,

Bregman loss functions [12].

In a Bayesian setting, variational and Bayesian methods for denoising images use maximum a
posterior (MAP) estimators and posterior mean (PM) estimators. Variational methods are well-
understood theoretically; for instance, it is known that a broad class of MAP estimators correspond
to solutions of first-order Hamilton-Jacobi partial differential equations (HJ PDEs) [64, 68]. The
image denoising properties of these MAP estimators, in particular, follow readily from the prop-
erties of the solutions to these HJ PDEs. Bayesian methods, in contrast, are less well-understood

theoretically. This chapter aims to partially fill this gap. Specifically, we present novel theoretical
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connections between viscous HJ PDEs and a broad class of Bayesian PM estimators and use these

connections to clarify certain image denoising properties of this class of Bayesian PM estimators.

The work presented in this chapter focuses on the class of finite-dimensional image denoising
problems

T = Utrye + 1, (4.1)

where € R" is the observed image, uyo € R™ is the true image and 7 is independent identically
distributed Gaussian noise. These problems are well-known to be ill-posed in general, and varia-
tional and Bayesian approaches are popular methods to find meaningful solutions to these ill-posed

problems [9, 78, 249]. Concretely, these methods compute the MAP estimate

) 1
wrrap(x,t) = argmln{ |z — ul3 +J(u)} (4.2)
ucR” 2t

and the MAP estimate

o we— (rlle—ull3+I(w) /e g0
upy(x,t,€) = R - 5 .
fRn o~ (arlz—ul3+I(w))/e g,

(4.3)

The functions

1
u»—>%|]w—u||§ and J:R" — RU {400}

in (4.2) are, respectively, the (quadratic) data fidelity and regularization terms associated to the

variational method. The functions
1 2
u +— ef(EHw*UHQJFJ("))/G and w — e—J(u)/e

in (4.3) are, respectively, the (Gaussian) likelihood function and generalized prior distribution
associated to the Bayesian method. The parameter ¢ > 0 controls the relative importance of the
data fidelity term over the regularization term, and the parameter e controls the shape of the
posterior distribution in (4.3), where small values of € favor configurations close to the mode, which

is the MAP estimate, of the posterior distribution.
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To motivate the work presented here, let us illustrate the MAP and PM estimates and their
denoising capabilities with an example. We consider an anisotropic version of the Rudin—Osher—
Fatemi (ROF) image denoising model, which consists of an anisotropic total variation (TV) regu-

larization term with quadratic data fidelity term [30, 45, 216]. We define anisotropic TV as follows

TV(u) = > willul; — [ulj],
i,5€{1,..n}
where w;; > 0 and the value of an image w at the pixel 7 is denoted by y; € R. For this example,
we assume that a digital image is defined on a two-dimensional regular grid and only consider the
4-nearest neighbors interactions for defining TV (i.e., wij = wj; = % if 4 and j are neighbors, and
w;j = wj; = 0 otherwise, see [70] for instance). Let @ denote an observed noisy image and ¢ and e
be parameters as previously defined. Then the associated anisotropic ROF problem [216] is

.1 2
&1&{21& Hzc—uHQ—i—TV(u)} . (4.4)

The MAP and PM estimates to the ROF problem (4.4) are given, respectively, by Equations (4.2)
and (4.3) with J(u) = TV(u), i.e.,

1
upap(x,t) :argmin{Hw—ulg—i—TV(u)} (4.5)
weRn 2t

and
fRn ue*(%IIHB*UII§+TV(U))/6 du

[ & Gella—ulB+TV@) /e gy,

’U,PM(ZB,t, 6) = (46)

We note here that the PM estimate (4.6) with total variation prior and its denoising properties

were investigated in [168, 169].

Figure 4.1.1(a) depicts the image Barbara, which we corrupt with Gaussian noise (zero mean
with standard deviation o = 10) in Figure 4.1.1(b). We let & denote this corrupted image, and we
choose the parameters ¢ = 16 and € = 6.25 in the MAP and PM estimates. The MAP estimate
can be computed up to the machine precision using maximum-flow based algorithms [44, 70, 139],

and the PM estimate can be approximated using Markov Chain Monte Carlo methods. Here, we
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approximated the PM estimate (4.6) using the variable-at-a-time Metropolis—Hastings algorithm
with random scan detailed in [168, Page 42, Algorithm 2]. Specifically, for the parameters of
algorithm 2 in [168], we used, in the terminology of their algorithm, the parameters o = 10 and
A = 32 (corresponding here to the choice of ¢ = 16 and € = 6.25 in (4.6)), we chose the initial point
of the algorithm to be the MAP estimate uyr4p(x,t), and finally, we set the internal parameters
of algorithm 2 in [168] as follows: a = 17.32 (this values yields an acceptance rate in the algorithm
close to the optimal value 0.234 suggested in [213]), 20,000 for the maximum number of iterations,

and n for the subsampling rate.

The MAP and PM estimates associated to the ROF model with these parameters produce the
denoised images illustrated in Figures 4.1.1(c) and (d). Figures 4.1.2(a)-(d) zoom-in on the face of
Barbara in Figures 4.1.1 The denoised image of Barbara with the MAP estimate exhibits staircasing
effects [51, 81, 89] that can be observed in Figure 4.1.2(c), whereas the denoised image of Barbara
with the posterior mean estimate does not. In either case, the denoised images result in a lost of

texture, as can be seen by comparing Figure 4.1.2(a) with (c) and (d).

Variational methods are popular in practice because they are well-understood and often lead
to optimization problems that can be solved efficiently using robust numerical optimization meth-
ods [48]. Such problems include, for example, total variation minimization or ¢;-norm based mini-
mization [30, 38, 45, 64, 68, 82, 216]. In particular, MAP estimates from variational methods are
also significantly faster to compute than PM estimates because the latter require complex stochastic
methods to compute. However, reconstructed images from variational methods with non-smooth
and convex regularization terms often have undesirable and visually unpleasant staircasing effects
due to the singularities of the non-smooth regularization terms [51, 81, 89, 190, 168, 250]. This is
illustrated for example in Figure 1(c), which contains regions where the pixel values are equal and
lead to staircasing effects. In contrast, posterior mean estimates with quadratic fidelity term and
total variation regularization terms have been shown to avoid staircasing effects [168, 169]. This is
illustrated for example in Figure 4.1.1 and 4.1.2(d), where the denoised image with posterior mean

estimate does not contain visibly substantial regions where the pixel values are equal.
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() (d)

Figure 4.1.1: The anisotropic ROF model endowed with 4-nearest neighbors is applied to the test
image “Barbara”. The original image is shown in (a). The image is corrupted by Gaussian noise
(zero mean with standard deviation ¢ = 10) and is shown in (b). The corresponding minimizer
upap(x,t) given by (4.4) and posterior mean estimate upps(x,t, €) given by (4.6) with parameters
t =16 and € = 6.25 are illustrated in (c) and (d), respectively.

Related work

Several papers have proposed novel connections between MAP and Bayesian estimators, including
PM estimators. First, [168, 169] showed that the class of Bayesian posterior mean estimates (4.3)
with TV regularization term J can be expressed as minimizers to optimization problems involving
a quadratic fidelity term and a smooth convex regularization term, i.e., there exists a smooth

regularization term freg: R™ — R such that

. 1
wrar(@, ) = argin { 3 o — ulf + feg(u) . (@)
u€eER™
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(c) (d)

Figure 4.1.2: The anisotropic ROF model endowed with 4-nearest neighbors is applied to the test
image “Barbara”. Images (a)-(d) are zoomed-in versions of the images illustrated in Figure 4.1.1.

This result was later extended to general priors [124], general Gaussian data fidelity terms [125], and
to some non-quadratic data fidelity terms [126, 127]. To our knowledge, there is no representation

formula for this smooth regularization term available in the literature.

Second, [35] showed that the MAP estimate (4.2) corresponds to a Bayes estimator when the
regularization term J is convex and uniformly Lipschitz continuous on R™, that is, the MAP
estimate (4.2) minimizes the posterior expected value of an appropriate loss function. This was
later extended by [36] to some log-concave posterior distributions with non-quadratic fidelity term,
and later studied from the point of view of differential geometry in [196] and also derived for

posterior distributions that are strongly log-concave and at least three times differentiable.

In addition to these results, it is known that under certain assumptions on the regularization
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term J, the value of the minimization problem

So(,#) = min {2175 |z — ul + J(u)} (4.8)

uceR”

whose minimizer is the MAP estimate (4.2), satisfies the first-order HJ PDE

95
ot
So(x,0) = J(x) in R™.

1
(@) + 5 |VeSo(a,1)]|5=0 in R™ x (0,+00),
(4.9)

The properties of the minimizer wys4p(x,t) follow from the properties of the solution to this HJ
equation [64, 68]. In particular, the MAP estimate satisfies the representation formula upy,(x,t) =

x —tVaeSo(x,t).

We note that the results of [64, 68] considers only connections between a class of first-order HJ
PDEs and MAP estimators. To our knowledge, connections between posterior estimators and HJ

PDEs are not available in the literature.

Contributions

This chapter proposes novel theoretical connections between solutions to HJ PDEs and a broad
class of Bayesian methods and posterior mean estimators. These connections are described in
Proposition 4.2.1 and 4.2.2 for viscous HJ PDEs and first-order HJ PDEs, respectively. We show in
Proposition 4.2.1 that the posterior mean estimate (4.3) is described by the solution to a viscous HJ
with initial data corresponding to the convex regularization term J, which we characterize in detail
in terms of the data « and parameters ¢ and e. In particular, the posterior mean estimate (4.3)
satisfies the representation formula wpys(x,t,€) = x — tVSe(x,t). Next, we use the connections
between viscous HJ PDEs and posterior mean estimates established in Proposition 4.2.1 to show
in Proposition 4.2.2 that the posterior mean estimate wpps(x,t,€) can be expressed through the

gradient of the solution to a first-order HJ PDE with twice continuously differentiable convex initial
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data R" 3 & — K7 (x,t) — ||z|]3, where

K(x,t) = teln <1/ e(1<w,u>—;tu§—J<u>)/edu)
(27te)"/? Jaom s

and « — K (x,t) is the convex conjugate of the function & — K.(x,t). In other words, we show

. 1 . 1
wpat (4, ) — argmm{ e — ul? + (K (u, 1) — HuH%) } .
weRn 2 2

This formula gives the representation of the convex regularization term, enabling one to express
the posterior mean estimate as the minimizer of a convex variational problem, and in fact in
terms of the solution to a first-order HJ PDE. This thereby extends the results of [168, 124],
who showed existence of this regularization term when the data fidelity term is quadratic, but
not its representation. The second-order continuous differentiability of this regularization term, in
particular, implies that the posterior mean estimate wpys(, t, €) avoids image denoising staircasing

effects as a consequence of the results derived in [189, Theorem 3].

We also present several topological properties of posterior mean estimators in Proposition 4.3.1
and we use these in conjunction with the connections between HJ PDEs and posterior mean es-
timators to derive representation and monotonicity properties of posterior mean estimators in
Propositions 4.3.2 and 4.3.3, respectively. These properties are then used to derive an optimal
upper bound on the mean squared error E; [Hu —upy(x,t, e)||§], an estimate of the squared dif-
ference between the MAP and posterior mean estimates, monotone and non-expansive properties
of the posterior mean estimate, and the behavior of the posterior mean estimate wpys(x,t,€) in
the limit ¢ — 0 (Proposition 4.3.4). In addition, we use the connections between both MAP and
posterior mean estimates and HJ PDEs to characterize the MAP estimate (4.2) in the context
of Bayesian estimation theory, and specifically in Proposition 4.3.5 to show that the MAP esti-
mate (4.2) corresponds to the Bayes estimator of the Bayesian risk (4.37) whenever J is convex on
R™ and bounded from below. When J is defined only on a strict subset of R", we further show
that the Bayesian risk (4.37) has a corresponding Bayes estimator that is described in terms of
the solution to both the first-order HJ PDE (1.2.14) and the viscous HJ PDE (4.2.1). Finally, we

present in 4.4 some extensions of these results to a class of posterior mean estimators whose priors
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are sums of log-concave priors, that is, to posterior mean estimators of mixture distributions.

Organization

Section 4.2 establishes theoretical connections between a broad class of Bayesian posterior mean
estimators and HJ PDEs. The mathematical set-up is described in Subsection 4.2.1, the con-
nections of posterior mean estimators to viscous HJ PDEs are described in Subsection 4.2.2 and
the connections of posterior mean estimators to first-order HJ PDEs are described in Subsec-
tion 4.2.3. Section 4.3 uses establishes various properties of posterior mean estimators using the
aforementioned connections to HJ PDEs. Specifically, we present topological, representation, and
monotonicity properties of posterior mean estimators in Subsection 4.3.1, an optimal upper bound
on the mean squared error E; [Hu —upy(x,t,€) H%} , an estimate of the squared difference between
the MAP and posterior mean estimates, monotone and non-expansive properties of the posterior
mean estimate, and the behavior of the posterior mean estimate upys(x,t,€) in the limit ¢ — 0 in
Subsection 4.3.2. Finally, we establish properties of MAP and posterior mean estimators in terms

of Bayesian risks involving Bregman divergences in Subsection 4.3.3.

4.2 Connections between Bayesian posterior mean estimators and

Hamilton—Jacobi partial differential equations

4.2.1 Set-up
To establish connections between Bayesian posterior mean estimators and Hamilton—Jacobi equa-

tions, we will assume that the regularization term J in the variational imaging model (4.8) satisfies

the following assumptions:

(Al) J e FO(Rn)¢
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(A2) int (dom J) # @,

(A3) infyern J(u) € R, and without loss of generality, inf,egn J(u) = 0.

Assumption (A1) ensures that the minimal value of the convex imaging problem (4.8) and its
minimizer (4.2) are well-defined and enjoy several properties (see Section 1.2, Proposition 1.2.14).

Assumption (A2) ensures that for every & € R™, ¢t > 0, and € > 0, the posterior distribution

(& lo—ulZ+(w) e
R">u+— 4.10
Gl T gy (4.10)

and its associated partition function

R™ x (0, +00) x (0, +00) 3 (z,t,€) — Zs(, t,€) :/ e~ (zelle—uls+I(w)/e gy (4.11)

n

are well-defined, and finally, assumption (A3) guarantees that the partition function (4.11) is also
bounded from above independently of & € R™. We will denote the posterior expectation (with
respect to the posterior distribution (4.10)) of a measurable function f: Q +— R with Q@ C dom f

integrable on the set dom f N dom J by

1

Ey[f(u)] = Zy(@.t.0)

/ Flu)e (eillz—ulztrw)/e gy (4.12)
QNdom J

Posterior expectations of vector quantities are defined similarly component-wise. Posterior expec-

tations generally depends on (x,t,€) but we will omit writing this dependence explicitly.

4.2.2 Connections to viscous Hamilton—Jacobi partial differential equations

The next proposition establishes connections between viscous HJ PDEs with initial data J satisfying
assumptions (A1l)-(A3) and both the partition function (4.11) and the Bayesian posterior mean
estimate (4.3). These connections mirror those between the first-order HJ PDE (1.22) with initial
data J satisfying assumption (A1) and both the convex minimization problem (4.8) and the MAP

estimate (4.2). The connections between viscous HJ PDEs and Bayesian posterior mean estimators
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will be leveraged later to describe several properties of posterior mean estimators in terms of the
observed image ® and parameters ¢t and ¢, and in particular in Section 4.2.3 to show that the
posterior mean estimate (4.3) can be expressed as the minimizer associated to the solution to a
first-order HJ PDE (Proposition 4.2.2) with at least twice continuously differentiable and convex

regularization term.

Proposition 4.2.1 (The viscous Hamilton—Jacobi equation with initial data in T'g(R™)). Suppose

the function J satisfies assumptions (A1)-(A3). Then the following statements hold.

(i) (Cole—Hopf transformation, [97, Section 4.4.1]) For every ¢ > 0, the function S¢: R™ x
[0, +00) — [0,4+00) defined by

SE(IB,t) = —¢ln (W]WZJ(CC,t, 6)) = —¢ln <(27I_t];)7’1/2 /Rn e_(i\\m—UHg—&-J(U))/e du)

(4.13)
is the unique smooth solution to the viscous HJ PDE with initial data
0S. 1 .
(x,t) + = ||VmS€(a:,t)||§ = EViSe(a:,t) in R™ x (0, 4+00),

Se(x,0) = J(x) in R™.

In addition, the domain of integration in (4.2.1) can be taken to be dom J or, up to a set of
Lebesgue measure zero, int (dom J) or dom (9J). Furthermore, for every x € dom J and
e > 0, except possibly at the boundary points x € (dom J) \ int (dom J) if such points exist,

the pointwise limit Sc(x,t) ast — 0 exists and satisfies

}i_r}ré Se(x,t) = J(x).
t>0

(ii) (Converity and monotonicity properties).

(a) The function R"™ x (0,+00) > (x,t) = Se(x,t) — & Int is jointly convez.
(b) The function (0,+00) >t — Sc(x,t) — % Int is strictly monotone decreasing.
(c) The function (0,+00) > € — Se(x,t) — & Ine is strictly monotone decreasing.

(d) The function R" > =+ 3 |x||3 — tSe(w,t) is strictly convex.
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(i1i) (Connections to the posterior mean and mean squared error) The posterior mean estimate

upp(x,t,€) and the mean squared error Ej |||lu — wpp (e, t, e)Hg satisfy the formulas
upy(x,t,€) = — tVySe(x, 1) (4.15)

and

E; [Hu — upy(z,t, e)||§} = teVy - upnr(, t,¢)
(4.16)

= nte — t?eV2 S (x,t).

Moreover,  — upp(x,t,€) is a bijective function.

() (Vanishing e — 0 limit) Let Sp : R"™ x (0,+00) — R denote the continuously differentiable
and convex solution to the first-order HJ PDE (1.22) with initial data J. For every x € R"
and t > 0, the following limit holds:

fim —eln ((1 / e—@tw—unéwwn/edu) - it { g le—ulf+ 0 |, (0
R'l’l

e—0 n/2 ueR”
¢ 27te)

that 1is,

lg% SG(CC, t) = S()(CC, t),
e>0

and the limit converges uniformly over every compact set of R™x (0, +00) in (x,t). In addition,

the gradient VSe(x,t), the partial derivative asea(f’t), and the Laplacian %V?cSe(w,t) satisfy
the limits

. . . 856 _ aSO

ll_l;%vwse(iﬂ,t) —Vmso(m,t), ll_l}l’(l) E(a},t) = E($7t)’

e>0 e>0
and

. €9 o
EE)I(l] ivaE(iD,t) = O7
e>0

where each limit converges uniformly over every compact set of R"™ x (0,+00) in (x,t). As a
consequence, for every x € R™ and t > 0, the pointwise limit of uppr(x,t,€) as € — 0 exists
and satisfy

lim ’u,pM(CC, t, 6) = uMAp(:IJ, t),
o
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and the limit converges uniformly over every compact set of R"™ x (0,+00) in (x,t).
Proof. See Appendix 4.A for the proof. O

To illustrate certain aspects of Proposition 4.2.1 and properties of posterior mean estimates, we

give here two analytical examples.

Example 1 (Tikhonov-Phillips regularization). Let J(x) = ||£B||§ with m > 0, and consider the
solution Sy(x,t) and Sc(x,t) to the first-order PDE (1.22) and viscous HJ PDE (4.14) with initial

data J, respectively.

The solution So(x,t) is given by the Laz—Oleinik formula (Proposition 1.2.14, Equation (1.24))

1
St) = jnf {5 e —ull + 5 full}

ueR”
2
m [zl
2(14+mt)’

This minimization problem is a special case of Tikhonov—Phillips regularization (also known as
ridge regression in statistics), a method for regularizing ill-posed problems in inverse problems and
statistics using a quadratic regularization term [199, 237]. The corresponding minimizer can be

computed using the gradient V4So(x,t) via equation (1.25) in Proposition 4.2.1:

mtx _ T
1+mt 14+mt

upap(x,t) =x —tVySo(x,t) =x —

The solution Sc(x,t) is given by the integral

S.(@t) = —eln [ ——— / o (Hlle—ul3+ 2 1ul3) /e gy,
(27te)™/2 Jgn

2
m ||

ne
= I T (1 4 me)
S0ty T2 mLEmh

The posterior mean estimate upps(x,t,€) can be computed using the representation formula (4.15)
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in Proposition 4.2.1(iii) by calculating the gradient VSe(x,t):

mitx T

,t, - —tVgS, ,t: - = .
wpn(@,t,€) = @ wSe(@,1) = @ 1+ mt 1+ mt

The mean squared error Ej [Hu —upy(x,t, e)Hg} can be computed using the representation for-

mula (4.16) in Proposition 4.2.1(iii) by calculating the divergence of upp(x,t,€):

nte
1+ mt

E; [Hu —upy(z,t, e)ug] = teVy - upnr(@, t€) = (4.18)

Comparing the solutions So(x,t) and Sc(x,t), we see that lime—o Se(x,t) = So(x,t) for every
e>0

x € R" and t > 0, in accordance to the result established in Proposition 4.2.1(iv). Note also that

while (x,t) — So(x,t) is jointly convez, its viscous counterpart (x,t) — Sc(x,t) is not. Indeed,

t — Se(zx,t) is not convex, and it is convex only after subtracting % Int from S(z,t).

Example 2 (Soft thresholding). Let J(x) = > | A |x;|, where A; > 0 for eachi € {1,...,n}, and
consider the solutions So(x,t) and Se(z,t) to the first-order (1.22) and viscous HJ PDFEs (4.14)

with initial data J, respectively.

The solution Sy(x,t) is given by the Laz—Oleinik formula
So(xz,t) = inf i||alc—u||2+znj)\-| 1
0\, weRn | 2t 2 < i|Yi

- 1
= inf ¢ —(z; —yi)® + N |vi )
;(yliréu{{zt(x yi)T+ A |y|}>

where x; and y; denote the i™ component of the vectors x and w, respectively. In the context of
imaging, this minimization problem corresponds to denoising an image with the weighted sum of
a quadratic fidelity term and a weighted l1-norm as the regularization term. This term is widely
used in imaging to encourage sparsity of an image, and it has received considerable interest due to
its connection with compressed sensing reconstruction [38, 82]. The solution to this minimization

problem corresponds to a soft thresholding applied component-wise to the vector x [74, 104, 164).
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The soft thresholding operator is defined for any real number a and positive real number o as

a—a ifa>a«,

Rx (0,450) 3 (0,0) = T(@,0) =40 ifac[-aa) (419)

a+a ifa<—a.
\

The minimizer in the Laz—Oleinik formula of So(x,t) is then given component-wise for i €

{1,....,n} by
(unmap(z,t); = T(xi, tAi),

so that

So(z,t) = <1(:1:Z- — T(xi, tA))* + N |T (4, mm) .

The solution S¢(x,t) is given by the integral

Se(x,t) = —€ln ((2:)/2/ e*(inmﬂ‘“%zg:l Nilyil) /e du>
mte)™

Z] [ 9 /-I—oo % (@i—ys)2+Xi |yz\)/€ d
€ n te Yi
/ +0o0 1 2 o0 1 2
_ —EZIH [ </ e*(g(ﬂcﬂryi) +Aiyi)/e€ dy; +/ e*(ﬁ(mi*yi) +Aiyi)/e dy¢>
im1 2 mte 0 0

To compute this integral, first define the function
1 .2
Rz L(z) = 5¢ erfc(z),

where erfc denotes the complementary error function. Then we have ([121], page 336, integral

3.832, 2., and page 887, integral 8.250, 1.)

+
/ > 2L Z+yl)2+)"byl)/e dy = e 2teL <$Z * t)\ >
V Tte V 2te
+ 22 . .
ﬁ [ — / - — (5 (@i—vi)+Aiyi) /e dy; = ) < Ti + t)\1> ’
Tte \ 2te

and
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from which we get

S.(x,t) = ‘mHQ* Zl ( (xi;th:>+L<_iz/2%Al>>

Now, to find the posterior mean estimate it suffices to compute the gradient of VzSe(x,t) and use

formula (4.15). To do so, we need the derivative of the function L. Since

the chain rule gives

0 (L (xi+t)\i> e <—xi—|—t)\i>> _ <:L°i+t)\i> L(ﬂcﬁ—t)\i)

ox; V2te V2te te V2te

_ (—xi—i-t/\i)L(—xi—i-t/\i).
te \/ﬁ

The posterior mean estimate is therefore given component-wise by

(upm(x,t,€))i = i — t(VaSe(x, 1))
I (mi-‘rt/\i) ) (—xi+t,\i>

— i+ t>\i 2te

The posterior mean estimate upy(x,t,€) yields a smooth analogue of the soft thresholding
operator T' (defined in (4.19)) evaluated at (x;,t)\;), in the sense that 1ime€;>8(UPM(iU,t, €))i =
T(xzi,tA;) for every i € {1,...,n} by Proposition 4.2.1(iv). Figure 4.2.1 shows the MAP and
posterior mean estimates in one dimension for the choice of t = 1.25, e = {0.025, 0.1, 0.25, 0.5, 1},

and \; =2 for x € [-5,5].

4.2.3 Connections to first-order Hamilton—Jacobi equations

In this section, we use the connections between the posterior mean estimate (4.3) and viscous HJ

PDEs established in Proposition 4.2.1 to show that the posterior mean estimate can be expressed
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3 T T T T T

UpnapXot) U (x.tie) with € = 0.25
upm(x,t;e) with € = 0.025 upm(x,t;e) with e =0.5
oL Upm(X.te) with € = 0.1 U (X .tie) with € = 1

Figure 4.2.1: Numerical example of the MAP and posterior mean estimates in one dimension with
J(x) = A\ |z| for the choice of t = 1.25, ¢ = {0.025, 0.1, 0.25, 0.5, 1}, and A\; = 2 for x € [-5,5].

through the solution to a first-order HJ PDE with initial data of the form of (1.22). In particular,

we show that the posterior mean estimate satisfies the proximal mapping formula

. (1 . 1
upp (@, t,€) = argmin {2 |l — qu + (K6 (u,t) — 2”qu> } ,

ueR”

where the function K.: R x x(0,+00) — R is defined through the solution S¢(z,t) to the viscous

HJ PDE (4.14) via

K. (1) = % ||| — tSc(x, 1) = teln ( el {mw) —gpllullz =T (w) /e du> :

1
(2mte)n/2 /dom J
which is convex by Proposition 4.2.1(ii)(d), and where K}(u,t) denotes the convex conjugate of
u +— K (u,t). This result gives the representation of the convex imaging regularization term whose
existence was derived by [168, 124, 125, 169] (and later extended to non-quadratic data fidelity
terms in [127, 126]). This representation result depends crucially on the connections established
between the posterior mean estimate wpps(x,t, €) and the viscous HJ PDE (4.14) established in

Proposition 4.2.1. Moreover, we also show that u — K(u,t) is at least twice continuously differ-
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entiable. This fact implies that the posterior mean estimate wpys(,t,€) for image denoising does
not suffer from staircasing effects thanks to a result established in [189, Theorem 3] as proven for
Total Variation regularization terms in [168]. Here, our results are applicable to any regularization

term J satisfying assumptions (A1)-(A3).

Proposition 4.2.2 (Connections between the posterior mean estimate and first-order HJ PDEs).
Suppose the function J satisfies assumptions (A1)-(A3). For every @ € R™, t > 0, and € > 0, let
Se(x,t) denote the solution to the viscous HJ PDE (4.14) with initial data J and let upps(x,t,€)

denote the posterior mean estimate (4.3). Consider the first-order HJ] PDE

a8 1 . 2 .
—(w,s)%—fHV:cS(a:,s)H =0 in R" x (0,+00),
0s 2 2
: (4.20)
S(x,0) = K!(x,t) — 5Hmug in R™.

Then the initial data  — K (z,t) — 1||x|3 is convex, the solution to the HJ PDE (4.20) satisfies

the Laz—Oleinik formula

Stws) = ot {5 e -l + (K2 - Glui2) |

and the corresponding minimizer at s = 1 is the posterior mean estimate wpps(x,t,€):

1
upy(x,t,€) = argmln{ |z — |3+ (K* u,t) *H H2>} (4.21)

ueR”

Moreover, for every ¢t > 0 and € > 0 the function R” 5 u — K} (u,t) is at least twice continuously

differentiable.

Proof. By definition of the function (x,t) — K(x,t), we can write
L2
1e(a 1) + Kela 1) = el

As both  — tSc(x,t) and x — K (x,t) are convex by Proposition 4.2.1(ii)(a) and (d), we can

apply Fact 1.2.13(iii) in Section 1.2 to conclude that @ — K7 (x,t) — 1||z|3 is convex and to express
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tSe(x,t) as
1 1
tsi(e,0) = jnf {3 lle — wld+ (K2t - 5 fuld )} (122)

ueR”

On the one hand, by Proposition 1.2.14 the right hand side of (4.22) is the solution Sy(zx, s) to the
first-order HJ PDE (4.20) at s = 1, and therefore its minimizer is given by x — V50 (z,1). On the
other hand, the gradient VSy(,1) is equal to the left hand side of (4.22), that is, VSo(x,1) =
tVzSe(x,t), which is equal to & — upps(x,t,€) by formula (4.3). As a result, the posterior mean

estimate wpys(x,t, €) minimizes the right hand side of (4.22), that is,

.1 1
wrar(e.t.0) = argmin {5 o~ wlf + (2 0) - 5lulg) |

ueR”

Now, using the strict convexity of @ — K (x,t) and that VK (x,t) = upps(x,t,€) is a bijective
function in x for every ¢ > 0 and ¢ > 0 by Proposition 4.2.1(iii) we can invoke [214, Theorem
26.5] to conclude that u — K(u,t) is a continuously differentiable, strictly convex, and bijective
function on R™, and moreover that u — V, K (u,t) corresponds to the inverse of © — wpps(x,t,€),
ie., VoK (upp(z,t,e),t) = x. Finally, as  — K(x,t) is twice differentiable and strictly convex
on R", the inverse function theorem (see, e.g.,[97, Appendix C, Theorem 7]) implies that u —

VK (u,t) is continuously differentiable on R", whence u — K,(u,t). O

4.3 Properties of posterior mean and MAP estimators

In this section, we describe various properties of the Bayesian posterior mean estimate (4.3) in
terms of the data & € R"™, parameters ¢ > 0 and ¢ > 0, and the imaging regularization term J.
Specifically, in Section 4.3.1, we derive topological, representation, and monotonicity properties
of the posterior mean estimate, which we use in Section 4.3.2 to further derive an optimal upper
bound on the mean squared error E; [Hu —upy(x,t, e)Hg], an estimate of the squared difference
between the MAP and posterior mean estimates, monotonicity and non-expansive properties of the
posterior mean estimate, and the behavior of the posterior mean estimate wpys(,t, €) in the limit

t — 0. Finally, we describe the MAP and posterior mean estimates in terms of Bayes risks and
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their connections to HJ PDEs in Section 4.3.3.

4.3.1 Topological, representation, and monotonicity properties

This section describes the topological, representation, and monotonicity properties of the Bayesian

posterior mean estimate (4.3), which are stated, respectively, in Propositions 4.3.1, 4.3.2, and 4.3.3.

The first result, Proposition 4.3.1, states that the posterior mean estimate belongs in the interior

of the domain of J for all data & € R™ and parameters t > 0 and € > 0.

Proposition 4.3.1 (Topological properties). Suppose the function J satisfies assumptions (Al1)-
(A3). Then the following properties hold.

(i) For every x € R™, t > 0, and € > 0, the posterior mean estimate wpp(x,t, €) is contained in

int (dom J).

(i) Let € € R™, t > 0, and € > 0, and let Sc: R™ x (0,400) — R denote the solution to the
viscous HJ PDEs (4.14) with initial data J. Then the expected value of the initial data

Ej[J(u)] satisfies the bounds

0 < J(upn(m,t,€) <Ey[J(u)] < e (eseW)/e - 1) < +oo. (4.23)
Proof. See Appendix 4.B. O

The second result, Proposition 4.3.2, gives representation formulas for the posterior mean
estimate. In particular, when the regularization term .J satisfies assumptions (A1)-(A3) and
dom J = R", the posterior mean estimate and mean squared error then satisfy representation
formulas in terms of the mean minimal subgradient of J given by E; [ﬂ'a J(u)(O)]. These represen-
tation formulas are then used to show that when dom J # R", the posterior mean estimate can
nonetheless be approximated using the first-order HJ PDE (1.22) by smoothing the initial value J

via a Moreau—Yosida approximation Sy(x, u) with p > 0.
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Proposition 4.3.2 (Representation properties). Suppose the function J satisfies assumptions
(A1)-(A3), let ® € R™, t > 0, and € > 0, and let (x,t) — So(x,t) and (x,t) — Sc(x,t) de-
note the solutions, respectively, to the first-order and viscous HJ PDEs (1.22) and (4.14) with

itial data J.

(i) (Representation formulas) If dom J = R"™, then E; {HWﬁJ(u)(O)HQ] < 400 and

E; [<(u;m) —|—7r5J(u)(O),u—u0>] = ne, (4.24)

for every ug € R™. In addition, the posterior mean estimate wpy(x,t,€) and mean squared

error By |||lu — upp (2, t, e)Hg} of the Bayesian posterior distribution (4.10) satisfy the rep-
resentation formulas

uPM(m, t, E) = — tEJ [WaJ(u)(O)] (4.25)

and

Ey |lu — upn(z,t,€)|3| = nte — tEy [(7o50u)(0), u — upr(z,t,€))] . (4.26)

Moreover, the gradient Vg Sc(x,t) and Laplacian V2S,(x,t) satisfy the representation formu-
las

VaSe(x,t) = Ej [m9,(u)(0)] (4.27)

and

Vise(fl?,t) = iE‘] [<7T3J(u)(0),u —upy(x,t, 6)>] . (4.28)

(it) (Limit formulas) Let {p}; 2] be a sequence of positive real numbers decreasing to zero. The

solution S¢(x,t) to the viscous HJ PDE (4.14) and its gradient VgSc(x,t) satisfy the limits

S(a,t) = —eln (1 / o~ (Hlla—ul3+I(w)/e du)

(2mte)™/?

(4.29)
= lim —eln | —— / o~ (Hll—ul3+So(uim)) /e gy,
k—+o0 (2mte)™? Jrn
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and
 VuSo(u, ~(grlle—ull3+So(u.ur)) /e g
VoS, () = Tim | JEn Vudol® e 1 e (4.30)
k—+oo fRn 6—(5\\2—11”24'50(“7%))/6 du
In particular, the posterior mean estimate upps(x,t,€) satisfies the limits
fan we— (ille—ull3+So(u.mi)) /e g,
upM(m,t,e) = lim R 1 3
k—4-o00 fRn o~ (grllz—ul3+So(u.mn)) /e gq, (431)
on VauSo(u, e (arlz=ulztSowm)) /e gy, ‘
=x—t lim R . 3 ,
k—r+o00 Jan o~ (gzlz—ull3+S0(wpme)) /e o,
Proof. See Appendix 4.C for the proof. O

Remark 4.3.1. Note that the representation formulas in Proposition 4.53.2(i) may not hold if
dom J # R"™. To see this, consider J : R™ — [0, +o0] defined by

0,  ifflull, <1,
J(u) =

400, otherwise.
The domain of J is the unit sphere in R™, which is convezr, and J satisfies assumptions (Al)-
(A3). The function J is continuously differentiable on int (dom J), with VJ(u) = 0 for every
u € int (dom J). Clearly, E; [ﬂaj(u)(O)] = 0. Howewver, for every x # 0, the posterior mean

estimate uppr(x,t,€) # x. Hence, the representation formula (4.25) does not hold in that case.

The next result, Proposition 4.3.3, uses the properties of solutions to first-order HJ PDEs
presented in Proposition 1.2.14 together with the representation formulas (4.25) and (4.26) to de-
scribe monotonicity properties of the posterior mean estimate. Proposition 4.3.3 will be lever-
aged in the next subsection to derive an optimal upper bound for the mean squared error
Ey ||lu — upnr(z, t,€)||3| and several estimates and limit results of wpys(x,t,€) in terms of the

observed image x and parameter ¢ > 0.

For the statement and proof of Proposition 4.3.3, and later for Proposition 4.3.5, we define the

function
u—x

dom 0J 3 u — g (ulx,t) = < > + 79.7(u)(0),
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which is a subgradient of the convex function u > u — 5 ||z — ul|3 + J(u) for every u € dom 9.J.

Proposition 4.3.3 (Monotonicity property). Suppose the function J is m-strongly conver and

satisfies assumptions (A1)-(A3). Let x € R, t > 0, and € > 0. Then for every uy € dom 0.J,

(1 +tmt) E; [H’u — uoﬂg} <Ej[{os(ulz,t) — or(uolz,t), u — up)]

(4.32)

< ne — (pg(uglx,t), upp(x, t, €) — ug) .

Moreover, E; |:H7T6J(u)(O)H2:| < +o00.

Proof. See Appendix 4.D for the proof. O

4.3.2 Error Bounds and limit properties

In this section, we derive an optimal bound for the mean squared error Ej |||u — upps(x, ¢, e)Hg ,
a bound on the squared difference between the MAP and posterior mean estimates, monotone and
non-expansive properties of the posterior mean estimate, and limiting results of the posterior mean

estimate in terms of the parameters t.

Proposition 4.3.4 (Error Bounds and limit properties). Suppose the function J is m-strongly

convez and satisfies assumptions (A1)-(A3).

(i) For every x € R™, t > 0, and € > 0, the mean squared error E; [Hu - uPM(m,t,e)Hg} of the

Bayesian posterior distribution (4.10) satisfies the upper bound

nte
1+mt

Ey [lu—upn(z,t,e)3] < (4.33)

(ii) For every @ € R™, t > 0, and € > 0, the squared difference between the MAP and posterior
mean estimates satisfies the upper bound

nte
14+mt

[urrap(z,t) — upn(,t,€)ll5 < (4.34)
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(iii) The posterior mean estimate is monotone and non-expansive, that is, for every x, d € R",
t>0, and e >0,

<UPM(CC+d,t, 6) —’u,pM(CC,t, 6),d> >0 (4.35)

and

luprv(x +d,t,e) —upp(z,t,e)|y, < |d],- (4.36)

(iv) Let {tx}}2 be a sequence of positive real numbers converging to 0 and let {dy}}> be a

sequence of elements of R™ converging to d € R™. Then for every € dom J and € > 0, the

pointwise limit of wppr(® + tpdg, tx, €) as k — 400 exists and satisfies

lim upM(:c + tpdy, tr, 6) =x.
k——+o0

Proof. Proof of (i): Since upp(x,t,€) € int (dom J) by Proposition 4.3.1 and int (dom J) C
dom 0J (see Definition 8), we can set ug = upps(,t,€) in the monotonicity inequality (4.32) in

Proposition 4.3.3(i) and rearrange to get the upper bound (4.33).

Proof of (ii): Note that for every uy € dom 9.J, the monotonicity inequality (4.32) in Propo-

(G ) B

Choose ug = uprap(x,t), which for every @ and ¢ > 0 is always an element of dom d.J and also

sition 4.3.3 yields

satisfies the inclusion (%) € 0J(uprap(x,t)) by part (ii) of Proposition 1.2.14. Hence

the monotonicity of the subdifferential of u — o |[|x — w3 + J(u) and m-strong convexity of J

implies

1+mt —
(S5 = wanae(an )13 < (57 4 mas(0)) u = waare.0).

nte
14+mt>

Combine these inequalities to get E; [Hu —upy AP((B,t)||§:| < and use the convexity of the

Euclidean norm to get inequality (4.34).

Proof of (iii): The convexity of  — K.(x,t) by Proposition 4.2.1(ii)(d) and VK (x,t) =
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upp(z,t,€) implies the monotonicity property (4.35) (see definition 8, equation (1.20), and [214,
Page 240, Corollary 31.5.2]). Since both functions = +— S(,t) and = — 3 ||ac||§ — tSe(x,t) are
convex by Proposition 4.2.1(ii)(a) and (d), the gradient of the function & — % |&||3—tSe (e, t), whose
value is the posterior mean estimate upys(x,t,€) by Proposition 4.2.1(iii), is Lipschitz continuous

with unit constant (see [261] for a simple proof), that is,
[(x+d = tVaSe(x +d,1)) — (x — tVaSe(x, 1))y = upm(z + d,t,€) —upm(z,t,€)ll, < [|d],,
which proves the non-expansive inequality (4.36).

Proof of (iv): Inequality (4.34) and the triangle inequality imply

ntre
1+mt

H(:c + tkdk) — uPM(CC + trdy, ts, 6)”2 < H(CB + tkdk) — uMAp(:B + tkdk,tk)HQ +

The limit limg_,+ o wprsr( + tidy, tg, €) = x then follows by Proposition 1.2.14(iii). O

Remark 4.3.2. The upper bound for the mean squared error in (4.33) is optimal. As shown in

. ) . 2
Ezample 1, it is attained for the quadratic term J(x) = 5 [|z||5.

4.3.3 Bayesian risks and Hamilton—Jacobi partial differential equations

In this section, we will consider the Bayesian risk associated to the following Bregman divergence

(see Definition 14, equation (1.5))

Dg, (v, ps(ulz,t)) if u € dom 9J,
R" xR" 3 (v,u) — (4.37)

400 otherwise,

where
Uu—x

dom 0J 3 u — p (ulx,t) = < ) + 7T8J(u)(0)7

1
RS urs & (ulz,1) = o ||z - ul)3 + J(u).
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The associated Bayesian risk to the posterior distribution (4.10) corresponds to the expected value
E; Do, (v, o (u|x,t))]. We refer the reader to [12] and [151] for discussions on Bregman loss

functions and Bayesian estimation theory.

Here, we will use the connections between maximum a posteriori and posterior mean estimates
and Hamilton—Jacobi equations derived in Section 4.2 to show that when the regularization term
J is convex on R"™ and bounded from below, then the MAP estimate wp;ap(x,t) minimizes in
expectation the Bregman loss function (4.37). We also show that when dom J # R"™ and satis-
fies assumptions (A1)-(A3). The results rely on the monotonicity property (4.32) established in

Proposition 4.3.3.

Proposition 4.3.5 (Bregman divergences). Suppose the function J satisfies assumptions (Al1)-

(A3), and let x € R™, t > 0, and € > 0.

(i) The mean Bregman loss function dom J > v — E;[Dg, (v, ¢ (u|x,t))] € R has a unique

minimizer v € dom 0J that satisfies the inclusion

(:1: ; @) € 8J(®) + (VaSe(x,t) — Ej [1950)(0)]) (4.38)

where addition in (4.38) is taken in the sense of sets.

(ii) If J is finite everywhere on R™, then the MAP estimate uprap(x,t) is the unique global

minimizer of the Bregman loss function R" 5 v — Ej [Dg, (v, ¢ (ulz,t))] € R, that is,

upap(x,t) = argminE; [Dg, (v, o 5(ulz,t))] (4.39)
veER™

Proof. See Appendix 4.E for the proof. O



135

4.4 Extension to certain non log-concave priors

So far, we have assumed that the regularization term J in the posterior distribution (4.10) and
Proposition (4.2.1) is convex. When J is non-convex, the solution to the first-order HJ PDEs (4.9)
may not be classical, in the sense that it is not differentiable. For this class of HJ PDEs, the concept
of viscosity solutions [15, 18, 19, 62, 97, 107] is generally the appropriate notion of solution. The

corresponding Lax—Oleinik formula (4.8), however, becomes a non-convex optimization problem.

This section presents some extensions of the previous results to the case where the regularization
term J takes the form

J(x)= min Jj(x) (4.40)
ie{l,...,m}

where every J; for i € {1,...,m} satisfies assumptions (A1)-(A3). Note that in general, this
function J is non-convex. Nonetheless, the min-plus algebra technique [2, 3, 83, 106, 115, 156, 175,
176, 178, 177] can handle this case.

4.4.1 Min-plus algebra for first-order HJ PDEs

Let Sio: R™ x [0,400) — R denote the solution to the HJ PDE

0Si0
ot

Si’()(w, O) = JZ(CC) n an

1
(1) + 5 IVaSio(z,t)]3=0 inR™ x (0, +00),

which is given explicitly by the Lax—Oleinik formula

) 1
Sia(e.t) = min { 57 o~ ulf + 1w}

and let Sp denote the solution to the HJ PDE (4.9) with initial condition J given by (4.40). By

min-plus algebra theory, the semi-group of this HJ PDE is linear with respect to the min-plus
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algebra. That is,

S()(:I:,t

~—

(1 )
min {5 o~ ull 4w}

1
o {ie{rf.i.?m} {2t o= ulls + J"(u)}}

1 (4.41)
. ) )
- — |z —u J(u
ie{Tm} {feuuﬁ {2t I 12+ Ji( )}}
= min S;o(x,t).
ie{l,...m} 74:0( )
Hence the solution Sp(x,t) is given by the pointwise minimum of S;o(x,t) for i € {1,...,m}.

This approach seems particularly appropriate for solving this non-convex optimization problem
and associated HJ PDE. Note that such an approach is embarrassingly parallel since we can solve
the initial data J; for each i € {1,...,m} independently and compute in linear time the pointwise
minimum. However, this approach is only feasible if m is not too big; we will show that robust
edge preserving priors (e.g., truncated Total Variation or truncated quadratic) can be written in

the form of (4.40) where m is exponential in n.

We can also compute the set of minimizers u(x,t) as follows. Here, we abuse notation and use
u(x,t) to denote the set of minimizers, which may be not a singleton set when the minimizer is

not unique. We can write

u(x,t) = argmin{ min }{2175 |z — ul3 + Jl(u)}}

ucR” ie{l,...,m
1 ) (4.42)
= U orgmin{ el + Jiw)
icl(w) “ER"
where the index set I(x,t) is defined by
I(xz,t) = argmin S;(x,1). (4.43)

ie{1,...,m}

As an example, we can take the regularization term J to be the truncated regularization term
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with pairwise interactions

J(@)= Y wif([®); —[x];), for each @ = ([&]y, ..., [x]) € R", (4.44)
(i.j)eE
where w;; > 0, f(z) = min{g(x),1} for some convex function g: R — R and E = {1,...,n} x
{1,...,n}. This function can be written as the minimum of a collection of convex functions
Jo: R" - R as
J(x) = min J,
(z) win Jo,

with each Jq defined by
Ja(x) == Z Wij + Z wijg([zli — [];) ¢,
(1,)€Q (i)

where ) is any subset of E. The truncated regularization term (4.44) can therefore be written in
the form of (4.40), and hence the minimizer to the corresponding optimization problem (4.41) with

the non-convex regularization term J in (4.44) can be computed using (4.42). Concretely, we have

) 1
u(z,t)= | J argmin {% |z — w3 + JQ(U)}
Qel(zp) “ER"

= |J agmin 2%Hac—u||§+ > wijg([ul — [ul;)

Qel(zt) “ER" (i.5)€Q
= U {&—tVaSa(z,1)}

Qel(x,t)

where
_ 1
Sa(z,t) = wij + min EHSE—UHSJF > wijguli — [u]))

(4,5)€R (4,5) €82

and

I(xz,t) = arg min Sq(x, t).
QCE

We give here two examples of truncated regularization term with pairwise interactions in the

form of (4.44). First, let g be the ¢; norm. Then J is the truncated discrete Total Variation
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regularization term defined by

J(x) = Z wij min{|[x]; — [z];],1}, for each & = ([z]4,..., [x],) € R™. (4.45)
(i,j)eE

This function J can be written as the formula (4.44) with f: R — R given by

|z| if |2] <1,
f(z) =
1 otherwise.
. Second, let g be the quadratic function. Then J is the half-quadratic regularization term defined
by

J(x) = Z w;; min{([x]; — [x];)?, 1}, for each x = ([x]1,..., [x],) € R". (4.46)
(i,9)€EE

This function J can be written as the formula (4.44) with f: R — R given by
12> if 2| < 1,
(=) =
1 otherwise.
This specific form of edge-preserving prior was investigated in the seminal works of [52, 116, 117].
Several algorithms have been proposed to solve the resultant non-convex optimization prob-

lem (4.41), i.e., the solution to the corresponding HJ PDE, for some specific choice of data fidelity
terms (e.g., [5, 144, 116, 117, 192, 50, 191}).

In general, however, there is a drawback to the min-plus algebra technique. To compute the
minimizers using (4.42), we need to compute the index set I(x,t) defined in (4.43), which involves
solving m HJ PDEs to obtain the solutions Si,...,Smno. When m is too large, this approach
is impractical since it involves solving too many HJ PDEs. For instance, if J is the truncated
Total Variation in (4.45), the number m equals the number of subsets of the set E, i.e., m = 2lEl
which is computationally intractable. Hence, in general, it is impractical to use (4.42) to solve the
problem (4.41) where the regularization term .J is given by the truncated Total Variation. The same
issue arises when the truncated Total Variation is replaced by half-quadratic regularization. Several

authors attempted to address this intractability for half-quadratic regularizations by proposing
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heuristic optimization methods that aim to compute a global minimizer [5, 144, 116, 117, 192, 50,
191].

4.4.2 Analogue of min-plus algebra for viscous HJ PDEs

We consider here an analogue of the min-plus algebra technique designed for certain first order
HJ PDEs tailored to viscous HJ PDEs. This will enable us to derive representation formulas for

posterior mean estimators whose priors are sums of log-concave priors, i.e., mixture distributions.

The min-plus algebra technique for first order HJ PDEs described in Section 4.4.1 involves initial
data of the form mineqy .,y Ji(®) where every J;: R™ — [0, +-00] satisfies assumptions (A1)—(A3).

Here we consider initial data of the form

J(x) = —eln (i e—Ji@")/E) : (4.47)

=1

Note that formula (4.47) approximates the non-convex term (4.40) in that

m
lim —el —hi@/e) = min Ji(x) for each x € R™.
lim —¢ln (;e iE{Ilr,l.l.Elm} i(x) for each x

e>0

Now, let

1 —(Ji(w)+ =% le—ul2) /e
Sie(@,t) = —¢In <W [ et ey du>,

and
Jrn w o~ (Jitw) g le—ul3)/e g0,

u; {E,t,ﬁ -
A [ e Ot gl i) /e gy

denote, respectively, the solution to the viscous HJ PDE (4.13) with initial data J; and its associated

posterior mean. Then, a short calculation shows that for every € > 0, the function S¢(x,t): R™ X
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(0, +00) — R defined by

m

1 —(Ji(u)+ 5 lz—ull3) /e
Se(x,t) = —€eln <Z(27Tt€)n/2/ﬂgne (Ji(w)+3; le—ul3)/ du)

i=1

= —¢ln (Z G_S"*E(m’t)/e>

i=1

(4.48)

is the unique smooth solution to the viscous HJ PDE (4.13) with initial data (4.47). As stated in

Section (4.2.2), the posterior mean estimate wpps(x,t,€) is given by the representation formula

upy(x,t,€) = —tVaSe(x,t), (4.49)

which can be expressed in terms of the solutions S; («,t), their spatial gradients VS; ((x,t), and

posterior mean estimates w; prs(,t, €) as the weighted sums

>y VaSie(, t)e—Szue@c,t)/e)

UPM(QZ,t, 6) =x—1 ( Zzil e—Sic(m,t)/e

4.50
T wipu (@t e)e Sie@d/e (4.50)

= Z;il e_Si,G(m7t)/€

As an application of this result, consider the problem of denoising a noisy image x € R" using
a Gaussian mixture model [85]. Suppose J;(u) = % |w — p;|3, where p; € R and o; > 0. The

regularized minimization problem (4.41) is given by

1 1
Sotant) = guin {_min {0 =l + 5 o - i}

ueRr | ie{l,..,m}
i in § L 24l — w2 (4.51)
= min min —F | — . — ||l — W .
ie{l,...,m} |u€eRn 20Z-2 Hilla 2t 2

. 1 9
= = e - 4 .

Letting I(2,1) = argmine gy} {m |z — ulﬂg}, the MAP estimator is then the collection

2
oix +tu,;
upap(x,t) = U {Z“Z}

2
iellwny & 00 T
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Consider now the initial data (4.47):
Mol |2
Jw) = —eln (Ze ol u,ng).
i=1

The solution Se(x,t) to the viscous HJ PDE (4.13) with initial data J is given by formula (4.48),

which in this case can be computed analytically:

i 01'2 n/2 m”w mill3
Se(x,t) = —€ln E Ty e . (4.52)
g;

=1

n/2 ——g—|@—p,3

. _q. o 2 2112 . . .

Since e~ Sic@t)/e — <02;t> e Hoitbe , we can write the corresponding posterior mean
i

estimator (4.50) using the representation formulas (4.49) and (4.50):

upy(x,t,€) = — tVoSe(x,t)
. (25) (5
2

Zm "/26 m”fc ”’2”2
i=1 \ g2+t

1 2
> m”m—ﬂﬁb (4‘53)

4.5 Discussion

This chapter presented novel theoretical connections between Hamilton—Jacobi partial differential
equations and a broad class of Bayesian posterior mean estimators with quadratic data fidelity term
and log-concave prior relevant to image denoising problems. We derived a representation formula
for the posterior mean estimate upys(x,t,€) in terms of the spatial gradient of the solution to a
viscous HJ PDE with initial data corresponding to the convex regularization term J. We used
these connections to show that the posterior mean estimate can be expressed through the gradient
of the solution to a first-order HJ PDE with twice continuously differentiable convex initial data.
Furthermore, we derived a novel representation formula for this initial data that was not available

in the literature.

In addition, we used the connections between HJ PDEs and Bayesian posterior mean estima-
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tors to establish several topological, representation and monotonicity properties of posterior mean
estimates. These properties were then used to derive an optimal upper bound on the mean squared
error Ej |||lu — upp(,t, e)Hg , an estimate of the squared difference between the MAP and pos-
terior mean estimates, monotonicity and non-expansive properties of the posterior mean estimate,
and the behavior of the posterior mean estimate wpps(x,t,€) in the limit ¢ — 0. We also used
the connections between both MAP and posterior mean estimates and HJ PDEs to show that
the MAP estimate (4.2) corresponds to the Bayes estimator of the Bayesian risk (4.37) whenever
the regularization term J is convex on R™ and bounded from below and the data fidelity term
is quadratic. We also show that when dom J # R™, the Bayesian risk (4.37) has still a Bayes
estimator that is described in terms of the solution to both the first-order HJ PDE (1.2.14) and
the viscous HJ PDE (4.2.1). Finally, we extended some of the results above to a class of posterior
mean estimators whose priors are sums of log-concave priors, that is, to posterior mean estimators

of mixture distributions.

We wish to note that in addition to its relevance to image denoising problems, the viscous HJ
PDE (4.14) has recently received some attention in the deep learning literature, where its solution
x — Sc(x,t) is known as the local entropy loss function and is a loss regularization effective at
training deep networks [53, 54, 114, 242]. While this chapter focuses on HJ PDEs and Bayesian
estimators in imaging sciences, the results are relevant to the deep learning literature and may
give new theoretical understandings of the local entropy loss function in terms of the data x and

parameters ¢ and e.

The results presented in this work crucially depend on the data fidelity term being quadratic

and the generalized prior distribution u — e~(®)

being log-concave. This chapter did not consider
non-quadratic data fidelity terms (corresponding to non-Gaussian additive noise models) with log-
concave priors, or non-additive noise models [28, 31]. These directions will be pursued elsewhere

in the future.



Appendix

4.A Proof of Proposition 4.2.1

We will use the following lemma, which characterizes the partition function (4.11) in terms of the
solution to a Cauchy problem involving the heat equation with initial data J € T'o(R™), to prove

parts (i) and (ii)(a)-(d) of Proposition 4.2.1.

Lemma 4.A.1 (The heat equation with initial data in I'g(R™)). Suppose the function J: R" —

[0, +00] satisfies assumptions (A1)-(A3).

(i) For every e > 0, the function w.: R™ x [0, +00) — (0, 1] defined by

1 1 —(Z llz—ull2+J(u)) /e
we(x, t) = (Gnt))? Zy(x,t€) = (27Tte)"/2 /ne 2t 2 du (4.54)

is the unique smooth solution to the Cauchy problem

Ow,
ot

we(z,0) = e/ @)/ in R".

(x,t) = %V?cwe(m,t) in R x (0, +00),
(4.55)

In addition, the domain of integration of the integral (4.54) can be taken to be dom J or, up
to a set of Lebesque measure zero, int (dom J) or dom 9J. Furthermore, for every x € R"

and € > 0, except possibly at the points x € (dom J) \ (int dom J) if such points exist, the
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pointwise limit of w.(x,t) ast — 0 exists and satisfies

lim we (x, t) = e/ @)/e,
t—0

t>0

with the limit equal to 0 whenever ¢ dom J.
(ii) (Log-concavity and monotonicity properties).

(a) The function R"™ x (0,400) 3 (z,t) — t"?w,(x,t) is jointly log-concave.
(b) The function (0,+00) >t — t"?w,(x,t) is strictly monotone increasing.
(¢) The function (0,+00) 3 € — "/ 2w (x,t) is strictly monotone increasing.

(d) The function R" 5 x — eiHmnge(a},t) 18 strictly log-convez.

The proof of (i) follows from classical PDEs arguments for the Cauchy problem (4.55) tailored
to the initial data (x,¢) — e~/ (®)/¢ with .J satisfying assumptions (A1)-(A3), and the proof of log-
concavity and monotonicity (ii)(a)-(d) follows from the Prékopa—Leindler and Holder’s inequalities

[162, 209, 108]; we present the details below.

Proof. Proof of Lemma 4.A.1 (i): This result follows directly from the theory of convolution
of Schwartz distributions ([141], Chapter 2, Section 2.1, Chapter 4, Sections 4.2 and 4.4., and in
particular Theorem 4.4.1 on page 110). To see why this is the case, note that by assumptions
(A1)-(A3) the initial condition u +— e~7/(® is a locally integrable function, and locally integrable

functions are Schwartz distributions.

Proof of Lemma 4.A.1 (ii)(a): The log-concavity property will be shown using the Prékopa—

Leindler inequality.

Theorem 4.A.1. [Prékopa—Leindler inequality [162, 209]] Let f, g, and h be non-negative real-

valued and measurable functions on R™, and suppose

h(dur + (1= Nug) > f(ur) g(ug) ™
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for every uy, ug € R™ and A € (0,1). Then
A (1-3)
/ h(u) du > ( f(u) du> (/ g(u) du) :
n R n

Proof of Lemma 4.A.1 (ii)(a) (continued): Let € > 0, A € (0,1), x = Az + (1 — \)x2,
u = Aujp + (1 — Nug, and t = Ay + (1 — Nty for any x1, x2, w1, ue € R™ and ¢4, to € (0, +00).

The joint convexity of the function R™ x (0, +00) 3 (z,t) — % |23 and convexity of J imply

1 A 11—\
— & —uli+ J(u) < |l — w2+ A=Az, - w2+ M (ug) + (1= A)J(ug),
2t 2t1 2t9
This gives
A 1-X
o~ (Hle—uB+iw)/e [ ~(dlewliriwn)/e\ " [ (g leeual3+7(u2) /e

=
(27e)n/2 (27e)n/2 (27e)n/2

Applying the Prékopa—Leindler inequality with

o~ (3 lz—ull3+J(w)) /e

) =

—( gty ller—ull3+J(w)) /e
e 1

fu) = @re? :

and
o (gl —ul3 () /e

(27e)n/2 ’

g9(u) =
and using the definition (4.54) of we(x,t), we get

N P (1-X)
0 Pw(,t) > (G P h) (6 wd@a, 1)

As a result, the function (z,t) — t"/?w,(x, t) is jointly log-concave on R™ x (0, 400).

Proof of Lemma 4.A.1 (ii)(b): Since ¢ — 1 is strictly monotone decreasing on (0,+00),
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then for every @ € R", w € dom J, € > 0, and 0 < t; < to,

(5 lz—ul3+J(w) /e

(2me)n/2

(55 l—ul3+J(w) /e

(2me)n/2

(& (&

<

whenever x # u. Integrating both sides of the inequality with respect to uw over dom J yields

(2 1)n/2 o~ (rlle—ulErs@)/e gy (2 1)n/2 (el s )/ gy,
TE dom J e dom J

As a result, the function t — t"/?w,(x,t) is strictly monotone increasing on (0, +00).

Proof of Lemma 4.A.1 (ii)(c): Since ¢ — I is strictly monotone decreasing on (0, 400)
and dom J 3> u — J(u) is non-negative by assumption (A3), then for every x € R", ¢ > 0, and

0 < €1 < €9 we have

o (Elle—ul3+rw) /e o o~ (&le—ul3+I(w) /e

whenever x # u. Integrating both sides of the inequality with respect to u over dom J yields

/ o= (Ela—ul+I(w) /1 gy < / o~ (Fla—ul3+i@)/er gy
dom J dom J

n/2

As a result, the function € — €"/“w¢(x,t) is strictly monotone increasing on (0, +00).

Proof of Lemma 4.A.1 (ii)(d): Let € >0, ¢ > 0, A € (0,1), 1,22 € R” with x; # 22 and

x = Axr1 + (1 — N)xa. Then

eaiel@l oy, (a, 1) = 1/ (@) =& [ul—T(w) /e g,
’ (27Tt6)n/2 dom J

(@) /=L lul3—T(w) e\ [ @z /te— 2 ul3—T(w)/e Hd
- /dom ; (2rte))? (2te)/? “
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Holder’s inequality ([108], Theorem 6.2) then implies

Le o((@1,u) /t—g; |lull3—J (u)) /e A ol@2,u) /te—gp||ull3—J (u) /e =2
ezl (1) < / du / du
dom J (27rt€)n/2 dom J (27rt€)n/2

Lz )2 AL a2 1=
— (e2te 1 2w€(x17t)) <@2te 2 zwe(a;%t)) ,

where the inequality in the equation above is an equality if and only if there exists a constant
a € R such that ael®vw)/te — o@au)/te for almost every w € dom J. This does not hold here since

x1 # xo. As a result, the function R" 5 x eiHmnge(w, t) is strictly log-convex. O

Proof of Proposition 4.2.1 (i) and (ii)(a)-(d): The proof of these statements follow from
Lemma 4.A.1 and classic results about the Cole-Hopf transform (see, e.g., [97], Section 4.4.1), with

Se(x,t) = —elog(we(x,t)).

Proof of Proposition 4.2.1 (iii): The formulas follow from a straightforward calculation of
the gradient, divergence, and Laplacian of Sc(x,t) that we omit here. Since the function x
%H:c”% — tSe(x,t) is strictly convex, we can invoke [214, Corollary 26.3.1] to conclude that its

gradient © — x — tVgSc(x, t), which gives the posterior mean upys(x,t,€), is bijective.

Proof of Proposition 4.2.1 (iv): We will prove this result in three steps. First, we will show

that
1 2
li S, t) < inf — — J
Hil_%lp 6(:13, ) ueintu(ldom J){Qt Hm u”2+ (u)}
e>0
and

1 1
it {gple -l s f = it {2 e - w4 s} = sate.

u€int (dom J)

Next, we will show that liminfc_,o Sc(x,t) > So(x,t). Finally, we will use steps 1 and 2 to con-
e>0

clude that lime_0 Sc(x,t) = Sp(x,t). Pointwise and local uniform convergence of the gradient
e>0

limey0 Vg Se(x,t) = VgSo(x,t), the partial derivative lim¢ o 8568(;”’” = as%(f’t), and the Lapla-
e>0

>0

cian limeo §V2Sc(x,t) = 0 then follow from the convexity and differentiability of the solutions
>0

(z,t) — So(x,t) and (x,t) — Sc(x,t) to the HJ PDEs (1.22) and (4.14).
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In what follows, we will use the following large deviation principle result [79]: For every Lebesgue

measurable set A € R,

1 1
lim —eln (/ e zielle—ull3 du> = essinf { | — UH%} ;
o~ (2mte)™/2 | 4 ucd | 2t

where

1 1
eisei;\lf{% |l — u||§} = sup{a eR:a< % |l — u||§,fora.e.u € R”}.

Step 1. (Adapted from Deuschel and Stroock [79, Lemma 2.1.7].) By convexity, the function
J is continuous for every ug € int (dom J), the latter set being open. Therefore, for every such ug
there exists a number r,,, > 0 such that for every 0 < r < ry,, the open ball B, (ug) is contained in

int (dom J). Hence

1 1 2
Swt) = —eln | — 1 ~(Llle—ul3+Iw)/e 4
(m’ ) o ((27Tt6)n/2 /int (dom J) © “
<—eln | — / o~ (Grllz—ul3+I()/e gy,
(27Tt€)n/ By (uo)

]. 1 2
< —e€ln / el gy | + sup J(u).
((27ﬂf€)"/2 By (uo) wé B, (uo)

Take lim sup—0 and apply the large deviation principle to the term on the right to get
e>0

1
limsup Se(x,t) < essinf { |z — u||§} + sup J(u).
6?((]] u€Br(ug) (2t u€B;(uop)

Take lim,_,q on both sides of the inequality to find

1
lim sup Se(x, ) < ~ [l — w02 + J (uo).
8 2t
€

Since the inequality holds for every ug € int (dom .J), we can take the infimum over all y €
int (dom J) on the right-hand-side of the inequality to get

. . 1 2

limsup Se(z,t) < inf —llx—ull3+ J(u) . (4.56)

e—0 u€int (dom J)
e>0
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By assumptions (A1) and (A2) that J € I'o(R™) and int (dom J) # &, the infimum on the right
hand side is equal to that taken over dom J ([214], Corollary 7.3.2), i.e.,

inf ){21t||ac—uH§—|—J(u)} = inf {;}me—qu—i—J(u)} = So(ax, t). (4.57)

u€int (dom J u€cdom J

We combine (4.56) and (4.57) to obtain

limsup Se(x,t) < Sp(zx, ),
e—0
e>0

which is the desired result.

Step 2. We can invoke Lemma 2.1.8 in [79] because its conditions are satisfied (in the notation
of [79], ® = —J, which is upper semicontinuous, u + - || — u||§ is the rate function, and note that
the tail condition (2.1.9) is satisfied in that sup,cpn —J(u) = —infyern J(u) = 0 by assumption
(A3)) to get

liminf Sc(x,t) > So(x,t).
=0

Step 3. Combining the two limits derived in steps 1 and 2 yield

lim S, (x,t) = So(x,t)
e—0
e>0
for every & € R™ and ¢ > 0, where the limit converges uniformly on every compact subset (x,t) of

R™ x (0, 400) ([214], Theorem 10.8).

By differentiability and joint convexity of both R™ x (0,400) 3 (x,t) — Sp(x,t) and R™ x
(0,+00) > (x,t) = Sc(x,t) — % Int (Proposition 1.2.14 (i), and Proposition 4.2.1 (i) and (ii)(a)),

we can invoke ([214], Theorem 25.7) to get

) B . (0S(x,t) me\ .. OSc(x,t)  O0So(x,t)
2y VS, 1) = VaSo(, fand fiy (at‘zt>—11§§ o~ ot

for every € R™ and ¢t > 0, where the limit converges uniformly on every compact subset of
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R™ x (0,400). Furthermore, the viscous HJ PDE (4.14) for S, implies that

. E 2 T 8SE($, t)

iy 5 VaSe(@, t) = lim ( ot
e>0

B 9So(x,t)

N ot

1
+ 5 IVasi@0l?).
e>0

1
+ 5 1928t 0

=0,

where the last equality holds thanks to the HJ PDE (1.22) (see Proposition 1.2.14). Here, again,
the limit holds for every & € R™ and ¢ > 0, and the limit converges uniformly over any compact
subset of R" x (0,+00). Finally, the limit limeoupr(x,t,€) = uprap(x,t) holds directly as a

e>0

consequence to the limit lime 0 Vo Se(x,t) = VSo(x,t) and the representation formulas (4.15)
e>0
(see Proposition 4.2.1(iii)) and (1.25) (see Proposition 1.2.14(ii))for the posterior mean and MAP

estimates, respectively.

4.B Proof of Proposition 4.3.1

Proof of (i): We will prove that wpy/(,t,€) € int (dom J) in two steps. First, we will use the
projection operator (1.7) (see Definition 16) and the posterior mean estimate wpys(x,t, €) to prove
by contradiction that wpps(x,t,€) € cl (dom J). Second, we will use the following variant of the

Hahn-Banach theorem for convex bodies in R"™ to show in fact that wpys(x,t,€) € int (dom J).

Theorem 4.B.1. ([21/], Theorem 11.6 and Corollary 11.6.2) Let C' be a convex set. A point
v € C is a relative boundary point of C if and only if there exist a vector a € R™\ {0} and a
number b € R such that

v = arg max {(a,u) + b},
ucC

with (@, u) + b < (a,v) + b for every u € int (C).

Step 1. Suppose upps(x,t,€) ¢ cl (dom J). Since the set cl (dom J) is closed and convex, the

projection of upps(x,t,€) onto cl (dom J) given by Tel( (upprr(z,t,€)) = u is well-defined

dom J)
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and unique (see Definition 16), with upys (2, t, €) # w by assumption. The projection @ also satisfies

the characterization (1.8), namely
(upp(x,t,e) —u,u—u)) <0
for every u € cl (dom J). Then, by linearity of the posterior mean estimate,

||UPM(33,t,€) - ﬂ”g = <’U,PM($,t, 6) —u, ’U,PM(a),t, 6) - ﬁ>
= (upy(x,t,e) —u,Ey [u] —u)

=E; [(uprr(z,t,€) — @, u —a))]

<0,

which implies that wpp(x,t,¢) = w. This contradicts the assumption that wpp(x,t,€) ¢

cl (dom J). Hence, it follows that upys(x,t,€) € cl (dom J).

Step 2. We now wish to prove that upys(x,t, €) € int (dom J). Note that this inclusion trivially
holds if there are no boundary points, i.e., (cl (dom J) \ int (dom J)) = &. Now we consider the
case (cl (dom J) \int (dom J)) # @. Suppose that wpp(z,t,e) € (cl (dom J)\ int (dom J)).

Then Theorem 4.B.1 applies and there exist a vector a € R™ \ {0} and a number b € R such that

upy(x,t,e) = argmax {(a,u) + b},
uéecl (dom J)

with (a,u)+b < (a,upp(x,t,€))+b for every u € int (dom J). By linearity of the posterior mean

estimate,

(a,upp(z,t,e)) +b=(a,Es[u]) +b
=E;[(a,u) +b]
<E;[{a,uppr(x,t,€)) + b
= (a,uppy(x,t,€)) + b,
where the strict inequality in the third line follows from integrating over int (dom .J). This con-

tradicts the assumption that wpp(x,t,e) € (cl (dom J)\ int (dom J)). Hence, upp(x,t,€) €

int (dom J).
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Proof of (ii): First, as a consequence that upp(x,t,e) € int (dom J), the subdifferential
of J at upy(x,t,€) is non-empty because the subdifferential d.J is non-empty at every point
u € int (dom J) ([214], Theorem 23.4). Hence there exists a subgradient p € dJ(upn(x,t,¢€))
such that

J(u) = J(upp(z,t,€)) — (p,u —upy(T,t,€)) . (4.58)
Take the expectation E; [-] on both sides of inequality (4.58) to find
Ej[J(w)] = Ej [J(upn(®,t,€)) — (p,u — upp(,t, €))]
= J(upym(z,t,e)) —E;[(p,u —upp(x,t,¢))]
= J(uPM(mvt7 E)) - <paEJ [u] - ’U,PM(Q’,',t, €)> (459)

= J(uppy(x,t,€)) — (p,upp(x,t,e) —upp(x,t,c))

= J(’u,pM(:B,t, 6))

This gives the lower bound of inequality (4.23).

Second, use the convex inequality 1 + z < e* that holds on R with z = J(u)/e for u € dom J.
This gives the inequality 1 + %J (u) < e/(W/¢. Multiply this inequality by e~7/(*)/¢ and subtract by

e~ (/¢ on both sides to find
L r)e /e < (1 — e~ Wy, (4.60)
€

Multiply both sides by e‘ﬁ”m_“”g, divide by the partition function Z;(x, t, €) (see Equation (4.11)),

integrate with respect to u € dom J, and use

! ! —(Fle—ul3+J(u))/e 1
T (e t ) - du = -FE
Z;(x,t,¢) AomJEJ<“>€ g u=E;[J(w)

to obtain

Y, )] < Z(lt) / (e—%tuw—uué/e _ ef(inzfun%af(u))/e) . (4.61)
€ J\L, 1, €) Jdom J
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Now, we can bound the right hand side of (4.61) as follows
1 / (e—z%nm—uu%/e _ ef(%na:fun%H(u))/e) du
dom J

ZJ(iC,t,E)
1 / Ll —ul3/e
- e~ mlle=ull3/e gy
ZJ(xatve) dom J

1 (L e—ul2+J(w)) /e
_ (% 5 du 4.62
ZJ((IZ,t,G) /dom J ( )

< 1/ o= lle—ulld/e g, _ 1
Zj(w,t, 6) Rn

B (2mte)/? B
B ZJ(QL', i, 6)
Combining (4.61) and (4.62), we get
(2mte)™/?
el 2——"~L——1]. 4.
EJ [J(’U,)] € (ZJ(ZD,t, 6) ( 63)

Using the representation formula (4.13) for the solution (z,t) — Se to the viscous HJ PDE (4.14),

we have that (2rte)/2/Z;(x,t,€) = e5<(®1/¢. We can therefore write (4.63) as follows
Ej[J(u)] <€ (esﬁ(c’s’t)/E - 1) < +00.

Combining the latter inequalities with (4.59) we obtain the desired set of inequalities (4.23).

4.C Proof of Proposition 4.3.2

Proof of (i): We will show that E; [HW@J(u) (0)“2} < +o00 and derive formulas (4.24)-(4.28) in
four steps. To describe these steps, let us first introduce some notation. Recall that J satisfies

assumptions (A1)-(A3) and dom J = R". Define the set
Dy ={uecR"|0J(u)={VJ(u)}}.

We can invoke [214, Theorem 25.5] to conclude that D is a dense subset of R", the n-dimensional

Lebesgue measure of the set (R™\ D) is zero, and the function w — VJ(u) is continuous on D .
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Now, let x € R™, t > 0, € > 0, and ug € R™. Define the function ¢;: R® — R" as

u—x
t

eotufet) = (U575 ) + mas(0)

Note that for every u € R" we have ¢ (u|z,t) € 8<R" Sve o — o3 —l—J(v)) (u), ie.,

¢(u|z,t) is a subgradient of the function v — 3 [|x — v||3 4+ J(v) evaluated at v = u. Let
Crlaunstoe) = [ u—uallye = du, (1.64)
R

and note that by assumption (A3), the expected value E; [||u — ug||5] is bounded as follows

1 (L lle—ul? u))/e
Byl —uoll) = 7o [l G0 g
< 1/ = g, e~ 213 gy (4.65)
Zj(m,t, E) Rn 2
- Cl (ZU, U, t? 6)
B ZJ(CU’ tv 6)
Define the vector field V: R™ — R" as
V() = (u — ug)e~ (zillz—ulz+Iw)/e (4.66)

which is continuous on R". It is also bounded on R"; to see this, use the triangle inequality,

assumption (A3), and the fact that the function (0,400) 3 7 — re 2" attains its maximum at

r* = V/te to get
IV @l = (e = o)l e~ (el T00) e

= (u— 2 + & — ug)||, e (aele—ulz+7(w)/e

< (Il = wolly + |z — wlly)e (lwulatrw)/e

< = uolly + @ — wll, e (arle—ull+I(w)/e (4.67)
|2

1
<z —wolly + 2 — ufy e

< |z — ol + sup (II:B —ul, e‘iﬂm—“ll%)
u€eER?

\te
<l — wolly + (Vie)e 7.
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The divergence V,, - V(u), which is well-defined and continuous on Dy, is given for every u € D

by

Va Vi(u) = V- ((u — ug)e” (zila-ulirse)/)
= (V- (u — ug))e (arllzmulati(w)/e <vu€—(§||w—u||§+tf(u>)/e’ " uO>

— ne—(Fillz—ul3+I(w)/e _ <1 (U - + VJ(u)> ef(illwfu\@ﬂ(u))/e,u — g
€

t

_ <n - <1 <“ o w(u)> oy uo>) o CGillo—ul3+sw) e

We now outline the four steps that will be used to prove Proposition 4.3.2(i). In the first step,

> (4.68)

we will show that the divergence of the vector field V' on D integrates to zero in the sense that

TLHJPOO Vu- - V(u)du| =0. (4.69)

/{uER"| [ull,<r}nDy

In the second step, we will show that E; [(¢s(u|x,t), u — ug)] = ne, hereby proving formula (4.24),
using the convexity of the function w — o ||@ — ull5 + J(u), Fatou’s lemma ([108], Lemma 2.18),
and Equation (4.69) derived in the first step. In the third step, we will combine the results from the
first and second steps to show that E [Hwa J(w) (0) HJ < +0o0 and conclude that the representation
formulas (4.25) and (4.26) hold. Finally, in the fourth step we will conclude that the representation

formulas (4.27) and (4.28) hold using Equations (4.25) and (4.26) and Proposition (4.2.1)(iii).

Step 1. The proof of the limit result (4.69) that we present here is based on an application of
Theorem 4.14 in [198] to the vector field V(). As this result is fairly technical, we first introduce

some terminology and definitions that will be used exclusively in this part of the proof of (i).

Let C be a non-empty convex subset of R™. The dimension of the set C' is defined as the smallest
dimension of a non-empty affine set containing C', with the dimension of a non-empty affine set
being the dimension of the subspace parallel to it [214, Pages 4 and 12]. If C consists of a single

point then its dimension is taken to be zero.
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Let k € {0,...,n}. Denote by H" % the (n — k)-dimensional outer Hausdorff measure in R" as
defined in [100, Page 171, Section 2.10.2]. The measure H" %, in particular, is a constant multiple
of the (n — k)-dimensional Lebesgue measure for every measurable subset B C R" (see [99], Section

1.2, p.7, and Theorem 1.12, p.13).

A subset S C R is called slight if H"1(S) = 0, and a subset T' C R" is called thin if T is o-finite
for "', i.e., T can be expressed as a countable union of sets T = U; 2T}, with H" (T}) < +o0

for each k € NT (see, e.g., [198]).

Let k € {0,...,n}. A non-empty, measurable subset Q C R” is said to be countably H"*-rectifiable
if it is contained, up to a null set of (n — k)-dimensional outer Hausdorff measure H"~* zero, in
a countable union of continuously differentiable hypersurfaces of dimension (n — k) (see, e.g., [4]
and references therein). A non-empty, measurable and countably H" *-rectifiable subset of R”, in

particular, is o-finite for H"*.

A subset A C R" is called admissible if its boundary bd A is thin and if the distributional gradient
of the characteristic function of A is a vector measure on Borel subsets of R™ whose variation is
finite (see [198] pp.151 and the reference therein). For the purpose of our proof, we will use the
fact that the family of closed balls of radius » > 0, namely {u € R" | ||u||, < r}, are admissible
sets (see [120], Example 1.10, and note that admissible sets are also called Caccioppoli sets [120,
Pages 5-6]).

Let A be an admissible set and let v: A — R” be a vector field. In the terminology of [198], we say
that v is integrable over the admissible set A if v satisfies definition 4.1 of [198], and in that case,
the number I(v, A) is called the integral of v over A. Note, here, that the notion of integrability
considered in [198] is different from that of the usual Lebesgue integrability. Nevertheless, if v
is integrable in the sense of [198], v is also Lebesgue measurable [198, Corollary 4.9], and if the

Lebesgue integral [, |v(u)|du is finite, then I(v, A) = [, |v(u)| du [198, Proposition 4.7].
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Let E be an non-empty subset of R™, let v: E — R" be a vector field, and let D,, denote the set
of points at which v is differentiable in int E (for the definition of differentiability of vector fields,
see [217, Page 150, Definition 7.22]). In the terminology of [198], we call a divergence of v any

function g: E — R such that g(u) = V - v(u) for each v € (int E) N D,.

In addition to these definitions, we will need the following two results due to, respectively, [4] and

[198].

Theorem 4.C.1. [[4], Theorem 4.1 (for convex functions)] Let Q be a bounded, open, convex subset
of R™, and let f: Q — R be a convex and Lipschitz continuous function. Denote the subdifferential

of f atu € Q by df(u). Then, for each k € {0,...,n}, the set
{ue Q| dim(0f(u)) >k}

is countably H"*-rectifiable.

Theorem 4.C.2. [[198], Theorem 4.14] Let A be an admissible set, and let S and T be, respectively,
a slight and thin subset of cl A. Let v be a bounded vector field in cl A that is continuous in (cl A)\S
and differentiable in (int A) \ T. Then every divergence of v is integrable in A. Moreover, there
exists a vector field bd A 3 u — na(u) with |[na(u)|l, =1 for every w € bd A such that if div v

denotes any divergence v, then

I(divv, A) = /bd ) (v(u), ny(w)) dH" ! du. (4.70)

Step 1 (Continued). Fix r > 0 and let A = {u € R" | ||u||, < r} denote the closed ball of radius
r centered at the origin in R™. Note that A is bounded, convex, closed, and admissible. Consider
now the restriction of the convex function J to int A. As int A is bounded, open and convex, the
function J is Lipschitz continuous on int A [214, Theorem 10.4]. All conditions in Theorem (4.C.1)

are satisfied (with Q =int A and f = J), and we can invoke the theorem to conclude that the set

T ={ucint A|dim (8. (u)) > 1}



158

is countably H" !-rectifiable, and therefore o-finite for H" . In particular, the set T is thin.
Moreover, recalling the definition of the set Dy = {u € R" | 0J(u) = {VJ(u)}}, we find that the
set (int A) \ T comprises the points u € int A at which the subdifferential 9.J(u) is a singleton,
ie, T = (int A)N (R™\ Dy).

Now consider the vector field V' defined by (4.66). This vector field is continuous in R™ by
convexity of J and dom J = R™. It is also bounded by (4.67). Now define the function g: A — R
via

V-V(u)ifue AN Dy,
glu) = (4.71)
0, ifwuecAn R\ Dy).
The function g constitutes a divergence of the vector field V' because it coincides with the divergence
V-V (u) at every u € (int A) N D;. Moreover, its Lebesgue integral over A is finite; to see this,
first note that for every u € AN Dy the absolute value of g(u) can be bounded using (4.68), the
triangle inequality, the Cauchy—Schwarz inequality, and assumption (A3) as follows

sl =17V = |(n = (1 (45 va)) ) ) oGttt

t

o (5w

1 _
< <n +- H “ ; TV u- u0\|2) e~ (arlle—ulls+7(w)) /e (4.72)

1 u—x
< \n+-

€ t

1 u—x
<{n+-

€ t

Second, as the set A is a closed bounded subset of dom J = R the function J is Lipschitz continuous

> o (Zelle—ul3+7)/e

2

IVl ) = ol ) e G-l
2

; \VJ(u)HQ) o — uouz) o~ selle—l:
2

relative to A, and therefore there exists a number Ly > 0 such that [|[VJ(u)|, < La for every

u € AN Dy. As a consequence, we can further bound g(u) for every u € AN Dy in (4.72) as

gt < (2 (|52

+ LA) | — u0|]2> e~ aicle—ull, (4.73)
2

In particular, using the definition of g given by (4.71), we have that (4.73) holds for every u € A.
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We can now use (4.71) and (4.73) to get

/ lg(w)] du = / lg(uw)] du
A {ueRn|lull,<r}
V- V(u)|du

/{ueRn||u||2<r}mDJ

/ GH(
< n+ -
{ueR"|[lull,<r}nDs € t

1
</ (n 1 (] # L) fu—wal, ) 5
{ueR”|||lull;<r} € 2

Since the function

(4.74)

+ LA) ||u — U()”2> e_in—qu du
2

u—x
t

(e
u— |n+—
€ t

is continuous, it is bounded on the compact set A = {u € R" | ||u|, < r}. Its integral over A is

L) sl ) el
2

therefore finite, and using (4.74) we find that [, [g(u)| du is finite as well.

The previous considerations show that all conditions in Theorem (4.C.2) are satisfied (with
A={ueR" | |ul, <r},v=V,8=0 T ={u € int A | dim(dJ(u)) > 1} = (int A) N
(R™\ Dy)). We can therefore invoke [198, Theorem 4.14] to conclude that the divergence of g is
integrable (in the sense described by [198]), with integral I(g, A), and that there exists a vector

field bd A 3 u — ny(u) with ||n,(u)|, =1 for every u € bd A such that
I(g,A) = / (V(u),ny(u)) dH" ! du. (4.75)
bd A
Since the Lebesgue integral of |g| over A is finite, we also have [198, Proposition 4.7]
I(g,A) = / g(u) du. (4.76)
A

Using that A = {u € R" | |Ju|, < r}, Equations (4.71), (4.75), and (4.76), we obtain

/ g(u) du = / V- -V(u)du= / (V(u),ny(w)) dH" L.
{uerR|[[ufl<r} {ueR™|[lull<r} {ueR"|||lull,=r}
(4.77)
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As r was an arbitrary positive number, we can take the absolute value and then the limit r — +oo

on both sides of (4.77) to find

= lim
r—+00

lim
r—+00

V. V(u)du / (V(w), my(w)) dH"2|. (478
fueRnful,=r}

/{UER”uz@“}ﬂDJ

We will now show that the limit on the right side of (4.78) is equal to zero. To show this, first

take the absolute value inside the integral on the right side of (4.78) to find

/ (V(u),ny(uw)) dH™ ! é/ (V (1), ny(w))| dH" L. (4.79)
{ueR||luf;=r} {ueR|||lull;=r}

Use the Cauchy-Schwarz inequality, Equation (4.66), assumption (A3) (infyern J(u) = 0) and

|[ny]|y =1 to further bound the right side of (4.79) as follows

/ [V (1), m ()] dHP < / IV (1) 70 ()], A"
{ueR"|||lu|,=r}

{ueR?|[|ull;=r}

{ueR? |||ull,=r}

< (lally + [ )~ Grll==I2)/< =1,
{ueR"||lull,=r}
(4.80)
Use the parallelogram law 2(||z||3 + |[v]|3) = ||& — v|]3 + || + v||5 with v = 2 — u to bound the
exponential e~ zillz—ull3/e by
o lle—ul/e _ o~k (A lul3+2z—ull3)-llzl3)/e
(4.81)
< e Glluli—llel3)/e
and use it in (4.80) to get
/ (VW ma(w)] aw < [ (el + o )3 i lll=l21B)/e ggn-1,
{ueR"[|lull;=r} {ueR"[|lull;=r}
(4.82)

Since the domain of integration in (4.82) is over the surface of an n-dimensional sphere of radius
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||u||, = r, the integral on the right side of (4.82) is given by

/ (sl + It ) 112/ gggnt
{ueR?|[|ull;=r}

- / (r+ [Juolly)e~ 2 G~ l2l2)/e ggyn—t
{ueRr™||[u],=r} (4.83)
=(r+ HUOHQ)e_;t(é’”Q—w@)/f/ dH™ !

{ueR?|||ull;=r}

n/2
i (37— llel3) /e T

= (r+ ||u e 2t\2 ,
(r+ luoll) T

2

where n™/2 /T ( 5 + 1) is the area of an n-dimensional sphere of radius one, with I’ (% + 1) denoting

the Gamma function evaluated at % + 1. Since

; -5 (377 l=l3)/e —
i (4 fluolly)e 3 (2118 — g,

the limit » — 400 in (4.83) is equal to zero, i.e.,

lim ([l + [luolly)e 2t G lula=ll2l)/e ggm=1 — ¢ (4.84)

T 00 J{ueR |||ull,=r}

Combining (4.78), (4.79), (4.82) and (4.84) yield

lim
r—-+00

Vau-V(u)du| =0.

/{ueR"| |ull,<r}nD,

which proves the limit result (4.69).

Step 2. Recall that the divergence of the vector field uw — V(u) on Dy is given by (4.68).
Combine (4.69) and (4.68) to conclude that

/ <ne - <<u Ty VJ(u)> U — u0>> e~ (zelle—ulz+I(w)/e gy | — 0.
{ueR"| |ull,<r}n Dy t
(4.85)

lim
T—+00

Note that the minimal subgradient 75 ;(,)(0) = VJ(u) for every w € D;. We can therefore
substitute the minimal subgradient 7 ;(,,)(0) for the gradient VJ(u) inside the integral in the

limit (4.85) without changing its value. Moreover, since the set D; is dense in R" and the n-
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dimensional Lebesgue measure of (R™\ Dj) is zero, we can further substitute the domain of in-
tegration {u € R" | [|u|, <7} N Dy of the integral in the limit (4.85) with {u € R" | ||ull, < r}

without changing its value. With these two changes, the limit (4.85) can be written as

/ <ne — <<u T Waj(u)(o)) U — u0>> e~ (zelle—ulz+7(w)/e gy,
{uer| full,<r} t

Using the notation ¢ (ulz,t) = (%) + To7(u)(0), we can write this limit more succinctly as

lim =0.

r—-+00

lim (ne = (o (ule, 1), u — ug)) e~ (arlemullt W)/ e gy

r—-+00

~0. (4.86)

/{ueR"I llullp<r}

Now, consider the function R" 3 uw — (pj(u|z,t) — ¢s(up|x,t),u — up). Note here that as J is
convex with dom J = R", both ¢ (u|xz,t) and ¢ s(uo|x,t) are subgradients of the convex function
v % Hm—ng + J(v) at v = uw and v = wy, respectively ([214], Theorem 23.4). We can
therefore apply inequality (1.20) (with p = @j(u|z,t), po = @s(uolz,t), and m = 0) to find

g(ulxz, t) — pj(ugle,t),u —ug) = 0. Define F': R® — R and G: R™ — R as follows:
¥ ¥

Flu) = (s (ule, 1), u — ug) ¢~ (Glmuli=s)/e

and

G(u) = (ps(uolz,t),u — up) e~ (zellz—ullz+7(w)/e

Note that F(u) — G(u) = (ps(ulz,t) — ps(uolz,t),u — up) e~ (zelle—ulz+i(w)/c > o for every
u € R". Integrate u — F'(u) — G(u) over R” and use Fatou’s lemma to find

0< / F(u)~ Glu)du<_Tim Flu) - G(u) du

T o0 JLueRn | [|ull,<r}

e u€eR —G u du
r—+oo (/{ €R™| ||u||2<7«} ( ) /{ R || |\2<T}( ( )) )
(4.82)

Use the Cauchy—Schwarz inequality assumption (A3) (infyern J(u) = 0) to bound the second
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integral on the right hand side of (4.87) as follows

J (~Gw)du= [ — (o, 1), w — wg) e (Blle-ul ) e gy
{uer| ull,<r} {uern ull,<r}

s (ol )15l — uo|ly e~ (ele—ulz+IW)/e gy

N

/{uER"I <}
1 2
< lpstuola, 0l [ 1w uolpe Gl au
RTL
= HQDJ(UO|$> t)||2 Gy (ma uo, 1, 6))
(4.88)
where C1(x, uo, t,€) was defined in (4.64). Combine (4.87) and (4.88) to find

r—+00

0< / Plu) - G(u)du <_Tim ( /{ . ”<}F(u)du+||w<uo|w,t>||201<m,uo,t,e>>

= lim / F(u)du)+||w<uo|m,t>||201<w,uo,t,e>.
<r%+oo {uER"H|u||2<T}
(4.89)

The integral on the right hand side of (4.89) can be bounded using assumption (A3) as follows

/ F(u) du = / (or(ule, ), u — ug) e~ (zellE=ullz+I(w)/e gy
{uern| ||ull,<r} {uern| |ull,<r}

(s (ule, 1), u— o) + (ne — ne))e Gelewlar T0)/e gy

/{UER"| ||u||2<r}

(e (u|m, 1), u — ug) — ne)e (zillE—ulztI@)/e gy

/{ueR”I l[ull,<r}

4 e / o (Elle—ul3+Iw) /e g,
{uekr| full,<r}

< ((ps(ulz,t),u — ug) — ne)e_(%t”m_“”ngJ(“))/E du

/{uelR"I ull<r}
+n€/ o (Hla—ull) /e g,

((ps(ulz,t),u —up) — ne)e_(i”m_ungJ“J(“))/E du

/{uGR”I luflp<r}

+ ne(2mte)V/?.
(4.90)
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Combine (4.89) and (4.90) to get

0< / F(u) — G(u)du < lim ((ps(ulz, t), u — ug) — ne)e (zele—ulatI)/e gy
n r—-+00 {uERnI ||u||2<r}
+ |l (uol®, ) ||, C1 (2, wo, t, €) + ne(2mte)™/2.
(4.91)
Combine (4.86) and (4.91) to get
0< / Fu)—G(u)du = / (pr(ulz,t) —or(uglz,t), u — ug) e~ (zellz—ullz+7(w)/e gy
" " (4.92)
< Nlps(uolz, )]y Ci(e, uo, t, €) + ne(2mte)™/2.
Divide (4.92) by the partition function Z;(x,t,€) (see Equation (4.11)) to get
t t 2mte)"/?
0 < Es [l (ula.t) — o (uofe, 1), u — uo)] < 12200/2: Do O 0.1+ neGrtgT
ZJ(wa L, 6)
(4.93)

Now, using the Cauchy-Schwarz inequality and (4.65), we can bound E; [|{(ps(uo|x,t),u — uo)|]

as follows
_ 1 —(Lle—ul2+J(w)) /e
s [lpa(uola, ), u —wo)l) = 5 | Ilpa(uola, 1) u— o)l U du
1 — L r—u 2 €
< ||¢J(u0|m,t)||2mt€)/w = oy e~ (Fle=w2) /e gy (4.9)
_ llpstunle, 1)), Cr (o, t.¢)
Z](ﬂj,t,e) )

Use the triangle inequality and the upper bounds in (4.93) and (4.94) to obtain

Ej[[{ps(ulz,t),u —uo)|] = Ej [(ps(ulz,t) — (ps(uolz,t) — wr(uolx,t)), u — uo)l]
<Ej [[{ps(uolz, t), w —uo)| + [{ps(ulz, t) — 0 (uolx, ), u — ug)|]

=By [l(es(wolz, 1), w — uo) || + E; [[{ps(ulz, t) — @s(uole, t), u — uo)]]

2 |l (uolx, t) |y Ci(x, uo, t, €) n6(27rte)”/2
= ZJ(CC,t, 6) ZJ(CC,t, 6)

< +o0.
(4.95)
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Since E; [|[{(¢ps(ulz,t), u — up)|] < +00, we can use (4.86) to conclude that

[ Gestulat).u = ) Gl gy

= lim <@J(u|;]3’t)’u — u0> 6_(%Hw_u”§+‘](u))/5 du
r—-+00 {ueRnl ||u||2<7,}

— lim (ne — ne + (0 (ulz, ), u — ug))e (arlz—ulitTw)/e gy,
r—-+oo {ueR"|||u||2<T}

(4.96)
=neZj(x,t,¢€)

r—-+00

— lim (/ (ne — (py(ulz,t),u — u0>)e_(2%||fc—u\|§+J(u))/e du>
{uG]R"| ||u,||2<r}

= NeE.

Inequality (4.95) and equality (4.96) show the desired results E [|{ps(u|z,t), uw — uo)|] < +00 and
E; [{ps(ulz,t), u — ug)] = ne, which, after recalling the definition ¢ (u|z,t) = (%7%) 4+ m.(u)(0),

also proves formula (4.24).

Step 3. Thanks to Step 2, we have the inequalities
By [[{os(ulz,t), u — ug)|] < +o0

and

E; [<§0J(u’$vt)’ u — u0>] = ne

for every ug € R". In particular, the choice of ug = 0 yields E; [|[(¢s(u|z,t),u)|]] < +oo and

Ej[{(ps(ulx,t),u)] = ne. As a consequence, we have that

By [[{os(ule, t), wo)|] = E [[{ps(ulz, 1), uo + (u — u))|]
< Ej[[{es(ule,t), u —uo)| + [(ps(ulz, 1), u)|]
(4.97)
=E; [[(ps(ulz,t),u —uo)l] + E; [[(ps(ulz,t),u)|]

< 00,
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and
Ey[{s(ulz,t), uo)] = By [{ps(ulz, 1), (w - u) + u)]
=E;[{ps(ule,t), w)] = E; [(ps(ulz, 1), u - u)]
(4.98)

= ne — ne

=0,
for every up € R". Now let {e;}} ; denote the standard basis in R™ and let {¢ (u|z,t);}7,
denote the components of the vector ¢j(u|x,t), i.e., pj(ulz,t) = (ps(u|x,t)1,...,os(ulz,t),).
Using (4.97) with the choice of ug = e; for i € {1,...,n}, we get E;[|os(ulz,t);|]] < +oo for
every i € {1,...,n}. Using the norm inequality ||¢s(u|x,t)|, < > i |es(ulx,t);|, we can bound

E, [lps (ula, )] as follows

Ejllles(ulz, D)) <E;

) |¢J<ur:c,t>ir]

=1

= Ey(ls(ulz,t)l] (4.99)

i=1

< 4o00.

We can therefore combine (4.98) and (4.99) to get Ej [(ps(ulx,t),uo)] = (Ej[ps(u|z,t)],up) =0

for every ug € R"™, which yields the following equality:
Ey [ps(ula, )] = 0. (4.100)

Moreover, recalling the definition @ ;(ulz,t) = (“52) + 79, (x)(0) and using (4.65) (with ug = x)
and (4.99), we can bound E; [HW@J(U)(O)HQ} as follows

ToJ(u)(0) + (u;:c> - (U;$> 2]
WaJ(u>(0)+(u;m> 2+”<“;“’> J

=E; [[les(ulz, t)|,] +%EJ[HU—SUH2] (4.101)

Ci(x,x,t,€)
tZJ(.’IJ, t, 6)

Es |75 (O], =Ey [

<EJ[

S Ej(llps(ulz, D)) +

< +00.
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We can now combine (4.65), (4.100) and (4.101) to expand the expected value of E; [ps(u|x,t)] as

follows

s loatule 0] =B | (“5%) + s )] =20 | (“5)] + B4 [ra 0]

t
_ <’LLPM(£D,7§, €) — $> +E, [Waj(u)(o)] (4.102)

t

=0.

Solving for uppr(e,t,€) in (4.102) yields wpps(x,t,€) = @ — tE; [m(4)(0)], which gives the rep-

resentation formula (4.25).

We now derive the second representation formula (4.26). Let up = wpy(x,t,€) in Equa-

tion (4.96) and use the representation formula (4.25) to find

>
=E; [(ps(ulz,t),u — upp(z,t,6))]
>

—]E] <<u;m> u — UPMCBtG

(4.103)
We will use (4.103) to derive a representation formula for E; [Hu—uPM(w,t,e)H%] Multi-

ply (4.103) by ¢ and rearrange to get

]E] [(u —r,u— upM(:c,t, 6))] = nte — ﬂE] [<7T3J(u)(0), u — upM(:c,t, 6)>] . (4.104)
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The left hand side of (4.104) can be expressed as

Ej[(u—x,u—upy(x,t )] =E;[(u—x+ (upy(z,t,e) —upyu(z,te)),u—upy(x,t, )]
=E; [<’u,—’u,pM(l‘,t,E),'Ur_UPM(a:?tvE»]
—|—EJ [(’u,pM(il?,t, 6) —T,u— UPM(w7t7€)>]

=y [|lu—upn(e.t,e)3] .
(4.105)

Combine Equations (4.104) and (4.105) to get
E, [Hu —upy(z,t, €)||§] = nte — tEy [(Tos0u)(0), u —upnm(z,t,€))] ,

which gives the representation formula (4.26).

Step 4. Thanks to Step 3, the representation formulas (4.25) and (4.26) hold. Recall that by
Proposition 4.2.1(iii), the gradient V,S.(x,t) and Laplacian V2S,(x,t) of the solution S, to the

viscous HJ PDE (4.14) satisfy the representation formulas
upp(x,t,€) =x — tVeS(x,t) (4.106)

and

Es||lu—wpp(x,t, e)||§} = nte — t?eV2S(x,1). (4.107)

Use (4.25) and (4.106) to get
v:tse(wat) =E; |:7T8J(’LL) (0)] )

which is the representation formula (4.27). Use (4.26) and (4.107) to get
tQGViSE(:B, t) = t]EJ [<7T(9J('u,) (0), u — upM(:L', t, 6)>]

which is, after dividing by te on both sides, the representation formulas (4.28). This concludes Step
4.
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Proof of (ii): Here we only assume that J satisfies assumptions (A1)-(A3); we do not assume
that dom J = R™. Let {4} be a sequence of positive real numbers converging to zero. Define

fr: R™ x (0,400) x (0,+00) — R by

f€($7t, k) = —elog (W /n 6_(%I|m—u“§+»§0(u7ﬂk))/e du) (4108)

and let So(«, i) denote the solution to the first-order HJ PDE (1.22) with initial data J evaluated
at (x, ug), that is,

So.u) = int {51 lo = ulff + I} (4.109
By Proposition 1.2.14(i), the function R® > & — Sp(z, p) is continuously differentiable and
convex for each k € N, and the sequence of real numbers {Sy(z, 15)};>] converges to J(z) for
every x € dom J. Moreover, by assumption (A3) (infyern J(u) = 0) the sequence {So(z, ux) S

is uniformly bounded from below by 0, that is,

. 1
Sol.gn) = jnf, {5 o~ ull + I}
1 2
> ulélﬂgn {2/~Lk |l — uH2} + inf J(u)
=0.

As a consequence, we can invoke Proposition 4.2.1(i) to conclude that for each k£ € N, the function
(z,t) — fe(zx,t, k) corresponds to the solution to the viscous HJ PDE (4.14) with initial data
fe(x,0,€) = So(x, ug). Moreover, R" 5 x — f(x,t, k) is continuously differentiable and convex by
Proposition 4.2.1(i) and (ii)(a). Finally, as the domain of the function & — Sp(x, ux) is R™, we can
use the representation formula (4.27) in Proposition 4.3.2(i) (which was proven previously in this

Appendix) to express the gradient V fr(x,t, €) as follows

» VS (& llw—wl3+S0 (w,pr)) /€ g
Vafc(m,t k) = Je o(u, ,Ltlk)e ; .
fRn o~ (3 le—ull3+So(wmi)) /e ga,

(4.110)
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Now, since Sp(x, ) = 0 for every k € N, we can bound the integrand in (4.108) as follows

L ~(Sle—uld+so( 1 —le—ul
e 3¢ 2 0 uv/"/k))/e < e 2teHm u||27 4].11
(27te)n/2 (27te)n/2 ( )
where f]R" We_i”“’_““g du = 1. We can therefore invoke the Lebesgue dominated conver-

gence theorem ([108], Theorem 2.24) and use (4.108) and the limit limy_, ; o, e =0 @#r)/€ = =J(@)/
(with limg_, o e~ %0@#)/€ = ( for every ¢ dom J) to find
- _ 1 — (& llz—ull3+So () e
kllgr&-loo fe($, b k) N kgrfoo —elog ((27‘@6)"/2 /n ¢ ’ du

— elog <1 / o (Hlle—ul+I(w)/e du> (4.112)
(27Tt6)"/2 dom J

= Sc(x, 1),

which gives the limit (4.29). By continuous differentiability and convexity of R" > x — f.(x,t, k)
and R" 3 ¢ — S¢(x,t) and the limit (4.112), we can invoke [214, Theorem 25.7] to conclude that
the gradient V fr(x,t, ug) converges to the gradient V;Sc(x,t) as k — +oo. Hence we can take
the limit £ — +o0 in (4.110) to find

lim Vgfe(x,t,k)= lim

k—4o00 k—+o0

i VS, ) (il vl gy
S € Gillmullz4So(wp)) /e gy, (4.113)

— v:cSe(wa t),

which gives the limit (4.30). Finally, using the definition of the posterior mean estimate (4.3),
the limit (4.113), and the representation formula (4.15) derived in Proposition 4.2.1(iii), namely

uppr(x,t,€) = — tVySe(x,t), we find the two limits

upy(x,t,e) = kgr—ll—loo

—2—1t lim fRn VuSo(u, ,uk)e_(%Hw—ul|§+50(u,uk))/e du
- _(%”w_qu-‘rSo(u,uk))/e )
fR" € du

( Jon e~ (G lo—ulBSolawm) /e du)

[ &~ Gellz—ulE+S0(mn) /e gy,

which establishes (4.31). This concludes the proof of (ii).
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4.D Proof of Proposition 4.3.3

Let us first introduce some notation. Let @ € R™, ¢t > 0, ¢ > 0, and ug € dom 9J. Define the

functions
Uu—x

dom 9J 5 u — ¢j(ulz,t) = < ) + T9.7(u)(0),

1
dom 0 5w @(ul,t) = |l — ull3 + J(u),

and
u—x

PSo () (U|T, 1) = ( > + VauSo(u, p)-

Note that for every u € R™, ¢ (ulz,t) is a subgradient of the function v — o [|@ — |3 + J(v)
evaluated at v = w and g (. 4, )(u|x, ) is a subgradient of the function v — 3 e — |13+ S (v, u)
evaluated at v = u. Let {uk};;xf be a sequence of positive real numbers converging to zero and
let Sp: R™ x (0, 400) — R denote the solution to the first-order HJ PDE (1.22) with initial data J
(see Proposition 1.2.14). Note that the sequence {Sp(w, 1)} is uniformly bounded from below
since

Soluu) = ot { 5 1w = ol + )

> J(u) (4.114)

= 0.

Now, define the function F': dom 0J x dom 9J x R"™ x (0,+00) — R as

o~ (illz—ull3+7(w))/e

[ & Gilo—ulBI) /e gy

F(u,ug, x,t) = (pj(ulx, t) — or(uo|x, t), u — uo) (4.115)

and the sequence of functions {F),, },/° with F,, : R” x R" x R™ x (0,+00) — R as

o~ (Fl—ull3+50(upm) ) /e

Pl o, 0) = <¢SO(.M)(U‘$7 - SDSO(.M)(UOM, e u0> fRn e_(illw—ulngrSo(u,uk))/e du.

(4.116)

Since limg 100 So(w, px) = J(u) and limg_, oo VauSo(w, f1x) = 75.5(x)(0) for every u € dom 9J by
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Proposition 1.2.14(i) and (iv), and

i [ e (Ble—ul3+Sotum)) /e gy — / o (Hle—ul3+Iw)/e gy, (4.117)
k—>+00 Rn

n

by (4.29) in Proposition 4.3.2(ii) and continuity of the logarithm, the limit

li F t)=F t
kﬁlrfoo ,U,(U,,U(),-’IJ, ) (U,U(),.’B, )

holds for every w € dom 9J, ug € dom 9J, x € R™ and ¢ > 0. Note that since J is m-strongly

convex, the functions u — - || — ull3+J(u) and w — 3 llz— w3+ So(w, 1) are (1) -strongly

convex. As a consequence, for every pair (u,up) € dom 9.J x dom 9.J, the following monotonicity

inequalities hold (see Definition 8, Equation (1.20)):

1+ mt
0< ( ) = woll2 < (o (ules ) — (0], £), w — o) (4.118)

and

14+ mt
0< ( ; ) l|lu — u()Hg < <<p50(.7ﬂk)(u\cc,t) — @SO(.,M)(uolw,t),u — u0>. (4.119)

Multiply the first set of inequalities by e_(%t”w_“H%J(U))/E/ Jrn e~ (Frle—ull3+J(W)/€ goy and the sec-
ond set of inequalities by ef(i”“”7“”%50("’“’“))/6/ Jzn e~ (zillz—ull3+So(wnr))/€ goy and use the defi-

nition of F' and F),, to get the inequalities

< F(u,up, x,t) (4.120)

S el T ) /e gy =

1 2
1+ mt o~ (grlz—ul3+J(w))/e
0<( ; )Hu—uoyg

1 2
1+ mt e—(gllw—ullﬁso(u,uk))/e
0< Hu_U’OH; 1 2 gF#k(uau()amat)-
S € GilloullztSo(wmm) /e gy,

These inequalities show, in particular, that F' and F), are both non-negative functions for every

(u,up) € dom 9J x dom 9J, x € R™, and t > 0. As a consequence, Fatou’s lemma ([108], Lemma
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2.18) applies to the sequence of functions {Fuk}gg, and hence

/ F(u,ugp, x,t) du < liminf/ Fy, (u,up, x,t) du
dom 8J k=400 Jdom a7

<liminf/ Fu, (u,up, z,t) du

k—4o00

= lim inf
k—4o00

Jien (P50 (o (0], 1), 0 — ) o~ (3zle—ul3+S0(wpun)) /e o,
[ e il T Sotmm)) /e gy,

S (D500 (Wl 1), w0 — gy e~ (e l—ullitSoCur)) e gy
Jrom €= (Gell=ulls S0 (i) /e g, '
(4.121)

We now wish to compute the limit in (4.121). On the one hand, we can apply formula (4.24) in
Proposition 4.3.2(i) (with initial data So(-, ) and using Qg (. ) (wlz, t) = (%72) + VuSo(w, pui))

to the first integral on the right side on the last line of (4.121) to get

fRn <SDSO("/J'1€

ule, £),u — ug) ¢~ (Flo—ulb+Sotuwm)/e gy,
= ne. (4.122)
R

) (
J;

o (Fle—ulF+So(umm))/e gy,

On the other hand, applying the limit result (4.31) in Proposition 4.3.2(ii) for the posterior mean

estimate upy/(x, t, €) and the limit limg_, 4 oo @SO("M)(uom, t) = oy(uglx,t) = (%) +7T6J(UO)(O)

to the second integral on the right side on the last line of (4.121), we get

(X r—u 2 u €
i jnffRn <¢So<.’uk)(u0|m’t)’u — u0> e (2t|| I5+So( nuk))/ du

P S € Gl So(uwrue)) /¢ g, (4.123)

= <§0J(’U;0|£U,t),UPM($,t, 6) - U0> .

Combine (4.12), (4.115), (4.120), (4.121), (4.122), and (4.123) to get

(1 +tmt) E; [Hu — uollg} <Ej[(os(ulz,t) — os(uolz,t), u — up)]

§ ne — <<pJ(u0|az,t),uPM(az, t, 6) — ’LL()> .

This establishes the set of inequalities (4.32).

Next, we show that E; |:H7T8J(u) (O)Hz} < 400 indirectly using the set of inequalities (4.32). By
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Proposition 4.3.1, upp(x,t,€) € int (dom J). Hence there exists a number § > 0 such that the
open ball {u € R" | ||u —upm(x,t,€)||, < 6} is contained in int (dom J). Let up € {u € R™ |
lu—upp(x,t€)l, < d} with ug # wppr(e,t,€). Recall int (dom J) C dom 0J, so that both

upp(x,t, €) and up are in the set dom 9J. We claim that
E; [[{ps(ulz,t), uprm(z,t,€) — uo)|] < +o0.

Indeed, using the triangle inequality, the set of inequalities (4.32) proven previously, the Cauchy-
Schwarz inequality, and that E; [||u — ugl|,] < (f]Rn lu — uo|y e~ e Ilo—ull3 du) /Z5(x,t,€) < +00

by assumption (A3),

Ej [Kes(ulz,t), wpn (@, t, €) —uo)l] = By [[{0s(ulz,t), upn (x,t,€) — uo + (u — u))]]
=Ey [{ps(ulz,t),u —uo) — (ps(ule,t),u —upn(®,t,€))l]
< EJ[l{ps(ul, t), w — uo)| + e (ulz, t), u — upy(z, t,€))|]
=E [{es(ulz,t), u — uo)l]
+Ej[[(ps(ulz,t), u —upy(z,t,€))|]
< EJ[[{ps(ulz,t), u — uo) ] + ne
=By [[{ps(ule,t) + (ps(uolz, ) — ¢ (uolz, t)), u — uo)l]
+ ne
<EJ[[ps(ulz,t) — o(uolz, ), u — uo)l]
+Ey [[{¢s(uol, ), u — ug)|] + ne
< Ey[(ps(ule,t) — o (uole, t), u — uo)]
+ Ej [l (wol, t)ll; lu — uolly] + ne
< ne — (p(uolz,t), upm(z,t, €) — uo)
+ llps(uolz, )|, By [lw — uoll] + ne

< +00.
(4.124)

This shows that Ej[|(ps(ulz,t),upm(z,t,€) —ug)|]] < +oo for every up € {u € R" |

|lu—upy(x,t,€)|, < 0} different from wppr(x,t,€). Now, let {e;}]", denote the standard ba-
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sis in R™ and let {¢j(u|x,t);}}_; denote the components of the vector ¢ j(ul|x,t), i.e., ¢ (u|x,t) =
(ps(ulz,t)1,...,05(ulz,t),). Using (4.124) with the choice of ug = upp(x,t,€) — %ei, which is

contained in the open ball {u € R" | ||lu — upp(x,t,€)||, < 6} for each i € {1,...,n}, we get

|

E; H<SDJ(u|xvt)’uPM($at7 €) — (upm(z,t,€) — gei)>H =E,; H<<,0J(U|$,t)7 gei>

)
= 3Es [los(ulz, t)il]
) )
< 2ne — ( py(upp(x,t,e) — §€i| x,t), ¢ (4.125)
)
+ ‘ wj(upp(x,t,e) — ieilm,t) E; [ ’u — (upp(x, t,e) — §ei) ]
2 2

< +00.

Using (4.125) and the norm inequality |¢s(ulx,t)|, < > ", |e¢s(ulx,t);|, we can bound

Ej[[l¢s(u|x,t)|,] as follows

0 <Ej(lles(ule,t)],] <E;

> |¢J(u|xut)i|]

=1

- ZE] [|os(u|x, t)]

i=1

< 2nfe — Z <90J<UPM($atv €) — éez"%’;t% 5€i>

, 2 2
=1
n
2

i=1

|

(4.126)

E; H‘u — (upp(a, t, e)ﬁei)
2

)
QOJ(UPM(SL‘,t,E) +§e¢|sc,t) 5

< +00.

This shows that E; [[[¢(ul|x,t)[|,] < +oc. Finally, use (4.126), ¢j(ulz,t) = “7* + 75504 (0), and
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assumption (A3) to find

7 Imas O], = Es {

o (%) (%57

|

t
ol (2] |
By [lis(ule, 0, H |
<Es[los(ulz,t)],) + W /R =yl gy
< +oo.

This shows that E; |:H7T6J(u) (O)HJ < +o0.

4.E Proof of Proposition 4.3.5

Proof of (i): Let z € R" and ¢ > 0 and define the functions

u—x

dom 0J 3 u — p (ulx,t) = < ) + T9.7(u)(0),

1
dom 9J 5> u — ®;(ulxz,t) = % |z — ul3 + J(u).

Note that for every u € R", ¢ (ulz,t) is a subgradient of the function v — £ || — |5+ J(v)

evaluated at v = u.

Let v € dom 0J. The Bregman divergence of the function dom 0J > u +— @ (u|z,t) at

(’U, @J(u‘mvt)) is given by

D@J(U>¢J(u|wat)) = (I)J(v’mat) - <@J(u‘w7t))7v> + (I)?}(QOJ(U|mvt))

= (I)J('v’mvt) - (I)J(u|ma t) + <90J(u|ma t))’ u— v> >

where the second equality follows the definition of the convex conjugate (1.3) and that ¢ j(ul|x,t) €

0P 7 (u, x,t).
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Take the expected value with respect to the variable u over dom 9J to find

Ej[Da, (v, ps(ulz,t))] = ®s(v|e,t) — Es[(ps(ulz, 1)), v) + @5 (ulz, )] (4127)

— & (vf,1) — By (B (ul, £) + (s (ulz, 1)), u — v)].
We claim that the expected value E; [Dg, (v, ¢ (u|x,t))] is finite. We will show this by proving,
in turn, that the expected values Ej [®;(u|x,t)] and E; [(ps(u|z,t)),u — v)] are finite. Estab-
lishing the finiteness of E; [Dg, (v, ¢ s(u|x,t))] will enable us to conclude that the expected value

Ej [®%(ps(ulx,t))] on the right hand side of the first equality of (4.127) is also finite.

First, using the definition of ®;(u|x,t) we have
1 2
E;[@s(ulz,t)| =Es | o [l —ulz + J(u)] .

The expected value E; [% |l — qu] is finite because we can use the definitions of the posterior

mean estimate and inequality (4.33) (with m = 0 in (4.33)) to express it as

1 1
0<Es | lle —ull] £ | (e — upar(e.t.0) - (u—upale.t )l

1 1
=5 |5 o~ wpn@ ] + 5 |5 Ju - we(at ol +

2E; [(x — upp(x,t,€),u — uppr(x, t,€))]

1 (1 i
= ﬂ H:I} - uPM<w7t7 6)”3 +E; _% Hu - uPM(w7t7 G)Hg_
+2(x —upp(x,te),Ey[u] — uppr(x,t,e))
(1
_2775 ”u_uPM($7t7€)||§

1
= 27t ||m - UPM(m,t, 6)”3 +E;

+2 <$ - UPM(QL', t, 6)5 ’U'PM(:B7 t, 6) - u’PM(mv t, €)>

1 1

= 7||:D_UPM(w7t76)Hg+EJ 7Hu_uPM(m’t76)”§
2t 2t
1

< o lle —upn(a,t, 03+ 5

The expected value E; [J(u)] is also finite because it is bounded by the set of inequalities (4.23)

in Proposition 4.3.1. Hence, the expected value Ej [®;(u|x,t)] = E; [% e — qu} +E;[J(u)] is
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finite.
Second, note that the expected value E; [(ps(u|z,t),u — v)] can be written as

Ej[{ps(ulz,t),u —v)] =E; [{ps(ulx,t) — pj(v|x,t),u —v) + (ps(v|z, t),u — v)]
=E; [(ps(ulz,t) — ps(v|e,t), u —v)] + {ps(v|x,t),Es [u] —v)

=E; [<90J(u’w’t) - gOJ(’U’:l?,t), u— ’U>] + <90J('U‘x7t)7 uPM(x7tﬂ 6) - U> :
(4.128)

Apply the monotonicity property (4.32) to the expected value E; [(¢ (u|xz,t) — ps(v|z,t),u — v)]

(with up = v in (4.32)) in the previous equation to find
0<E; [<C,DJ(’U;|$,2§) - SOJ(,U|$775)7 u— ’U>] S ne — <¢J(’U’$,t), uPM(wvt7 E) - ’U> :
Add the term (@ (v|x,t), upr(x,t,€) — v) on both sides of these inequalities to get

(pa(vlz,t), upnm(z,t,€) —v) <Ejyl[{pg(ule,t) — ps(vle,t),u —v)]
+ (ps(v|z, t), upr(z, t,€) — v) (4.129)

< ne.

Combine the inequalities (4.129) with the equality (4.128) to find
<¢J(v’m? t)a uPM(mv t, 6) - ’U> <Ey [<QOJ(U|ZC, t)? u - ’U>] < ne.
These bounds prove that the expected value E; [(¢(u|x,t),uw — v)] is finite.

The previous arguments show that the expected value E; [Dg, (v, ¢ (u|x,t))] is finite. Now,
we claim that the expected value Ej [(ps(ul|x,t)),v)] = (Ej[ps(u|x,t))],v) is finite. Indeed, we
can use the representation formula (4.15) for expressing the posterior mean estimate in terms of

the gradient VSc(x,t) of the solution to the viscous HJ PDE (4.14) and use that E; [Waj(u) (0)]
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is finite (Proposition 4.3.3) to write

u—x

s sl 0)] = 25 | (252 + mos )]
_E, K“ - m)} +Ey [705()(0)]

= —VmSE(-’E,t) +E; [Waj(u) <0)} ’

where both terms on the right hand side are finite. This shows that E; [ps(u|x,t))] is finite.

Using that Ej [Dg, (v, ¢j(u|x,t))] and Ej [ps(u|z,t))] are finite in Equation (4.127), we con-
clude that the expected value E; [®% (¢ (u|x,t))] is also finite. We can now use the definitions of

®; and ¢ to express Equation (4.127) as
Ej[Da, (v, ps(ulz,t))] = E; [@(v|z,t) — (0 (ulz, 1), v) + 25 (p,(ulz,1))]
1
=5 lz—vl5+J(v) (4.130)

+ <vm56(wa t) —E; [WaJ(u)(O)] ,’U> +E; [@3(@(}(“’%, t))] )

where, again, we used that Ej [ps(u|x,t))] = =VaSc(x,t) + Ej [79,(u)(0)]. Now, let
J(’U) = J(’U) + <VwSE(.’B,t) — E] [7‘('3](“)(0)] ,’U> .
Take the infimum over v € R™ on both sides of Equation (4.130) to find:

. . 1 2 7 *
inf By [Da, (v, @ (ula, 1))] = inf {Qt o — v]2+ J(v)} LB [0 (ulz, )]

Now, note that by assumption (A1), the function v — J(v) € To(R™). Hence the function
v 3R 5 Jx— v||3 4+ J(v) is strictly convex and has a unique minimizer denoted by .
Therefore, the infimum in the equality above can be replaced by a minimum. In addition, recall
that mingegn 3 || — v||3 + J(v) corresponds to the solution to the first-order HJ PDE (1.22) with

initial condition .J. Using Proposition 1.2.14(ii), the unique minimizer @ can be expressed using
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the inclusion relation

(n;v)e;&n@)+(vw54x¢)Ejpwﬂuﬂoﬂ). (4.131)

Therefore, the minimizer o is also the unique minimizer to v — E; [Dg, (v, ps(ul|z,1))].

Proof of (ii): If dom J = R", then the representation formula VzSc(x,t) = Ej [m,(u)(0)]

derived in Proposition 4.3.2 holds and the characterization of the unique minimizer v in equa-

<w;”)eaﬂm.

By Proposition 1.2.14(ii), the unique minimizer that satisfies this characterization is the MAP

tion (4.131) reduces to

estimate uprap(x,t), i.e., v = uprap(x,t).



Chapter Five

Discussion and future work
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5.1 Future Work

Chapter 2 of this dissertation presented novel accelerated nonlinear primal-dual hybrid gradient
(PDHG) methods to solve a broad class of convex optimization problems with saddle-point struc-
ture. These methods were used in Chapter 3 to solve certain sparse logistic regression, regularized
maximum entropy estimation and entropy-regularized zero-sum matrix games problems in a way
that is far more efficient than competing methods. Work that applies these methods to concrete
problems will be pursued in the future. They should prove useful to a broad class of supervised
machine learning not covered in this dissertation, including regression and classification problems
defined on the unit simplex as well boosting and structured prediction algorithms for classification

problems.

The latter, boosting and structured prediction algorithms, are central for solving classification
problems in many applications, such as natural language processing and computational biology.
Several of these algorithms, e.g., AdaBoost, LogitBoost, soft-margin LPBoost, and conditional
random fields, correspond to entropy maximization problems via their dual problems. Most opti-
mization methods for these algorithms, however, ignore these connections. As these connections
can be leveraged by nonlinear PDHG methods (e.g., such as in sparse logistic regression and reg-
ularized maximum entropy methods) for speed and efficiency, one can anticipate that nonlinear

PDHG methods would work particularly well for boosting and structured prediction algorithms.

It would be interesting and particularly useful to extend the accelerated nonlinear PDHG meth-
ods described here to the stochastic case for problems that are separable in the dual variable, and
to the non-convex case to deal with large-scale non-convex problems, such as those arising in deep

learning. These extensions will be pursued in in future work as well.

In addition, chapter 2 highlighted how a broad class of supervised machine learning algorithms
correspond to solutions of first-order Hamilton—Jacobi partial differential equations (HJ PDEs)
with initial data. As the representation formulas for many first-order HJ PDEs can be cast as

convex optimization problems with appropriate saddle-point structure, the accelerated nonlinear
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PDHG optimization methods presented in chapter 2 should prove particularly efficient and robust
for solving high-dimensional first-order HJ PDEs, including those that arise in optimal control and

in imaging science [69, 68, 154].

Chapter 2 of this dissertation presented connections between first-order HJ PDEs and a broad
class of supervised machine learning algorithms, but it did not discuss how these connections could
be applied or used in practice. It would be of interest to investigate how these connections could
be used in practice. For sparse logistic regression, in particular, it would be of interest to use these
connections to HJ PDEs for the problem of controlling the false discovery rate inherent to variable
selection with logistic regression via knockoff statistics [13, 39, 14]. As these statistics can be built
from sparse logistic regression, and hence from the solution to an HJ PDE, it may be possible to
obtain new properties for these statistics that may suggest a novel way to create a statistic that is

more desirable than other statistics to control the false discovery rate.

Chapter 4 presented connections between some viscous Hamilton—Jacobi partial differential
equations and a broad class of posterior mean (PM) estimators with log-concave prior and quadratic
data fidelity term. These connections were leveraged to establish representation formulas and
various properties of these PM estimators. In particular, we used these connections to show that
some Bayesian PM estimators can be expressed as proximal mappings of smooth functions and we
derived representation formulas for these functions. Based on preliminary work, we expect that
similar results can be established for certain posterior mean estimators with log-concave prior but

with data fidelity term corresponding to Poisson noise and Speckle noise.
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